
Artificial Intelligence
CS 165A

Nov 17, 2020

Instructor: Prof. Yu-Xiang Wang

® Bandits and exploration
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A few logistic notes

• Finishing grading
– Individual midterm results posted on Gradescope

• HW3 due Tuesday next week
– Discussion class this Wednesday will help you with MDPs

• HW3 solutions won’t be discussed on Wednesday
discussion class.
– So please try submitting on time if possible

• HW4 will be released on Thursday
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Recap: Tabular MDP

• Discrete State, Discrete Action, Reward and Observation

• Policy:
– When the state is observable:
– Or when the state is not observable

• Learn the best policy that maximizes the expected reward

– Finite horizon (episodic) RL:

– Infinite horizon RL:

⇡ : S ! A
<latexit sha1_base64="JSR2KBCrB1Pfm6GeQfT6grf0tX8=">AAACEnicbZDLSsNAFIYnXmu9RV26GSyCbkoiguKq6sZlRXuBJpTJdNIOncyEmYlSQp7Bja/ixoUibl25822ctAG19YeBj/+cw5zzBzGjSjvOlzU3v7C4tFxaKa+urW9s2lvbTSUSiUkDCyZkO0CKMMpJQ1PNSDuWBEUBI61geJnXW3dEKir4rR7FxI9Qn9OQYqSN1bUPvZieQehFSA8wYulNBj1J+wONpBT3P/551rUrTtUZC86CW0AFFKp37U+vJ3ASEa4xQ0p1XCfWfoqkppiRrOwlisQID1GfdAxyFBHlp+OTMrhvnB4MhTSPazh2f0+kKFJqFAWmM19RTddy879aJ9HhqZ9SHieacDz5KEwY1ALm+cAelQRrNjKAsKRmV4gHSCKsTYplE4I7ffIsNI+qruHr40rtooijBHbBHjgALjgBNXAF6qABMHgAT+AFvFqP1rP1Zr1PWuesYmYH/JH18Q0lz53J</latexit><latexit sha1_base64="JSR2KBCrB1Pfm6GeQfT6grf0tX8=">AAACEnicbZDLSsNAFIYnXmu9RV26GSyCbkoiguKq6sZlRXuBJpTJdNIOncyEmYlSQp7Bja/ixoUibl25822ctAG19YeBj/+cw5zzBzGjSjvOlzU3v7C4tFxaKa+urW9s2lvbTSUSiUkDCyZkO0CKMMpJQ1PNSDuWBEUBI61geJnXW3dEKir4rR7FxI9Qn9OQYqSN1bUPvZieQehFSA8wYulNBj1J+wONpBT3P/551rUrTtUZC86CW0AFFKp37U+vJ3ASEa4xQ0p1XCfWfoqkppiRrOwlisQID1GfdAxyFBHlp+OTMrhvnB4MhTSPazh2f0+kKFJqFAWmM19RTddy879aJ9HhqZ9SHieacDz5KEwY1ALm+cAelQRrNjKAsKRmV4gHSCKsTYplE4I7ffIsNI+qruHr40rtooijBHbBHjgALjgBNXAF6qABMHgAT+AFvFqP1rP1Zr1PWuesYmYH/JH18Q0lz53J</latexit><latexit sha1_base64="JSR2KBCrB1Pfm6GeQfT6grf0tX8=">AAACEnicbZDLSsNAFIYnXmu9RV26GSyCbkoiguKq6sZlRXuBJpTJdNIOncyEmYlSQp7Bja/ixoUibl25822ctAG19YeBj/+cw5zzBzGjSjvOlzU3v7C4tFxaKa+urW9s2lvbTSUSiUkDCyZkO0CKMMpJQ1PNSDuWBEUBI61geJnXW3dEKir4rR7FxI9Qn9OQYqSN1bUPvZieQehFSA8wYulNBj1J+wONpBT3P/551rUrTtUZC86CW0AFFKp37U+vJ3ASEa4xQ0p1XCfWfoqkppiRrOwlisQID1GfdAxyFBHlp+OTMrhvnB4MhTSPazh2f0+kKFJqFAWmM19RTddy879aJ9HhqZ9SHieacDz5KEwY1ALm+cAelQRrNjKAsKRmV4gHSCKsTYplE4I7ffIsNI+qruHr40rtooijBHbBHjgALjgBNXAF6qABMHgAT+AFvFqP1rP1Zr1PWuesYmYH/JH18Q0lz53J</latexit><latexit sha1_base64="JSR2KBCrB1Pfm6GeQfT6grf0tX8=">AAACEnicbZDLSsNAFIYnXmu9RV26GSyCbkoiguKq6sZlRXuBJpTJdNIOncyEmYlSQp7Bja/ixoUibl25822ctAG19YeBj/+cw5zzBzGjSjvOlzU3v7C4tFxaKa+urW9s2lvbTSUSiUkDCyZkO0CKMMpJQ1PNSDuWBEUBI61geJnXW3dEKir4rR7FxI9Qn9OQYqSN1bUPvZieQehFSA8wYulNBj1J+wONpBT3P/551rUrTtUZC86CW0AFFKp37U+vJ3ASEa4xQ0p1XCfWfoqkppiRrOwlisQID1GfdAxyFBHlp+OTMrhvnB4MhTSPazh2f0+kKFJqFAWmM19RTddy879aJ9HhqZ9SHieacDz5KEwY1ALm+cAelQRrNjKAsKRmV4gHSCKsTYplE4I7ffIsNI+qruHr40rtooijBHbBHjgALjgBNXAF6qABMHgAT+AFvFqP1rP1Zr1PWuesYmYH/JH18Q0lz53J</latexit>

⇡t : (O ⇥A⇥ R)t�1
! A

<latexit sha1_base64="oKDl42DTAiBMX0Nan8pkezMJmYI="></latexit><latexit sha1_base64="oKDl42DTAiBMX0Nan8pkezMJmYI="></latexit><latexit sha1_base64="oKDl42DTAiBMX0Nan8pkezMJmYI="></latexit><latexit sha1_base64="oKDl42DTAiBMX0Nan8pkezMJmYI="></latexit>

St 2 S
<latexit sha1_base64="H4OVRyT8Zmoun872yVAuceDZNfk=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY9FLx4rtbXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbXV+7TCA3wnpCMM+6uV9v2i17DrRKnJI0oUTHr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCB3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8f6YGUWQ==</latexit><latexit sha1_base64="H4OVRyT8Zmoun872yVAuceDZNfk=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY9FLx4rtbXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbXV+7TCA3wnpCMM+6uV9v2i17DrRKnJI0oUTHr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCB3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8f6YGUWQ==</latexit><latexit sha1_base64="H4OVRyT8Zmoun872yVAuceDZNfk=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY9FLx4rtbXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbXV+7TCA3wnpCMM+6uV9v2i17DrRKnJI0oUTHr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCB3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8f6YGUWQ==</latexit><latexit sha1_base64="H4OVRyT8Zmoun872yVAuceDZNfk=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY9FLx4rtbXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbXV+7TCA3wnpCMM+6uV9v2i17DrRKnJI0oUTHr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCB3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8f6YGUWQ==</latexit>

At 2 A
<latexit sha1_base64="xX32X1fWfQeu2hPnv8gbSWA79Eo=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY+tXjxWsLXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbHV+7TCA3wnpCMM86uV9v2i17DrRKnJI0oUTXr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCF3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8fsa2UNQ==</latexit><latexit sha1_base64="xX32X1fWfQeu2hPnv8gbSWA79Eo=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY+tXjxWsLXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbHV+7TCA3wnpCMM86uV9v2i17DrRKnJI0oUTXr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCF3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8fsa2UNQ==</latexit><latexit sha1_base64="xX32X1fWfQeu2hPnv8gbSWA79Eo=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY+tXjxWsLXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbHV+7TCA3wnpCMM86uV9v2i17DrRKnJI0oUTXr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCF3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8fsa2UNQ==</latexit><latexit sha1_base64="xX32X1fWfQeu2hPnv8gbSWA79Eo=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY+tXjxWsLXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbHV+7TCA3wnpCMM86uV9v2i17DrRKnJI0oUTXr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCF3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8fsa2UNQ==</latexit>

