
Artificial Intelligence
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Dec 10, 2020

Instructor: Prof. Yu-Xiang Wang

® Final Review
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Logistic notes

• ESCI Survey: Please go and submit your feedback!
– Deadline is approaching. This is my final reminder.

• Final: Next Tuesday 9:00 am - Wednesday 11:59 pm.
– 27 hours in total; for an exam that will take roughly 3 hours max.
– Submit your take home final on gradescope.
– Open book. NO collaboration allowed. We will check for

similarities. Your questions might be subtly different from your
peers.

– Covers topics up to First Order Logic (but before FOL inference)
– About 80% will be on topics after the midterm, 20% on earlier

topics. (Note that you might be asked to apply ML or PGM on
topics in the second half of the lecture!)

– There
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Tips for studying for the final

• Focus on the Lectures and HWs

• For any concepts that you are confused, check the textbook
(Again, books are random access, you don’t have to read
chapters from the beginning to the end)
– Stick to AIMA book for Search and Logic
– Stick to the Sutton and Barto book for RL.
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We’ve come a long way…
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Week Topic
1 Course Overview & Intelligent Agents

2 Machine Learning
Machine Learning

2 Machine Learning
Probabilistic Graphical Models

3 Probabilistic Graphical Models
Search: Problem solving with search

4
Search: Search algorithms

Search: Minimax search and game playing

5 Midterm Review
Midterm (take-home)

6 RL: Intro / Markov Decision Processes
RL: Solving MDPs

7 RL: Bandits and Exploration
RL: Reinforcement Learning Algorithms

8 RL: Reinforcement Learning Algorithms
Logic: Propositional Logic

9 Thanksgiving break
Logic: First Order Logic

10 Responsible AI
Final Review

11 Final Exam (take-home)

Machine Learning

Probabilistic Reasoning

Search

Reinforcement Learning

Logic

Responsible AI



Lecture 1: AI Overview

• AI for problem solving
• Rational agents
• Examples of AI in the real world
• Modelling-Inference-Learning Paradigm
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Modeling-Inference-Learning 

6

Modeling

Inference Learning



Structure of the course
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Low-level intelligence High-level intelligence

Reflex Agents Planning Agents Reasoning agents

Classification / Regression
Bandits

Search
game playing

Logic,  knowledge base
Probabilistic inference 

Machine Learning

Probabilistic Graphical Models / Deep Neural Networks

Markov Decision Processes
Reinforcement Learning

Potential question in the final: what type of agents are suitable to a given problem？



Our view of AI

• So this course is about designing rational agents
– Constructing  f
– For a given class of environments and tasks, we seek the agent (or 

class of agents) with the “best” performance
– Note: Computational limitations make complete rationality 

unachievable in most cases

• In practice, we will focus on problem-solving techniques
(ways of constructing f ), not agents per se
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Different Ways of Looking at the AI

• Agent types / level of intelligence
– Low-level: Reflex agents
– Mid-level: Goal-based / Utility-based agents:  planning agents
– High-level: Knowledge-based:  Logic agents

• Optimization view
– Everything is an optimization problem

• Theoretical aspects
– Time/space complexity
– Algorithms and data structures
– Statistical properties: # of free parameters / how easily can we

learn them with data
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Optimization perspective of AI

• A rational agent

– Modelling tools:  Features / Hypothesis, PGM,  State-space 
abstraction, agent categorization

– Constraints:  Computation,  Data,  Storage

• Discrete optimization

– Algorithmic tool:  Search / Dynamic programming

• Continuous optimization

– Algorithmic tool: Gradient descent / Stochastic gradient descent
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max
a1,...,aT

Utility(a1, ..., aT )
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Different objectives to optimize in AI (first
half of the course)
• PGM:

– MLE: Maximize the log-likelihood function
– Classifier / decision:  max the posterior distribution

• Search and planning:
– Find valid solutions with smallest path cost.
– Minimax search / games: Maximize your worst-case pay-off

(assuming your opponent plays optimally)

• Machine Learning

– (Regularized) Empirical Risk Minimization (ERM):
– But the goal is to minimize the (unseen) expected loss.
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✓2Rd

1

n

nX

i=1

`(✓, (xi, yi)) + �r(✓)
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Different objectives to optimize in AI
(second half of the course)

• Markov Decision Processes / RL
– Maximize the cumulative expected reward of “decision policy”
– Balance Exploration and Exploitation.