Rt 2 R
<latexit sha1_base64="mcKcKCPJb1sMOgc9hprL//Z0AUs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXRjcta7APaECbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OEehEeCRYygrWRfLva8vWACTSIsB4HQdaa+XbNqTtzoFXiFqQGBZq+/TUYxiSNqNCEY6X6rpNoL8NSM8LprDJIFU0wmeAR7RsqcESVl82jz9CpUYYojKV5QqO5+nsjw5FS0ygwk3lCtezl4n9eP9XhlZcxkaSaCrI4FKYc6RjlPaAhk5RoPjUEE8lMVkTGWGKiTVsVU4K7/OVV0jmvu4bfXdQa10UdZTiGEzgDFy6hAbfQhDYQeIRneIU368l6sd6tj8VoySp2juAPrM8fFw2T4Q==</latexit><latexit sha1_base64="mcKcKCPJb1sMOgc9hprL//Z0AUs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXRjcta7APaECbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OEehEeCRYygrWRfLva8vWACTSIsB4HQdaa+XbNqTtzoFXiFqQGBZq+/TUYxiSNqNCEY6X6rpNoL8NSM8LprDJIFU0wmeAR7RsqcESVl82jz9CpUYYojKV5QqO5+nsjw5FS0ygwk3lCtezl4n9eP9XhlZcxkaSaCrI4FKYc6RjlPaAhk5RoPjUEE8lMVkTGWGKiTVsVU4K7/OVV0jmvu4bfXdQa10UdZTiGEzgDFy6hAbfQhDYQeIRneIU368l6sd6tj8VoySp2juAPrM8fFw2T4Q==</latexit><latexit sha1_base64="mcKcKCPJb1sMOgc9hprL//Z0AUs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXRjcta7APaECbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OEehEeCRYygrWRfLva8vWACTSIsB4HQdaa+XbNqTtzoFXiFqQGBZq+/TUYxiSNqNCEY6X6rpNoL8NSM8LprDJIFU0wmeAR7RsqcESVl82jz9CpUYYojKV5QqO5+nsjw5FS0ygwk3lCtezl4n9eP9XhlZcxkaSaCrI4FKYc6RjlPaAhk5RoPjUEE8lMVkTGWGKiTVsVU4K7/OVV0jmvu4bfXdQa10UdZTiGEzgDFy6hAbfQhDYQeIRneIU368l6sd6tj8VoySp2juAPrM8fFw2T4Q==</latexit><latexit sha1_base64="mcKcKCPJb1sMOgc9hprL//Z0AUs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXRjcta7APaECbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OEehEeCRYygrWRfLva8vWACTSIsB4HQdaa+XbNqTtzoFXiFqQGBZq+/TUYxiSNqNCEY6X6rpNoL8NSM8LprDJIFU0wmeAR7RsqcESVl82jz9CpUYYojKV5QqO5+nsjw5FS0ygwk3lCtezl4n9eP9XhlZcxkaSaCrI4FKYc6RjlPaAhk5RoPjUEE8lMVkTGWGKiTVsVU4K7/OVV0jmvu4bfXdQa10UdZTiGEzgDFy6hAbfQhDYQeIRneIU368l6sd6tj8VoySp2juAPrM8fFw2T4Q==</latexit>

Ot 2 O
<latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit><latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit><latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit><latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit>

⇡⇤ = argmax
⇡2⇧

E[
1X

t=1

�t�1Rt]
<latexit sha1_base64="YlLbWUf0D4dk67J+wTbjs5rWhLg="></latexit><latexit sha1_base64="YlLbWUf0D4dk67J+wTbjs5rWhLg="></latexit><latexit sha1_base64="YlLbWUf0D4dk67J+wTbjs5rWhLg="></latexit><latexit sha1_base64="YlLbWUf0D4dk67J+wTbjs5rWhLg="></latexit>

⇡⇤ = argmax
⇡2⇧

E[
TX

t=1

Rt]
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T: horizon

γ: discount factor
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actions: UP, DOWN, LEFT, RIGHT

UP

80% move up

10% move left

10% move right

Question from Piazza: Is this an infinite
horizon or finite-horizon MDP?

+1

-1

START

• reward +1 at [4,3], -1 at [4,2]
• reward -0.04 for each step

4

e.g.,

*If you bump into a wall,
you stay where you are.

State-transitions with action UP:



Recap: Reward function and Value functions

• Immediate reward function r(s,a,s’)
– expected immediate reward 

• state value function: Vp(s)
– expected long-term return when starting in s and following p

• state-action value function: Qp(s,a)
– expected long-term return when starting in s, performing a, and following p

r(s, a, s0) = E[R1|S1 = s,A1 = a, S2 = s0]
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r⇡(s) = Ea⇠⇡(a|s)[R1|S1 = s]
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Recap: Bellman equations – the fundamental 
equations of MDP and RL
• An alternative, recursive and more useful way of defining 

the V-function and Q function
– Vp function Bellman equation

– Qp function Bellman equation

– V* function Bellman (optimality) equation

– Q* function Bellman (optimality) equation

6

V ⇡(s) =
X

a

⇡(a|s)
X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇡(s0)]
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Q⇡(s, a) =
X

s0

P (s0|s, a)[r(s, a, s0) + �
X

a0

⇡(a0|s0)Q⇡(s0, a0)]
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V ⇤(s) = max
a

X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇤(s0)]
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Q⇤(s, a) =
X

s0

P (s0|s, a)[r(s, a, s0) + �max
a0

Q⇤(s0, a0)]
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Recap: Policy Iterations and Value Iterations

• What are these algorithms for?
– Algorithms of computing the V* and Q* functions from MDP

parameters

• Policy Iterations

• Value iterations

• How do we make sense of them?
– Recursively applying the Bellman equations until convergence.
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Vk+1(s) max
a

X

s0

P (s0|s, a)[r(s, a, s0) + �Vk(s
0)]
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Recap: Matrix-form of Bellman Equations 
and Policy Evaluation
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V ⇡
k+1(s) 

X

a

⇡(a|s)
X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇡
k (s0)]
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V ⇡(s) =
X

a

⇡(a|s)
X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇡(s0)]
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V ⇡ = r⇡ + �PT
⇡ V ⇡
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A reasonable question for the final:  Matrix-form Bellman equation with 𝑄!

V ⇡
k+1  r⇡ + �PT

⇡ V ⇡
k
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Matrix-form of Bellman Optimality Equation
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V ⇤(s) = max
a

X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇤(s0)]
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Vk+1(s) max
a

X

s0

P (s0|s, a)[r(s, a, s0) + �Vk(s
0)]
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Today’s topic

• Exploration in the (multi-armed) Bandits problem

• Bandits algorithms
– Explore-first
– epsilon-greedy
– Upper confidence bound
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Solving MDP with VI or PI is offline planning

• The agent is given how the environment works

• The agent works out the optimal policy in its mind.

• The agent never really starts to play at all.

• No learning is happening.
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State-space diagram representation of an
MDP: An example with 3 states and 2 actions.
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𝑠" 𝑠#
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𝑎" 0.3

𝑎#
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𝑟 𝑠#, 𝑎#, 𝑠$ = −1

𝑟 𝑠#, 𝑎", 𝑠# = 50

𝑟 𝑠#, 𝑎", 𝑠" = −2



What happens if you do not know the 
rewards / transition probabilities?
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𝑠" 𝑠#

𝑠$

𝑎"

𝑎#

?

?

?
𝑎" ?

𝑎#
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𝑟 𝑠#, 𝑎#, 𝑠$ =?

𝑟 𝑠#, 𝑎", 𝑠# =?

𝑟 𝑠#, 𝑎", 𝑠" =?

Then you have to learn by interacting with the unknown environment.
You cannot use only offline planning! 

Exploration: Try unknown actions to see what happens.
Exploitation: Maximize utility using what we know.



Let us tackle different aspects of the RL 
problem one at a time

• Markov Decision Processes: 
– Dynamics are given no need to learn

• Bandits:  Explore-Exploit in simple settings
– RL without dynamics

• Full Reinforcement Learning
– Learning MDPs
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Slot machines and Multi-arm bandits
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Multi-arm bandits: Problem setup

• No state. k-actions

• You decide which arm to pull in every iteration

• You collect a cumulative payoff of

• The goal of the agent is to maximize the expected payoff.
– For future payoffs?
– For the expected cumulative payoff?
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Key differences from MDPs

• Simplified:
– No state-transitions

• But:
– We are not given the expected reward r(s, a, s’)
– We need to learn the optimal policy  by trials-and-errors.
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A 10-armed bandits example

28 Chapter 2: Multi-armed Bandits

select randomly from among all the actions with equal probability, independently of
the action-value estimates. We call methods using this near-greedy action selection rule
"-greedy methods. An advantage of these methods is that, in the limit as the number of
steps increases, every action will be sampled an infinite number of times, thus ensuring
that all the Qt(a) converge to q⇤(a). This of course implies that the probability of selecting
the optimal action converges to greater than 1 � ", that is, to near certainty. These are
just asymptotic guarantees, however, and say little about the practical e↵ectiveness of
the methods.

Exercise 2.1 In "-greedy action selection, for the case of two actions and " = 0.5, what is
the probability that the greedy action is selected? ⇤

2.3 The 10-armed Testbed

To roughly assess the relative e↵ectiveness of the greedy and "-greedy action-value
methods, we compared them numerically on a suite of test problems. This was a set
of 2000 randomly generated k-armed bandit problems with k = 10. For each bandit
problem, such as the one shown in Figure 2.1, the action values, q⇤(a), a = 1, . . . , 10,
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Reward
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Action
Figure 2.1: An example bandit problem from the 10-armed testbed. The true value q⇤(a) of
each of the ten actions was selected according to a normal distribution with mean zero and unit
variance, and then the actual rewards were selected according to a mean q⇤(a) unit variance
normal distribution, as suggested by these gray distributions. 18



How do we measure the performance of an 
online learning agent?
• The notion of “Regret”:

– I wish I have done things differently.
– Comparing to the best actions in the hindsight, how much worse 

did I do.