• Logic / Knowledge based agent:
– Solve a feasibility problem, find a “proof”.
– Determining “Valid, Satisfiable, Unsatisfiable”
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A lot of these problems are computationally / 
statistically hard, but so what?
• Get help from human:

– Use a model
– Use abstractions at the right level
– Use features
– Use heuristic functions

• Get help from mathematics and computer science theory:
– Solve an approx. solution
– Approximate inference of a PGM
– More iterations with less accuracy per SGD
– A* Search
– TD learning and Bootstrapping
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Lecture 2-4: Machine Learning

• Machine learning
– Types of machine learning models
– Focus on Supervised Learning ---- classifier agents.

• What is a feature vector?
– Feature engineering,  feature extraction

• Hypothesis class and free parameters
– How many are there? How to evaluate a classifier? 
– Error? On training data or on new data?
– Overfitting,  underfitting?

• How to learn  (optimize)?
– Surrogate losses, Gradient Descent, SGD

14



Example of a feature vector of dimension 4

1 0 0.0375 80
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Whether the contact list

Contains hyperlinks Proportion of misspelled words

Length of the message

Step 1 in Modelling
Feature extractor:

Converting the object of interest
to a vector of numerical values.



Example: Linear classifiers

• Score(x)  =  w0 + w1 * 1(hyperlinks) + w2 * 1(contact list) 
+ w3 * misspelling  +  w4 * length

• A linear classifier:  h(x)  = 1 if Score(x) > 0 and 0 
otherwise.

• Question: What are the “free-parameters” in a linear 
classifier?
– If we redefine

– A compact representation: 
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h(x) = sign(wT [1;x])
<latexit sha1_base64="+GdrPdjRhngivzDvjPZFqKDUtR8=">AAACCnicbZDLSgMxFIYz9VbHW9Wlm2gR2k2ZEUFBhKIblxV6g3YsmTRtQzOZITmjLUPXbnwVNy4UcesTuPNtTC8Lbf0h8PGfczg5vx8JrsFxvq3U0vLK6lp63d7Y3NreyezuVXUYK8oqNBShqvtEM8ElqwAHweqRYiTwBav5/etxvXbPlOahLMMwYl5AupJ3OCVgrFbm0LbtXm6Qx5e4CWwAieZdOco93JUb7sXAy2PcymSdgjMRXgR3Blk0U6mV+Wq2QxoHTAIVROuG60TgJUQBp4KN7GasWURon3RZw6AkAdNeMjllhI+N08adUJknAU/c3xMJCbQeBr7pDAj09HxtbP5Xa8TQOfcSLqMYmKTTRZ1YYAjxOBfc5opREEMDhCpu/oppjyhCwaRnmxDc+ZMXoXpScA3fnmaLV7M40ugAHaEcctEZKqIbVEIVRNEjekav6M16sl6sd+tj2pqyZjP76I+szx/rQ5fh</latexit><latexit sha1_base64="+GdrPdjRhngivzDvjPZFqKDUtR8=">AAACCnicbZDLSgMxFIYz9VbHW9Wlm2gR2k2ZEUFBhKIblxV6g3YsmTRtQzOZITmjLUPXbnwVNy4UcesTuPNtTC8Lbf0h8PGfczg5vx8JrsFxvq3U0vLK6lp63d7Y3NreyezuVXUYK8oqNBShqvtEM8ElqwAHweqRYiTwBav5/etxvXbPlOahLMMwYl5AupJ3OCVgrFbm0LbtXm6Qx5e4CWwAieZdOco93JUb7sXAy2PcymSdgjMRXgR3Blk0U6mV+Wq2QxoHTAIVROuG60TgJUQBp4KN7GasWURon3RZw6AkAdNeMjllhI+N08adUJknAU/c3xMJCbQeBr7pDAj09HxtbP5Xa8TQOfcSLqMYmKTTRZ1YYAjxOBfc5opREEMDhCpu/oppjyhCwaRnmxDc+ZMXoXpScA3fnmaLV7M40ugAHaEcctEZKqIbVEIVRNEjekav6M16sl6sd+tj2pqyZjP76I+szx/rQ5fh</latexit><latexit sha1_base64="+GdrPdjRhngivzDvjPZFqKDUtR8=">AAACCnicbZDLSgMxFIYz9VbHW9Wlm2gR2k2ZEUFBhKIblxV6g3YsmTRtQzOZITmjLUPXbnwVNy4UcesTuPNtTC8Lbf0h8PGfczg5vx8JrsFxvq3U0vLK6lp63d7Y3NreyezuVXUYK8oqNBShqvtEM8ElqwAHweqRYiTwBav5/etxvXbPlOahLMMwYl5AupJ3OCVgrFbm0LbtXm6Qx5e4CWwAieZdOco93JUb7sXAy2PcymSdgjMRXgR3Blk0U6mV+Wq2QxoHTAIVROuG60TgJUQBp4KN7GasWURon3RZw6AkAdNeMjllhI+N08adUJknAU/c3xMJCbQeBr7pDAj09HxtbP5Xa8TQOfcSLqMYmKTTRZ1YYAjxOBfc5opREEMDhCpu/oppjyhCwaRnmxDc+ZMXoXpScA3fnmaLV7M40ugAHaEcctEZKqIbVEIVRNEjekav6M16sl6sd+tj2pqyZjP76I+szx/rQ5fh</latexit><latexit sha1_base64="+GdrPdjRhngivzDvjPZFqKDUtR8=">AAACCnicbZDLSgMxFIYz9VbHW9Wlm2gR2k2ZEUFBhKIblxV6g3YsmTRtQzOZITmjLUPXbnwVNy4UcesTuPNtTC8Lbf0h8PGfczg5vx8JrsFxvq3U0vLK6lp63d7Y3NreyezuVXUYK8oqNBShqvtEM8ElqwAHweqRYiTwBav5/etxvXbPlOahLMMwYl5AupJ3OCVgrFbm0LbtXm6Qx5e4CWwAieZdOco93JUb7sXAy2PcymSdgjMRXgR3Blk0U6mV+Wq2QxoHTAIVROuG60TgJUQBp4KN7GasWURon3RZw6AkAdNeMjllhI+N08adUJknAU/c3xMJCbQeBr7pDAj09HxtbP5Xa8TQOfcSLqMYmKTTRZ1YYAjxOBfc5opREEMDhCpu/oppjyhCwaRnmxDc+ZMXoXpScA3fnmaLV7M40ugAHaEcctEZKqIbVEIVRNEjekav6M16sl6sd+tj2pqyZjP76I+szx/rQ5fh</latexit>

Y = {�1, 1}
<latexit sha1_base64="XFI+ee5omTF4tuXD1mCKvdB4pw0=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuNCSiKAboejGZQX7kCaUyXTSDp08mJkIJWbhr7hxoYhbf8Odf+OkzUJbDwwczrmXe+Z4MWdSWda3UVpYXFpeKa9W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXuj69xvP1AhWRTeqXFM3QAPQuYzgpWWeuaeE2A1JJin9xm6RE56Yh/bTtYzq1bNmgDNE7sgVSjQ6JlfTj8iSUBDRTiWsmtbsXJTLBQjnGYVJ5E0xmSEB7SraYgDKt10kj9Dh1rpIz8S+oUKTdTfGykOpBwHnp7M08pZLxf/87qJ8i/clIVxomhIpof8hCMVobwM1GeCEsXHmmAimM6KyBALTJSurKJLsGe/PE9apzVb89uzav2qqKMM+3AAR2DDOdThBhrQBAKP8Ayv8GY8GS/Gu/ExHS0Zxc4u/IHx+QNK9JT2</latexit><latexit sha1_base64="XFI+ee5omTF4tuXD1mCKvdB4pw0=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuNCSiKAboejGZQX7kCaUyXTSDp08mJkIJWbhr7hxoYhbf8Odf+OkzUJbDwwczrmXe+Z4MWdSWda3UVpYXFpeKa9W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXuj69xvP1AhWRTeqXFM3QAPQuYzgpWWeuaeE2A1JJin9xm6RE56Yh/bTtYzq1bNmgDNE7sgVSjQ6JlfTj8iSUBDRTiWsmtbsXJTLBQjnGYVJ5E0xmSEB7SraYgDKt10kj9Dh1rpIz8S+oUKTdTfGykOpBwHnp7M08pZLxf/87qJ8i/clIVxomhIpof8hCMVobwM1GeCEsXHmmAimM6KyBALTJSurKJLsGe/PE9apzVb89uzav2qqKMM+3AAR2DDOdThBhrQBAKP8Ayv8GY8GS/Gu/ExHS0Zxc4u/IHx+QNK9JT2</latexit><latexit sha1_base64="XFI+ee5omTF4tuXD1mCKvdB4pw0=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuNCSiKAboejGZQX7kCaUyXTSDp08mJkIJWbhr7hxoYhbf8Odf+OkzUJbDwwczrmXe+Z4MWdSWda3UVpYXFpeKa9W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXuj69xvP1AhWRTeqXFM3QAPQuYzgpWWeuaeE2A1JJin9xm6RE56Yh/bTtYzq1bNmgDNE7sgVSjQ6JlfTj8iSUBDRTiWsmtbsXJTLBQjnGYVJ5E0xmSEB7SraYgDKt10kj9Dh1rpIz8S+oUKTdTfGykOpBwHnp7M08pZLxf/87qJ8i/clIVxomhIpof8hCMVobwM1GeCEsXHmmAimM6KyBALTJSurKJLsGe/PE9apzVb89uzav2qqKMM+3AAR2DDOdThBhrQBAKP8Ayv8GY8GS/Gu/ExHS0Zxc4u/IHx+QNK9JT2</latexit><latexit sha1_base64="XFI+ee5omTF4tuXD1mCKvdB4pw0=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuNCSiKAboejGZQX7kCaUyXTSDp08mJkIJWbhr7hxoYhbf8Odf+OkzUJbDwwczrmXe+Z4MWdSWda3UVpYXFpeKa9W1tY3NrfM7Z2WjBJBaJNEPBIdD0vKWUibiilOO7GgOPA4bXuj69xvP1AhWRTeqXFM3QAPQuYzgpWWeuaeE2A1JJin9xm6RE56Yh/bTtYzq1bNmgDNE7sgVSjQ6JlfTj8iSUBDRTiWsmtbsXJTLBQjnGYVJ5E0xmSEB7SraYgDKt10kj9Dh1rpIz8S+oUKTdTfGykOpBwHnp7M08pZLxf/87qJ8i/clIVxomhIpof8hCMVobwM1GeCEsXHmmAimM6KyBALTJSurKJLsGe/PE9apzVb89uzav2qqKMM+3AAR2DDOdThBhrQBAKP8Ayv8GY8GS/Gu/ExHS0Zxc4u/IHx+QNK9JT2</latexit>