• For MAB, the regret is defined as follow

19

T max
a2[k]

E[Rt|a]�
TX

t=1

Ea⇠⇡ [E[Rt|a]]
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Greedy strategy

• Expected reward

• Estimate the expected reward

• Choose

20

2.2. Action-value Methods 27

However, most of these methods make strong assumptions about stationarity and prior
knowledge that are either violated or impossible to verify in applications and in the full
reinforcement learning problem that we consider in subsequent chapters. The guarantees
of optimality or bounded loss for these methods are of little comfort when the assumptions
of their theory do not apply.

In this book we do not worry about balancing exploration and exploitation in a
sophisticated way; we worry only about balancing them at all. In this chapter we present
several simple balancing methods for the k-armed bandit problem and show that they
work much better than methods that always exploit. The need to balance exploration
and exploitation is a distinctive challenge that arises in reinforcement learning; the
simplicity of our version of the k-armed bandit problem enables us to show this in a
particularly clear form.

2.2 Action-value Methods

We begin by looking more closely at methods for estimating the values of actions and
for using the estimates to make action selection decisions, which we collectively call
action-value methods. Recall that the true value of an action is the mean reward when
that action is selected. One natural way to estimate this is by averaging the rewards
actually received:

Qt(a)
.
=

sum of rewards when a taken prior to t

number of times a taken prior to t
=

P
t�1

i=1
Ri · Ai=aP

t�1

i=1 Ai=a

, (2.1)

where predicate denotes the random variable that is 1 if predicate is true and 0 if it is not.
If the denominator is zero, then we instead define Qt(a) as some default value, such as
0. As the denominator goes to infinity, by the law of large numbers, Qt(a) converges to
q⇤(a). We call this the sample-average method for estimating action values because each
estimate is an average of the sample of relevant rewards. Of course this is just one way
to estimate action values, and not necessarily the best one. Nevertheless, for now let us
stay with this simple estimation method and turn to the question of how the estimates
might be used to select actions.

The simplest action selection rule is to select one of the actions with the highest
estimated value, that is, one of the greedy actions as defined in the previous section.
If there is more than one greedy action, then a selection is made among them in some
arbitrary way, perhaps randomly. We write this greedy action selection method as

At

.
= argmax

a

Qt(a), (2.2)

where argmax
a

denotes the action a for which the expression that follows is maximized
(again, with ties broken arbitrarily). Greedy action selection always exploits current
knowledge to maximize immediate reward; it spends no time at all sampling apparently
inferior actions to see if they might really be better. A simple alternative is to behave
greedily most of the time, but every once in a while, say with small probability ", instead
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objective is to maximize the expected total reward over some time period, for example,
over 1000 action selections, or time steps.

This is the original form of the k-armed bandit problem, so named by analogy to a slot
machine, or “one-armed bandit,” except that it has k levers instead of one. Each action
selection is like a play of one of the slot machine’s levers, and the rewards are the payo↵s
for hitting the jackpot. Through repeated action selections you are to maximize your
winnings by concentrating your actions on the best levers. Another analogy is that of
a doctor choosing between experimental treatments for a series of seriously ill patients.
Each action is the selection of a treatment, and each reward is the survival or well-being
of the patient. Today the term “bandit problem” is sometimes used for a generalization
of the problem described above, but in this book we use it to refer just to this simple
case.

In our k-armed bandit problem, each of the k actions has an expected or mean reward
given that that action is selected; let us call this the value of that action. We denote the
action selected on time step t as At, and the corresponding reward as Rt. The value then
of an arbitrary action a, denoted q⇤(a), is the expected reward given that a is selected:

q⇤(a)
.
= E[Rt | At =a] .

If you knew the value of each action, then it would be trivial to solve the k-armed bandit
problem: you would always select the action with highest value. We assume that you do
not know the action values with certainty, although you may have estimates. We denote
the estimated value of action a at time step t as Qt(a). We would like Qt(a) to be close
to q⇤(a).

If you maintain estimates of the action values, then at any time step there is at least
one action whose estimated value is greatest. We call these the greedy actions. When you
select one of these actions, we say that you are exploiting your current knowledge of the
values of the actions. If instead you select one of the nongreedy actions, then we say you
are exploring, because this enables you to improve your estimate of the nongreedy action’s
value. Exploitation is the right thing to do to maximize the expected reward on the one
step, but exploration may produce the greater total reward in the long run. For example,
suppose a greedy action’s value is known with certainty, while several other actions are
estimated to be nearly as good but with substantial uncertainty. The uncertainty is
such that at least one of these other actions probably is actually better than the greedy
action, but you don’t know which one. If you have many time steps ahead on which
to make action selections, then it may be better to explore the nongreedy actions and
discover which of them are better than the greedy action. Reward is lower in the short
run, during exploration, but higher in the long run because after you have discovered
the better actions, you can exploit them many times. Because it is not possible both to
explore and to exploit with any single action selection, one often refers to the “conflict”
between exploration and exploitation.

In any specific case, whether it is better to explore or exploit depends in a complex
way on the precise values of the estimates, uncertainties, and the number of remaining
steps. There are many sophisticated methods for balancing exploration and exploitation
for particular mathematical formulations of the k-armed bandit and related problems.

What is the issue with this strategy?



Exploration vs. Exploitation
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(Illustration from Dan Klein and Pieter Abbeel’s course in UC Berkeley)



Exploration first strategy

• Let’s spend the first N step exploring.
– Play each action for  N / k times.

• For t = N +1, N+2, …, T:
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However, most of these methods make strong assumptions about stationarity and prior
knowledge that are either violated or impossible to verify in applications and in the full
reinforcement learning problem that we consider in subsequent chapters. The guarantees
of optimality or bounded loss for these methods are of little comfort when the assumptions
of their theory do not apply.

In this book we do not worry about balancing exploration and exploitation in a
sophisticated way; we worry only about balancing them at all. In this chapter we present
several simple balancing methods for the k-armed bandit problem and show that they
work much better than methods that always exploit. The need to balance exploration
and exploitation is a distinctive challenge that arises in reinforcement learning; the
simplicity of our version of the k-armed bandit problem enables us to show this in a
particularly clear form.

2.2 Action-value Methods

We begin by looking more closely at methods for estimating the values of actions and
for using the estimates to make action selection decisions, which we collectively call
action-value methods. Recall that the true value of an action is the mean reward when
that action is selected. One natural way to estimate this is by averaging the rewards
actually received:

Qt(a)
.
=

sum of rewards when a taken prior to t

number of times a taken prior to t
=

P
t�1

i=1
Ri · Ai=aP

t�1

i=1 Ai=a

, (2.1)

where predicate denotes the random variable that is 1 if predicate is true and 0 if it is not.
If the denominator is zero, then we instead define Qt(a) as some default value, such as
0. As the denominator goes to infinity, by the law of large numbers, Qt(a) converges to
q⇤(a). We call this the sample-average method for estimating action values because each
estimate is an average of the sample of relevant rewards. Of course this is just one way
to estimate action values, and not necessarily the best one. Nevertheless, for now let us
stay with this simple estimation method and turn to the question of how the estimates
might be used to select actions.

The simplest action selection rule is to select one of the actions with the highest
estimated value, that is, one of the greedy actions as defined in the previous section.
If there is more than one greedy action, then a selection is made among them in some
arbitrary way, perhaps randomly. We write this greedy action selection method as

At

.
= argmax

a

Qt(a), (2.2)

where argmax
a

denotes the action a for which the expression that follows is maximized
(again, with ties broken arbitrarily). Greedy action selection always exploits current
knowledge to maximize immediate reward; it spends no time at all sampling apparently
inferior actions to see if they might really be better. A simple alternative is to behave
greedily most of the time, but every once in a while, say with small probability ", instead
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All (you need to know) about Statistics in one
slide, two theorems.
• Statistics is about using samples from a distribution to

infer the properties of the distribution itself (population)
– X1, X2, X3, …, Xn ~ P

• Law of large number
– Average ---> Mean

• Central limit theorem
– The rate is sqrt(1/n)
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Random variables are difficult to work with,
but with statistics, a lot of the properties are
more-or-less deterministic, thanks to LLN.

• Statistics is about using samples from a distribution to
infer the properties of the distribution itself (population)
– X1, X2, X3, …, Xn ~ P

• (Simplified version of the) Hoeffding’s Inequality:
– with high probability,

24

<latexit sha1_base64="lw4epXEJ6lS3ncw44ykaWkPKvKQ="></latexit>

*If you try each arm multiple times, then you have a good idea
what the expected reward is.



How does Exploration-First work?

• Assume: 0 < reward < 1
• After N rounds, with high probability

• Do this for all k arms.

• (w.h.p.) The regret is smaller than
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26 Chapter 2: Multi-armed Bandits

objective is to maximize the expected total reward over some time period, for example,
over 1000 action selections, or time steps.

This is the original form of the k-armed bandit problem, so named by analogy to a slot
machine, or “one-armed bandit,” except that it has k levers instead of one. Each action
selection is like a play of one of the slot machine’s levers, and the rewards are the payo↵s
for hitting the jackpot. Through repeated action selections you are to maximize your
winnings by concentrating your actions on the best levers. Another analogy is that of
a doctor choosing between experimental treatments for a series of seriously ill patients.
Each action is the selection of a treatment, and each reward is the survival or well-being
of the patient. Today the term “bandit problem” is sometimes used for a generalization
of the problem described above, but in this book we use it to refer just to this simple
case.

In our k-armed bandit problem, each of the k actions has an expected or mean reward
given that that action is selected; let us call this the value of that action. We denote the
action selected on time step t as At, and the corresponding reward as Rt. The value then
of an arbitrary action a, denoted q⇤(a), is the expected reward given that a is selected:

q⇤(a)
.
= E[Rt | At =a] .

If you knew the value of each action, then it would be trivial to solve the k-armed bandit
problem: you would always select the action with highest value. We assume that you do
not know the action values with certainty, although you may have estimates. We denote
the estimated value of action a at time step t as Qt(a). We would like Qt(a) to be close
to q⇤(a).

If you maintain estimates of the action values, then at any time step there is at least
one action whose estimated value is greatest. We call these the greedy actions. When you
select one of these actions, we say that you are exploiting your current knowledge of the
values of the actions. If instead you select one of the nongreedy actions, then we say you
are exploring, because this enables you to improve your estimate of the nongreedy action’s
value. Exploitation is the right thing to do to maximize the expected reward on the one
step, but exploration may produce the greater total reward in the long run. For example,
suppose a greedy action’s value is known with certainty, while several other actions are
estimated to be nearly as good but with substantial uncertainty. The uncertainty is
such that at least one of these other actions probably is actually better than the greedy
action, but you don’t know which one. If you have many time steps ahead on which
to make action selections, then it may be better to explore the nongreedy actions and
discover which of them are better than the greedy action. Reward is lower in the short
run, during exploration, but higher in the long run because after you have discovered
the better actions, you can exploit them many times. Because it is not possible both to
explore and to exploit with any single action selection, one often refers to the “conflict”
between exploration and exploitation.

In any specific case, whether it is better to explore or exploit depends in a complex
way on the precise values of the estimates, uncertainties, and the number of remaining
steps. There are many sophisticated methods for balancing exploration and exploitation
for particular mathematical formulations of the k-armed bandit and related problems.
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How does Exploration-First work？

• (High probability) Regret bound:

• Choose N to minimize the regret

• Final regret bound:
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ε-Greedy strategy: one way to balance
exploration and exploitation
• You choose with probability 1- ε

• With probability ε, choose an action uniformly at random!
– Including the argmax.

• Carefully choose ε parameter.
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However, most of these methods make strong assumptions about stationarity and prior
knowledge that are either violated or impossible to verify in applications and in the full
reinforcement learning problem that we consider in subsequent chapters. The guarantees
of optimality or bounded loss for these methods are of little comfort when the assumptions
of their theory do not apply.

In this book we do not worry about balancing exploration and exploitation in a
sophisticated way; we worry only about balancing them at all. In this chapter we present
several simple balancing methods for the k-armed bandit problem and show that they
work much better than methods that always exploit. The need to balance exploration
and exploitation is a distinctive challenge that arises in reinforcement learning; the
simplicity of our version of the k-armed bandit problem enables us to show this in a
particularly clear form.

2.2 Action-value Methods

We begin by looking more closely at methods for estimating the values of actions and
for using the estimates to make action selection decisions, which we collectively call
action-value methods. Recall that the true value of an action is the mean reward when
that action is selected. One natural way to estimate this is by averaging the rewards
actually received:

Qt(a)
.
=

sum of rewards when a taken prior to t

number of times a taken prior to t
=

P
t�1

i=1
Ri · Ai=aP

t�1

i=1 Ai=a

, (2.1)

where predicate denotes the random variable that is 1 if predicate is true and 0 if it is not.
If the denominator is zero, then we instead define Qt(a) as some default value, such as
0. As the denominator goes to infinity, by the law of large numbers, Qt(a) converges to
q⇤(a). We call this the sample-average method for estimating action values because each
estimate is an average of the sample of relevant rewards. Of course this is just one way
to estimate action values, and not necessarily the best one. Nevertheless, for now let us
stay with this simple estimation method and turn to the question of how the estimates
might be used to select actions.

The simplest action selection rule is to select one of the actions with the highest
estimated value, that is, one of the greedy actions as defined in the previous section.
If there is more than one greedy action, then a selection is made among them in some
arbitrary way, perhaps randomly. We write this greedy action selection method as

At

.
= argmax

a

Qt(a), (2.2)

where argmax
a

denotes the action a for which the expression that follows is maximized
(again, with ties broken arbitrarily). Greedy action selection always exploits current
knowledge to maximize immediate reward; it spends no time at all sampling apparently
inferior actions to see if they might really be better. A simple alternative is to behave
greedily most of the time, but every once in a while, say with small probability ", instead



Let’s analyze ε-Greedy!

• By Hoeffding’s inequality, at every t

– w.h.p. each arm is chosen at least 0.5 ε t / k times.
– w.h.p.,

• Regret bound is
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However, most of these methods make strong assumptions about stationarity and prior
knowledge that are either violated or impossible to verify in applications and in the full
reinforcement learning problem that we consider in subsequent chapters. The guarantees
of optimality or bounded loss for these methods are of little comfort when the assumptions
of their theory do not apply.

In this book we do not worry about balancing exploration and exploitation in a
sophisticated way; we worry only about balancing them at all. In this chapter we present
several simple balancing methods for the k-armed bandit problem and show that they
work much better than methods that always exploit. The need to balance exploration
and exploitation is a distinctive challenge that arises in reinforcement learning; the
simplicity of our version of the k-armed bandit problem enables us to show this in a
particularly clear form.

2.2 Action-value Methods

We begin by looking more closely at methods for estimating the values of actions and
for using the estimates to make action selection decisions, which we collectively call
action-value methods. Recall that the true value of an action is the mean reward when
that action is selected. One natural way to estimate this is by averaging the rewards
actually received:

Qt(a)
.
=

sum of rewards when a taken prior to t

number of times a taken prior to t
=

P
t�1

i=1
Ri · Ai=aP

t�1

i=1 Ai=a

, (2.1)

where predicate denotes the random variable that is 1 if predicate is true and 0 if it is not.
If the denominator is zero, then we instead define Qt(a) as some default value, such as
0. As the denominator goes to infinity, by the law of large numbers, Qt(a) converges to
q⇤(a). We call this the sample-average method for estimating action values because each
estimate is an average of the sample of relevant rewards. Of course this is just one way
to estimate action values, and not necessarily the best one. Nevertheless, for now let us
stay with this simple estimation method and turn to the question of how the estimates
might be used to select actions.

The simplest action selection rule is to select one of the actions with the highest
estimated value, that is, one of the greedy actions as defined in the previous section.
If there is more than one greedy action, then a selection is made among them in some
arbitrary way, perhaps randomly. We write this greedy action selection method as

At

.
= argmax

a

Qt(a), (2.2)

where argmax
a

denotes the action a for which the expression that follows is maximized
(again, with ties broken arbitrarily). Greedy action selection always exploits current
knowledge to maximize immediate reward; it spends no time at all sampling apparently
inferior actions to see if they might really be better. A simple alternative is to behave
greedily most of the time, but every once in a while, say with small probability ", instead
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objective is to maximize the expected total reward over some time period, for example,
over 1000 action selections, or time steps.

This is the original form of the k-armed bandit problem, so named by analogy to a slot
machine, or “one-armed bandit,” except that it has k levers instead of one. Each action
selection is like a play of one of the slot machine’s levers, and the rewards are the payo↵s
for hitting the jackpot. Through repeated action selections you are to maximize your
winnings by concentrating your actions on the best levers. Another analogy is that of
a doctor choosing between experimental treatments for a series of seriously ill patients.
Each action is the selection of a treatment, and each reward is the survival or well-being
of the patient. Today the term “bandit problem” is sometimes used for a generalization
of the problem described above, but in this book we use it to refer just to this simple
case.

In our k-armed bandit problem, each of the k actions has an expected or mean reward
given that that action is selected; let us call this the value of that action. We denote the
action selected on time step t as At, and the corresponding reward as Rt. The value then
of an arbitrary action a, denoted q⇤(a), is the expected reward given that a is selected:

q⇤(a)
.
= E[Rt | At =a] .

If you knew the value of each action, then it would be trivial to solve the k-armed bandit
problem: you would always select the action with highest value. We assume that you do
not know the action values with certainty, although you may have estimates. We denote
the estimated value of action a at time step t as Qt(a). We would like Qt(a) to be close
to q⇤(a).