Just “relax”: relaxing a hard problem into an 
easier one
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min
w2Rd

Error(w) =
1

n

nX

i=1

1(sign(wTxi) 6= yi)
<latexit sha1_base64="9+Bx79czl9t9gJ8yb2MgeTua5Q8="></latexit><latexit sha1_base64="9+Bx79czl9t9gJ8yb2MgeTua5Q8="></latexit><latexit sha1_base64="9+Bx79czl9t9gJ8yb2MgeTua5Q8="></latexit><latexit sha1_base64="9+Bx79czl9t9gJ8yb2MgeTua5Q8="></latexit>

min
w2Rd

1

n

nX

i=1

`(wTxi, yi).
<latexit sha1_base64="0YegsZbP+Qe/krQbqfuapddXrAI="></latexit><latexit sha1_base64="0YegsZbP+Qe/krQbqfuapddXrAI="></latexit><latexit sha1_base64="0YegsZbP+Qe/krQbqfuapddXrAI="></latexit><latexit sha1_base64="0YegsZbP+Qe/krQbqfuapddXrAI="></latexit>



Illustration of GD vs SGD
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Observation: With the time gradient descent taking one step.
SGD would have already moved many steps.



One natural stochastic gradient to consider in 
machine learning
• Recall that 

• Pick a single data point i uniformly at random

– Use 

– Show that this is an unbiased estimator! 
– Know which part of the expression is random!
– Know how to apply the definition of expectation.

19

min
✓2Rd

1

n

nX

i=1

`(✓, (xi, yi))
<latexit sha1_base64="dYONJ75domTb+MtjyO7oC1GVd7A="></latexit><latexit sha1_base64="dYONJ75domTb+MtjyO7oC1GVd7A="></latexit><latexit sha1_base64="dYONJ75domTb+MtjyO7oC1GVd7A="></latexit><latexit sha1_base64="dYONJ75domTb+MtjyO7oC1GVd7A="></latexit>