If you maintain estimates of the action values, then at any time step there is at least
one action whose estimated value is greatest. We call these the greedy actions. When you
select one of these actions, we say that you are exploiting your current knowledge of the
values of the actions. If instead you select one of the nongreedy actions, then we say you
are exploring, because this enables you to improve your estimate of the nongreedy action’s
value. Exploitation is the right thing to do to maximize the expected reward on the one
step, but exploration may produce the greater total reward in the long run. For example,
suppose a greedy action’s value is known with certainty, while several other actions are
estimated to be nearly as good but with substantial uncertainty. The uncertainty is
such that at least one of these other actions probably is actually better than the greedy
action, but you don’t know which one. If you have many time steps ahead on which
to make action selections, then it may be better to explore the nongreedy actions and
discover which of them are better than the greedy action. Reward is lower in the short
run, during exploration, but higher in the long run because after you have discovered
the better actions, you can exploit them many times. Because it is not possible both to
explore and to exploit with any single action selection, one often refers to the “conflict”
between exploration and exploitation.

In any specific case, whether it is better to explore or exploit depends in a complex
way on the precise values of the estimates, uncertainties, and the number of remaining
steps. There are many sophisticated methods for balancing exploration and exploitation
for particular mathematical formulations of the k-armed bandit and related problems.
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<latexit sha1_base64="bOUolOMNiFXTQyNTFPMofzJrEkg=">AAACFXicbZDLSsNAFIYn9VbrLerSzWARBKUkIuhGKHbjskJv0NQymU7aoZNJnDkRSshLuPFV3LhQxK3gzrdxello6w8DH/85hzPn92PBNTjOt5VbWl5ZXcuvFzY2t7Z37N29ho4SRVmdRiJSLZ9oJrhkdeAgWCtWjIS+YE1/WBnXmw9MaR7JGoxi1glJX/KAUwLG6tqnJxh7Ogm7KVy52V0NVzx9ryD1AkVoOsxSj8Wai0hiyLKuXXRKzkR4EdwZFNFM1a795fUimoRMAhVE67brxNBJiQJOBcsKXqJZTOiQ9FnboCQh0510clWGj4zTw0GkzJOAJ+7viZSEWo9C33SGBAZ6vjY2/6u1EwguOymXcQJM0umiIBEYIjyOCPe4YhTEyAChipu/YjogJg8wQRZMCO78yYvQOCu5hm/Pi+XrWRx5dIAO0TFy0QUqoxtURXVE0SN6Rq/ozXqyXqx362PamrNmM/voj6zPH6Jjnyg=</latexit><latexit sha1_base64="bOUolOMNiFXTQyNTFPMofzJrEkg=">AAACFXicbZDLSsNAFIYn9VbrLerSzWARBKUkIuhGKHbjskJv0NQymU7aoZNJnDkRSshLuPFV3LhQxK3gzrdxello6w8DH/85hzPn92PBNTjOt5VbWl5ZXcuvFzY2t7Z37N29ho4SRVmdRiJSLZ9oJrhkdeAgWCtWjIS+YE1/WBnXmw9MaR7JGoxi1glJX/KAUwLG6tqnJxh7Ogm7KVy52V0NVzx9ryD1AkVoOsxSj8Wai0hiyLKuXXRKzkR4EdwZFNFM1a795fUimoRMAhVE67brxNBJiQJOBcsKXqJZTOiQ9FnboCQh0510clWGj4zTw0GkzJOAJ+7viZSEWo9C33SGBAZ6vjY2/6u1EwguOymXcQJM0umiIBEYIjyOCPe4YhTEyAChipu/YjogJg8wQRZMCO78yYvQOCu5hm/Pi+XrWRx5dIAO0TFy0QUqoxtURXVE0SN6Rq/ozXqyXqx362PamrNmM/voj6zPH6Jjnyg=</latexit><latexit sha1_base64="bOUolOMNiFXTQyNTFPMofzJrEkg=">AAACFXicbZDLSsNAFIYn9VbrLerSzWARBKUkIuhGKHbjskJv0NQymU7aoZNJnDkRSshLuPFV3LhQxK3gzrdxello6w8DH/85hzPn92PBNTjOt5VbWl5ZXcuvFzY2t7Z37N29ho4SRVmdRiJSLZ9oJrhkdeAgWCtWjIS+YE1/WBnXmw9MaR7JGoxi1glJX/KAUwLG6tqnJxh7Ogm7KVy52V0NVzx9ryD1AkVoOsxSj8Wai0hiyLKuXXRKzkR4EdwZFNFM1a795fUimoRMAhVE67brxNBJiQJOBcsKXqJZTOiQ9FnboCQh0510clWGj4zTw0GkzJOAJ+7viZSEWo9C33SGBAZ6vjY2/6u1EwguOymXcQJM0umiIBEYIjyOCPe4YhTEyAChipu/YjogJg8wQRZMCO78yYvQOCu5hm/Pi+XrWRx5dIAO0TFy0QUqoxtURXVE0SN6Rq/ozXqyXqx362PamrNmM/voj6zPH6Jjnyg=</latexit><latexit sha1_base64="bOUolOMNiFXTQyNTFPMofzJrEkg=">AAACFXicbZDLSsNAFIYn9VbrLerSzWARBKUkIuhGKHbjskJv0NQymU7aoZNJnDkRSshLuPFV3LhQxK3gzrdxello6w8DH/85hzPn92PBNTjOt5VbWl5ZXcuvFzY2t7Z37N29ho4SRVmdRiJSLZ9oJrhkdeAgWCtWjIS+YE1/WBnXmw9MaR7JGoxi1glJX/KAUwLG6tqnJxh7Ogm7KVy52V0NVzx9ryD1AkVoOsxSj8Wai0hiyLKuXXRKzkR4EdwZFNFM1a795fUimoRMAhVE67brxNBJiQJOBcsKXqJZTOiQ9FnboCQh0510clWGj4zTw0GkzJOAJ+7viZSEWo9C33SGBAZ6vjY2/6u1EwguOymXcQJM0umiIBEYIjyOCPe4YhTEyAChipu/YjogJg8wQRZMCO78yYvQOCu5hm/Pi+XrWRx5dIAO0TFy0QUqoxtURXVE0SN6Rq/ozXqyXqx362PamrNmM/voj6zPH6Jjnyg=</latexit>



Convergent and divergent series
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<latexit sha1_base64="OAaZKQTyhemcEenv4MhG1a9tb6U=">AAACMnicbVDLSsNAFJ3UV62vqEs3g0UQCiGpgm7EohvdVegLmlIm00k7dDKJMxOhhHyTG79EcKELRdz6EU7aLLT1wMDhnHO5c48XMSqVbb8ahaXlldW14nppY3Nre8fc3WvJMBaYNHHIQtHxkCSMctJUVDHSiQRBgcdI2xtfZ377gQhJQ95Qk4j0AjTk1KcYKS31zVunAl1fIJw4aeLKe6GSaprCypx2kmnQsiy4EG9oC17Ay75Zti17CrhInJyUQY5633x2ByGOA8IVZkjKrmNHqpcgoShmJC25sSQRwmM0JF1NOQqI7CXTk1N4pJUB9EOhH1dwqv6eSFAg5STwdDJAaiTnvUz8z+vGyj/vJZRHsSIczxb5MYMqhFl/cEAFwYpNNEFYUP1XiEdIN6J0yyVdgjN/8iJpVS1H87vTcu0qr6MIDsAhOAYOOAM1cAPqoAkweAQv4B18GE/Gm/FpfM2iBSOf2Qd/YHz/AEKBqOY=</latexit><latexit sha1_base64="OAaZKQTyhemcEenv4MhG1a9tb6U=">AAACMnicbVDLSsNAFJ3UV62vqEs3g0UQCiGpgm7EohvdVegLmlIm00k7dDKJMxOhhHyTG79EcKELRdz6EU7aLLT1wMDhnHO5c48XMSqVbb8ahaXlldW14nppY3Nre8fc3WvJMBaYNHHIQtHxkCSMctJUVDHSiQRBgcdI2xtfZ377gQhJQ95Qk4j0AjTk1KcYKS31zVunAl1fIJw4aeLKe6GSaprCypx2kmnQsiy4EG9oC17Ay75Zti17CrhInJyUQY5633x2ByGOA8IVZkjKrmNHqpcgoShmJC25sSQRwmM0JF1NOQqI7CXTk1N4pJUB9EOhH1dwqv6eSFAg5STwdDJAaiTnvUz8z+vGyj/vJZRHsSIczxb5MYMqhFl/cEAFwYpNNEFYUP1XiEdIN6J0yyVdgjN/8iJpVS1H87vTcu0qr6MIDsAhOAYOOAM1cAPqoAkweAQv4B18GE/Gm/FpfM2iBSOf2Qd/YHz/AEKBqOY=</latexit><latexit sha1_base64="OAaZKQTyhemcEenv4MhG1a9tb6U=">AAACMnicbVDLSsNAFJ3UV62vqEs3g0UQCiGpgm7EohvdVegLmlIm00k7dDKJMxOhhHyTG79EcKELRdz6EU7aLLT1wMDhnHO5c48XMSqVbb8ahaXlldW14nppY3Nre8fc3WvJMBaYNHHIQtHxkCSMctJUVDHSiQRBgcdI2xtfZ377gQhJQ95Qk4j0AjTk1KcYKS31zVunAl1fIJw4aeLKe6GSaprCypx2kmnQsiy4EG9oC17Ay75Zti17CrhInJyUQY5633x2ByGOA8IVZkjKrmNHqpcgoShmJC25sSQRwmM0JF1NOQqI7CXTk1N4pJUB9EOhH1dwqv6eSFAg5STwdDJAaiTnvUz8z+vGyj/vJZRHsSIczxb5MYMqhFl/cEAFwYpNNEFYUP1XiEdIN6J0yyVdgjN/8iJpVS1H87vTcu0qr6MIDsAhOAYOOAM1cAPqoAkweAQv4B18GE/Gm/FpfM2iBSOf2Qd/YHz/AEKBqOY=</latexit><latexit sha1_base64="OAaZKQTyhemcEenv4MhG1a9tb6U=">AAACMnicbVDLSsNAFJ3UV62vqEs3g0UQCiGpgm7EohvdVegLmlIm00k7dDKJMxOhhHyTG79EcKELRdz6EU7aLLT1wMDhnHO5c48XMSqVbb8ahaXlldW14nppY3Nre8fc3WvJMBaYNHHIQtHxkCSMctJUVDHSiQRBgcdI2xtfZ377gQhJQ95Qk4j0AjTk1KcYKS31zVunAl1fIJw4aeLKe6GSaprCypx2kmnQsiy4EG9oC17Ay75Zti17CrhInJyUQY5633x2ByGOA8IVZkjKrmNHqpcgoShmJC25sSQRwmM0JF1NOQqI7CXTk1N4pJUB9EOhH1dwqv6eSFAg5STwdDJAaiTnvUz8z+vGyj/vJZRHsSIczxb5MYMqhFl/cEAFwYpNNEFYUP1XiEdIN6J0yyVdgjN/8iJpVS1H87vTcu0qr6MIDsAhOAYOOAM1cAPqoAkweAQv4B18GE/Gm/FpfM2iBSOf2Qd/YHz/AEKBqOY=</latexit>
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1 + 1/22 + 1/32 + ...+ 1/T 2 =?
<latexit sha1_base64="6y0ABYYxoLrmZ+jccapailDWRzo=">AAACDXicbVA7SwNBEJ6Lrxhfp5Y2i1EQhPMuCtqIQRvLCHlBcoa9zSZZsvdgd08IR/6AjX/FxkIRW3s7/42byxWa+MEy33wzw+x8XsSZVLb9beQWFpeWV/KrhbX1jc0tc3unLsNYEFojIQ9F08OSchbQmmKK02YkKPY9Thve8GZSbzxQIVkYVNUooq6P+wHrMYKVljrmgYOOkXNSui+l8TSNlmWlWVVnl+gKdcyibdkp0DxxMlKEDJWO+dXuhiT2aaAIx1K2HDtSboKFYoTTcaEdSxphMsR92tI0wD6VbpJeM0aHWumiXij0CxRK1d8TCfalHPme7vSxGsjZ2kT8r9aKVe/CTVgQxYoGZLqoF3OkQjSxBnWZoETxkSaYCKb/isgAC0yUNrCgTXBmT54n9ZLlaH53VixfZ3bkYQ/24QgcOIcy3EIFakDgEZ7hFd6MJ+PFeDc+pq05I5vZhT8wPn8AfXaU3w==</latexit><latexit sha1_base64="6y0ABYYxoLrmZ+jccapailDWRzo=">AAACDXicbVA7SwNBEJ6Lrxhfp5Y2i1EQhPMuCtqIQRvLCHlBcoa9zSZZsvdgd08IR/6AjX/FxkIRW3s7/42byxWa+MEy33wzw+x8XsSZVLb9beQWFpeWV/KrhbX1jc0tc3unLsNYEFojIQ9F08OSchbQmmKK02YkKPY9Thve8GZSbzxQIVkYVNUooq6P+wHrMYKVljrmgYOOkXNSui+l8TSNlmWlWVVnl+gKdcyibdkp0DxxMlKEDJWO+dXuhiT2aaAIx1K2HDtSboKFYoTTcaEdSxphMsR92tI0wD6VbpJeM0aHWumiXij0CxRK1d8TCfalHPme7vSxGsjZ2kT8r9aKVe/CTVgQxYoGZLqoF3OkQjSxBnWZoETxkSaYCKb/isgAC0yUNrCgTXBmT54n9ZLlaH53VixfZ3bkYQ/24QgcOIcy3EIFakDgEZ7hFd6MJ+PFeDc+pq05I5vZhT8wPn8AfXaU3w==</latexit><latexit sha1_base64="6y0ABYYxoLrmZ+jccapailDWRzo=">AAACDXicbVA7SwNBEJ6Lrxhfp5Y2i1EQhPMuCtqIQRvLCHlBcoa9zSZZsvdgd08IR/6AjX/FxkIRW3s7/42byxWa+MEy33wzw+x8XsSZVLb9beQWFpeWV/KrhbX1jc0tc3unLsNYEFojIQ9F08OSchbQmmKK02YkKPY9Thve8GZSbzxQIVkYVNUooq6P+wHrMYKVljrmgYOOkXNSui+l8TSNlmWlWVVnl+gKdcyibdkp0DxxMlKEDJWO+dXuhiT2aaAIx1K2HDtSboKFYoTTcaEdSxphMsR92tI0wD6VbpJeM0aHWumiXij0CxRK1d8TCfalHPme7vSxGsjZ2kT8r9aKVe/CTVgQxYoGZLqoF3OkQjSxBnWZoETxkSaYCKb/isgAC0yUNrCgTXBmT54n9ZLlaH53VixfZ3bkYQ/24QgcOIcy3EIFakDgEZ7hFd6MJ+PFeDc+pq05I5vZhT8wPn8AfXaU3w==</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="91gW7iCNU8YymPd7o/D0hZnI05I=">AAACAnicbVDLSgMxFL1TX7VWHd26CVZBEMaZutCNKLhxWaEvaMeSSTNtaCYzJBmhDP0BN/6KGxeK+BHu/BvTaRfaeiDcc8+5IbknSDhT2nW/rcLK6tr6RnGztFXe3tm198pNFaeS0AaJeSzbAVaUM0EbmmlO24mkOAo4bQWj26nfeqRSsVjU9TihfoQHgoWMYG2knn3koVPknVUfqnk9z6vjOHlXN90VukY9u+I6bg60TLw5qcActZ791e3HJI2o0IRjpTqem2g/w1Izwumk1E0VTTAZ4QHtGCpwRJWf5dtM0LFR+iiMpTlCo1z9fSPDkVLjKDCTEdZDtehNxf+8TqrDSz9jIkk1FWT2UJhypGM0jQb1maRE87EhmEhm/orIEEtMtAmwZELwFldeJs2q4xl+70IRDuAQTsCDC7iBO6hBAwg8wQu8wbv1bL1aH7O4CtY8t334A+vzBxi1k2c=</latexit><latexit sha1_base64="91gW7iCNU8YymPd7o/D0hZnI05I=">AAACAnicbVDLSgMxFL1TX7VWHd26CVZBEMaZutCNKLhxWaEvaMeSSTNtaCYzJBmhDP0BN/6KGxeK+BHu/BvTaRfaeiDcc8+5IbknSDhT2nW/rcLK6tr6RnGztFXe3tm198pNFaeS0AaJeSzbAVaUM0EbmmlO24mkOAo4bQWj26nfeqRSsVjU9TihfoQHgoWMYG2knn3koVPknVUfqnk9z6vjOHlXN90VukY9u+I6bg60TLw5qcActZ791e3HJI2o0IRjpTqem2g/w1Izwumk1E0VTTAZ4QHtGCpwRJWf5dtM0LFR+iiMpTlCo1z9fSPDkVLjKDCTEdZDtehNxf+8TqrDSz9jIkk1FWT2UJhypGM0jQb1maRE87EhmEhm/orIEEtMtAmwZELwFldeJs2q4xl+70IRDuAQTsCDC7iBO6hBAwg8wQu8wbv1bL1aH7O4CtY8t334A+vzBxi1k2c=</latexit><latexit sha1_base64="XAsqd/o9IE2wV0iZ1vZLqXcviag=">AAACDXicbVA7SwNBEJ6Lrxhfp5Y2i1EQhPMuFtqIQRvLCHlBcoa9zV6yZO/B7p4QjvwBG/+KjYUitvZ2/hs3lys0+sEy33wzw+x8XsyZVLb9ZRQWFpeWV4qrpbX1jc0tc3unKaNEENogEY9E28OSchbShmKK03YsKA48Tlve6Hpab91TIVkU1tU4pm6AByHzGcFKSz3zwEHHyDmp3FWyeJpFy7KyrK6zC3SJembZtuwM6C9xclKGHLWe+dntRyQJaKgIx1J2HDtWboqFYoTTSambSBpjMsID2tE0xAGVbppdM0GHWukjPxL6hQpl6s+JFAdSjgNPdwZYDeV8bSr+V+skyj93UxbGiaIhmS3yE45UhKbWoD4TlCg+1gQTwfRfERligYnSBpa0Cc78yX9Js2I5mt/a5epVbkcR9mAfjsCBM6jCDdSgAQQe4Ale4NV4NJ6NN+N91low8pld+AXj4xt8NpTb</latexit><latexit sha1_base64="6y0ABYYxoLrmZ+jccapailDWRzo=">AAACDXicbVA7SwNBEJ6Lrxhfp5Y2i1EQhPMuCtqIQRvLCHlBcoa9zSZZsvdgd08IR/6AjX/FxkIRW3s7/42byxWa+MEy33wzw+x8XsSZVLb9beQWFpeWV/KrhbX1jc0tc3unLsNYEFojIQ9F08OSchbQmmKK02YkKPY9Thve8GZSbzxQIVkYVNUooq6P+wHrMYKVljrmgYOOkXNSui+l8TSNlmWlWVVnl+gKdcyibdkp0DxxMlKEDJWO+dXuhiT2aaAIx1K2HDtSboKFYoTTcaEdSxphMsR92tI0wD6VbpJeM0aHWumiXij0CxRK1d8TCfalHPme7vSxGsjZ2kT8r9aKVe/CTVgQxYoGZLqoF3OkQjSxBnWZoETxkSaYCKb/isgAC0yUNrCgTXBmT54n9ZLlaH53VixfZ3bkYQ/24QgcOIcy3EIFakDgEZ7hFd6MJ+PFeDc+pq05I5vZhT8wPn8AfXaU3w==</latexit><latexit sha1_base64="6y0ABYYxoLrmZ+jccapailDWRzo=">AAACDXicbVA7SwNBEJ6Lrxhfp5Y2i1EQhPMuCtqIQRvLCHlBcoa9zSZZsvdgd08IR/6AjX/FxkIRW3s7/42byxWa+MEy33wzw+x8XsSZVLb9beQWFpeWV/KrhbX1jc0tc3unLsNYEFojIQ9F08OSchbQmmKK02YkKPY9Thve8GZSbzxQIVkYVNUooq6P+wHrMYKVljrmgYOOkXNSui+l8TSNlmWlWVVnl+gKdcyibdkp0DxxMlKEDJWO+dXuhiT2aaAIx1K2HDtSboKFYoTTcaEdSxphMsR92tI0wD6VbpJeM0aHWumiXij0CxRK1d8TCfalHPme7vSxGsjZ2kT8r9aKVe/CTVgQxYoGZLqoF3OkQjSxBnWZoETxkSaYCKb/isgAC0yUNrCgTXBmT54n9ZLlaH53VixfZ3bkYQ/24QgcOIcy3EIFakDgEZ7hFd6MJ+PFeDc+pq05I5vZhT8wPn8AfXaU3w==</latexit><latexit sha1_base64="6y0ABYYxoLrmZ+jccapailDWRzo=">AAACDXicbVA7SwNBEJ6Lrxhfp5Y2i1EQhPMuCtqIQRvLCHlBcoa9zSZZsvdgd08IR/6AjX/FxkIRW3s7/42byxWa+MEy33wzw+x8XsSZVLb9beQWFpeWV/KrhbX1jc0tc3unLsNYEFojIQ9F08OSchbQmmKK02YkKPY9Thve8GZSbzxQIVkYVNUooq6P+wHrMYKVljrmgYOOkXNSui+l8TSNlmWlWVVnl+gKdcyibdkp0DxxMlKEDJWO+dXuhiT2aaAIx1K2HDtSboKFYoTTcaEdSxphMsR92tI0wD6VbpJeM0aHWumiXij0CxRK1d8TCfalHPme7vSxGsjZ2kT8r9aKVe/CTVgQxYoGZLqoF3OkQjSxBnWZoETxkSaYCKb/isgAC0yUNrCgTXBmT54n9ZLlaH53VixfZ3bkYQ/24QgcOIcy3EIFakDgEZ7hFd6MJ+PFeDc+pq05I5vZhT8wPn8AfXaU3w==</latexit><latexit sha1_base64="6y0ABYYxoLrmZ+jccapailDWRzo=">AAACDXicbVA7SwNBEJ6Lrxhfp5Y2i1EQhPMuCtqIQRvLCHlBcoa9zSZZsvdgd08IR/6AjX/FxkIRW3s7/42byxWa+MEy33wzw+x8XsSZVLb9beQWFpeWV/KrhbX1jc0tc3unLsNYEFojIQ9F08OSchbQmmKK02YkKPY9Thve8GZSbzxQIVkYVNUooq6P+wHrMYKVljrmgYOOkXNSui+l8TSNlmWlWVVnl+gKdcyibdkp0DxxMlKEDJWO+dXuhiT2aaAIx1K2HDtSboKFYoTTcaEdSxphMsR92tI0wD6VbpJeM0aHWumiXij0CxRK1d8TCfalHPme7vSxGsjZ2kT8r9aKVe/CTVgQxYoGZLqoF3OkQjSxBnWZoETxkSaYCKb/isgAC0yUNrCgTXBmT54n9ZLlaH53VixfZ3bkYQ/24QgcOIcy3EIFakDgEZ7hFd6MJ+PFeDc+pq05I5vZhT8wPn8AfXaU3w==</latexit><latexit sha1_base64="6y0ABYYxoLrmZ+jccapailDWRzo=">AAACDXicbVA7SwNBEJ6Lrxhfp5Y2i1EQhPMuCtqIQRvLCHlBcoa9zSZZsvdgd08IR/6AjX/FxkIRW3s7/42byxWa+MEy33wzw+x8XsSZVLb9beQWFpeWV/KrhbX1jc0tc3unLsNYEFojIQ9F08OSchbQmmKK02YkKPY9Thve8GZSbzxQIVkYVNUooq6P+wHrMYKVljrmgYOOkXNSui+l8TSNlmWlWVVnl+gKdcyibdkp0DxxMlKEDJWO+dXuhiT2aaAIx1K2HDtSboKFYoTTcaEdSxphMsR92tI0wD6VbpJeM0aHWumiXij0CxRK1d8TCfalHPme7vSxGsjZ2kT8r9aKVe/CTVgQxYoGZLqoF3OkQjSxBnWZoETxkSaYCKb/isgAC0yUNrCgTXBmT54n9ZLlaH53VixfZ3bkYQ/24QgcOIcy3EIFakDgEZ7hFd6MJ+PFeDc+pq05I5vZhT8wPn8AfXaU3w==</latexit><latexit sha1_base64="6y0ABYYxoLrmZ+jccapailDWRzo=">AAACDXicbVA7SwNBEJ6Lrxhfp5Y2i1EQhPMuCtqIQRvLCHlBcoa9zSZZsvdgd08IR/6AjX/FxkIRW3s7/42byxWa+MEy33wzw+x8XsSZVLb9beQWFpeWV/KrhbX1jc0tc3unLsNYEFojIQ9F08OSchbQmmKK02YkKPY9Thve8GZSbzxQIVkYVNUooq6P+wHrMYKVljrmgYOOkXNSui+l8TSNlmWlWVVnl+gKdcyibdkp0DxxMlKEDJWO+dXuhiT2aaAIx1K2HDtSboKFYoTTcaEdSxphMsR92tI0wD6VbpJeM0aHWumiXij0CxRK1d8TCfalHPme7vSxGsjZ2kT8r9aKVe/CTVgQxYoGZLqoF3OkQjSxBnWZoETxkSaYCKb/isgAC0yUNrCgTXBmT54n9ZLlaH53VixfZ3bkYQ/24QgcOIcy3EIFakDgEZ7hFd6MJ+PFeDc+pq05I5vZhT8wPn8AfXaU3w==</latexit>
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On the side, check out Riemann’s Zeta Function…



Let’s analyze ε-Greedy!

• Regret bound

• Choose the optimal ε to minimize the bound?

• Work it out yourself that you get T^{2/3} just like in 
Explore-First.
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Upper Confidence Bound algorithm (UCB)

• At time t, choose the action

• Idea: Be optimistic
– Choose an option that maximizes the upper confidence bound.
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• The proof is out of the scope of this course. For those who
are interested, please look up. It’s not difficult.

<latexit sha1_base64="2+nyOx97mzStZrCSCzB0bxPBNOU="></latexit>



Example: Two-Armed Bandits

• k=2. Expected reward 𝑟(𝑎 = 1) = 0.8, 𝑟(𝑎 = 2) = 0.5

• Question: what is the Q-function for this problem?
– If episodical with horizon T= 1.
– If discounted with 0 ≤ 𝛾 < 1

• What is the optimal policy?

32



Example: UCB on a Two Armed Bandit

• A run of UCB algorithm with c = 2.
1. Initialize Q! 𝑎 = ∞, ∀ 𝑎 ∈ {1,2}. UCB: 1𝑄! 𝑎 = ∞.
2. Pick action A! = 1. (break ties arbitrarily), receive a reward of 0.

a. Update 𝑁" 𝑎 ← 𝑁! 𝑎 + 1 A! = a
b. Update Q" 1 = 0/1 = 0,  𝑄" 2 = ∞

c. Update 1𝑄" 1 ← 𝑄" 1 + 2 #$% "
!

≈ 0 + 1.67, 1𝑄" 2 = ∞

3. Pick action 𝑎 = 2 (because of what?), receive a reward of 1.
a. Update 𝑁& 2 ← 𝑁" 2 + 1, Q&(2) ← 1

b. Update 1𝑄& 2 ← 𝑄& 2 + 2 #$% "
!

≈ 1 + 1.67

c. Keep 𝑁& 1 , 𝑄& 1 , 1𝑄& 1 unchanged.
4. Which action to pick at next?
5. … 33



A 10-armed bandits benchmark

28 Chapter 2: Multi-armed Bandits

select randomly from among all the actions with equal probability, independently of
the action-value estimates. We call methods using this near-greedy action selection rule
"-greedy methods. An advantage of these methods is that, in the limit as the number of
steps increases, every action will be sampled an infinite number of times, thus ensuring
that all the Qt(a) converge to q⇤(a). This of course implies that the probability of selecting
the optimal action converges to greater than 1 � ", that is, to near certainty. These are
just asymptotic guarantees, however, and say little about the practical e↵ectiveness of
the methods.

Exercise 2.1 In "-greedy action selection, for the case of two actions and " = 0.5, what is
the probability that the greedy action is selected? ⇤

2.3 The 10-armed Testbed

To roughly assess the relative e↵ectiveness of the greedy and "-greedy action-value
methods, we compared them numerically on a suite of test problems. This was a set
of 2000 randomly generated k-armed bandit problems with k = 10. For each bandit
problem, such as the one shown in Figure 2.1, the action values, q⇤(a), a = 1, . . . , 10,
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Figure 2.1: An example bandit problem from the 10-armed testbed. The true value q⇤(a) of
each of the ten actions was selected according to a normal distribution with mean zero and unit
variance, and then the actual rewards were selected according to a mean q⇤(a) unit variance
normal distribution, as suggested by these gray distributions. 34



Comparing the different algorithms

2.3. The 10-armed Testbed 29

were selected according to a normal (Gaussian) distribution with mean 0 and variance 1.
Then, when a learning method applied to that problem selected action At at time step t,
the actual reward, Rt, was selected from a normal distribution with mean q⇤(At) and
variance 1. These distributions are shown in gray in Figure 2.1. We call this suite of test
tasks the 10-armed testbed. For any learning method, we can measure its performance
and behavior as it improves with experience over 1000 time steps when applied to one of
the bandit problems. This makes up one run. Repeating this for 2000 independent runs,
each with a di↵erent bandit problem, we obtained measures of the learning algorithm’s
average behavior.

Figure 2.2 compares a greedy method with two "-greedy methods ("=0.01 and "=0.1),
as described above, on the 10-armed testbed. All the methods formed their action-value
estimates using the sample-average technique. The upper graph shows the increase in
expected reward with experience. The greedy method improved slightly faster than the
other methods at the very beginning, but then leveled o↵ at a lower level. It achieved a
reward-per-step of only about 1, compared with the best possible of about 1.55 on this
testbed. The greedy method performed significantly worse in the long run because it
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Figure 2.2: Average performance of "-greedy action-value methods on the 10-armed testbed.
These data are averages over 2000 runs with di↵erent bandit problems. All methods used sample
averages as their action-value estimates.
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UCB vs. ε-Greedy
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28 CHAPTER 2. MULTI-ARMED BANDITS

t (the denominator in (2.1)), and the number c > 0 controls the degree of exploration. If Nt(a) = 0,
then a is considered to be a maximizing action.

The idea of this upper confidence bound (UCB) action selection is that the square-root term is a
measure of the uncertainty or variance in the estimate of a’s value. The quantity being max’ed over is
thus a sort of upper bound on the possible true value of action a, with c determining the confidence level.
Each time a is selected the uncertainty is presumably reduced: Nt(a) increments, and, as it appears in
the denominator, the uncertainty term decreases. On the other hand, each time an action other than a
is selected, t increases but Nt(a) does not; because t appears in the numerator, the uncertainty estimate
increases. The use of the natural logarithm means that the increases get smaller over time, but are
unbounded; all actions will eventually be selected, but actions with lower value estimates, or that have
already been selected frequently, will be selected with decreasing frequency over time.

Results with UCB on the 10-armed testbed are shown in Figure 2.4. UCB often performs well,
as shown here, but is more di�cult than "-greedy to extend beyond bandits to the more general
reinforcement learning settings considered in the rest of this book. One di�culty is in dealing with
nonstationary problems; methods more complex than those presented in Section 2.5 would be needed.
Another di�culty is dealing with large state spaces, particularly when using function approximation as
developed in Part II of this book. In these more advanced settings the idea of UCB action selection is
usually not practical.

2.8 Gradient Bandit Algorithms

So far in this chapter we have considered methods that estimate action values and use those estimates
to select actions. This is often a good approach, but it is not the only one possible. In this section
we consider learning a numerical preference for each action a, which we denote Ht(a). The larger the
preference, the more often that action is taken, but the preference has no interpretation in terms of
reward. Only the relative preference of one action over another is important; if we add 1000 to all the
preferences there is no e↵ect on the action probabilities, which are determined according to a soft-max
distribution (i.e., Gibbs or Boltzmann distribution) as follows:

Pr{At =a} .
=

eHt(a)

P
k

b=1 eHt(b)

.
= ⇡t(a), (2.9)
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�-greedy  � = 0.1
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Figure 2.4: Average performance of UCB action selection on the 10-armed testbed. As shown, UCB generally
performs better than "-greedy action selection, except in the first k steps, when it selects randomly among the
as-yet-untried actions.



Live Demo of an Agent Solving Multi-Armed 
Bandits
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Credit Mark Reid:  http://mark.reid.name/code/bandits/

http://mark.reid.name/code/bandits/


Variants of Bandits problems

• Online Learning from Expert Advice
– Adversarial chooses the outcome
– You observe outcome of other arms as well
– Compare against the best arm in the hindsight

• Adversarial k-Armed Bandits
– Same as above. But you observe only your arm.

• Nonstationary Bandits
– Stochastic but the reward distribution changes over time.
– Compare against the best arm for each time.

• Contextual bandits: you have a state in each time point.
38

Remark: In all 
these problems, 

there are 
algorithms with 
provably low-

regret.



Do I have to try, if I have features?

39

Features: 
[Burger, Fries, Onion Ring, Fried Chicken]

Features: 
[Noodles, Tom Yum Soup, Poor service]

(Illustration from Dan Klein and Pieter Abbeel’s course in UC Berkeley)



We know how to use with features, don’t we?

• Classifier agent

– Take features of a restaurant as input
– Output a prediction of “will I like the food?”

• Train with supervised learning
– Using the my previous visits to the restaurants
– Using Yelp reviews

40

Why can’t we just use that?
How to explore?



Contextual Bandits: Problem Setup

• For each round t = 1, 2, 3, …, T:
– A context   xt ~ unknown distribution  i.i.d.
– Agent picks an action at = 1,2,3,..,K
– Reward   rt ~ D( . | xt, at)

• Agent’s goals:
– Learn the best policy out of  many policies
– Minimize the cumulative regret

41
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Applications of Contextual Bandits

42

Personalized news?

Repeatedly: 
1. Observe features of user+articles
2. Choose a news article.
3. Observe click-or-not
Goal: Maximize fraction of clicks

Health advice?

Repeatedly: 
1. Observe features of user+advice
2. Choose an advice.
3. Observe steps walked
Goal: Healthy behaviors (e.g. step count)

Recommendations

buy or not buy



Exploration vs. Exploitation in Contextual 
Bandits.

• Challenging because:
– Infinite state space, never see the same context again.
– Exponentially large policy space

• Ideas:
– ExploreFirst, ε-Greedy 

– UCB?  But how do we construct Confidence Interval for an 
exponentially large set of policies?

• Optimal regret:  

43

O(
p
KT log |⇧|)
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Next lecture

• Reinforcement learning for MDPs
– Model-based vs model-free algorithms
– Online policy iterations
– Temporal difference learning

• Readings: 
– AIMA Ch. 21.1-21.3 (Ch 22.1- 22.3 in 4th Edition)
– Sutton and Barto: Ch 4-6
– Maybe: Sutton and Barto: Ch 6, Ch 13
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