r✓`(✓, (xi, yi))
<latexit sha1_base64="IqPh4bCUALjS3cEkcwCCXOpsYmI=">AAACDXicbZA9SwNBEIb3/DZ+RS1tFqMQQeROBC1FG0sFYwK5cMxtJmZxb+/YnRNDyB+w8a/YWChia2/nv3HzUWjiCwsP78wwO2+cKWnJ97+9qemZ2bn5hcXC0vLK6lpxfePGprkRWBGpSk0tBotKaqyQJIW1zCAkscJqfHfer1fv0ViZ6mvqZNhI4FbLlhRAzoqKO6GGWEEUUhsJQlSqPMR9Xn6I5H4nknt7UbHkH/gD8UkIRlBiI11Gxa+wmYo8QU1CgbX1wM+o0QVDUijsFcLcYgbiDm6x7lBDgrbRHVzT47vOafJWatzTxAfu74kuJNZ2kth1JkBtO17rm//V6jm1ThpdqbOcUIvholauOKW8Hw1vSoOCVMcBCCPdX7logwFBLsCCCyEYP3kSbg4PAsdXR6XTs1EcC2yLbbMyC9gxO2UX7JJVmGCP7Jm9sjfvyXvx3r2PYeuUN5rZZH/kff4AFz+a5A==</latexit><latexit sha1_base64="IqPh4bCUALjS3cEkcwCCXOpsYmI=">AAACDXicbZA9SwNBEIb3/DZ+RS1tFqMQQeROBC1FG0sFYwK5cMxtJmZxb+/YnRNDyB+w8a/YWChia2/nv3HzUWjiCwsP78wwO2+cKWnJ97+9qemZ2bn5hcXC0vLK6lpxfePGprkRWBGpSk0tBotKaqyQJIW1zCAkscJqfHfer1fv0ViZ6mvqZNhI4FbLlhRAzoqKO6GGWEEUUhsJQlSqPMR9Xn6I5H4nknt7UbHkH/gD8UkIRlBiI11Gxa+wmYo8QU1CgbX1wM+o0QVDUijsFcLcYgbiDm6x7lBDgrbRHVzT47vOafJWatzTxAfu74kuJNZ2kth1JkBtO17rm//V6jm1ThpdqbOcUIvholauOKW8Hw1vSoOCVMcBCCPdX7logwFBLsCCCyEYP3kSbg4PAsdXR6XTs1EcC2yLbbMyC9gxO2UX7JJVmGCP7Jm9sjfvyXvx3r2PYeuUN5rZZH/kff4AFz+a5A==</latexit><latexit sha1_base64="IqPh4bCUALjS3cEkcwCCXOpsYmI=">AAACDXicbZA9SwNBEIb3/DZ+RS1tFqMQQeROBC1FG0sFYwK5cMxtJmZxb+/YnRNDyB+w8a/YWChia2/nv3HzUWjiCwsP78wwO2+cKWnJ97+9qemZ2bn5hcXC0vLK6lpxfePGprkRWBGpSk0tBotKaqyQJIW1zCAkscJqfHfer1fv0ViZ6mvqZNhI4FbLlhRAzoqKO6GGWEEUUhsJQlSqPMR9Xn6I5H4nknt7UbHkH/gD8UkIRlBiI11Gxa+wmYo8QU1CgbX1wM+o0QVDUijsFcLcYgbiDm6x7lBDgrbRHVzT47vOafJWatzTxAfu74kuJNZ2kth1JkBtO17rm//V6jm1ThpdqbOcUIvholauOKW8Hw1vSoOCVMcBCCPdX7logwFBLsCCCyEYP3kSbg4PAsdXR6XTs1EcC2yLbbMyC9gxO2UX7JJVmGCP7Jm9sjfvyXvx3r2PYeuUN5rZZH/kff4AFz+a5A==</latexit><latexit sha1_base64="IqPh4bCUALjS3cEkcwCCXOpsYmI=">AAACDXicbZA9SwNBEIb3/DZ+RS1tFqMQQeROBC1FG0sFYwK5cMxtJmZxb+/YnRNDyB+w8a/YWChia2/nv3HzUWjiCwsP78wwO2+cKWnJ97+9qemZ2bn5hcXC0vLK6lpxfePGprkRWBGpSk0tBotKaqyQJIW1zCAkscJqfHfer1fv0ViZ6mvqZNhI4FbLlhRAzoqKO6GGWEEUUhsJQlSqPMR9Xn6I5H4nknt7UbHkH/gD8UkIRlBiI11Gxa+wmYo8QU1CgbX1wM+o0QVDUijsFcLcYgbiDm6x7lBDgrbRHVzT47vOafJWatzTxAfu74kuJNZ2kth1JkBtO17rm//V6jm1ThpdqbOcUIvholauOKW8Hw1vSoOCVMcBCCPdX7logwFBLsCCCyEYP3kSbg4PAsdXR6XTs1EcC2yLbbMyC9gxO2UX7JJVmGCP7Jm9sjfvyXvx3r2PYeuUN5rZZH/kff4AFz+a5A==</latexit>



Lecture 5-6: Probabilities and BayesNet

• Modelling the world with a joint probability distribution
– Number of parameters? 

• CPTs
– Count number of independent numbers to represent a CPT

• Conditional, Marginal, Probabilistic Inference with Bayes
Rule

• Read off conditional independences from the graph
– d-separation 
– Bayes ball algorithm
– Markov Blanket

20
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Tradeoffs in our model choices

Expressiveness

Space / computation efficiency

Fully Independent
P(X1, X2, …, XN) 

= P(X1) P(X2) …P(XN) 

O(N)
<latexit sha1_base64="BH2x9RNnrmjKUPQvCy8QUM7xb10=">AAAB63icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYIui25caQV7gXYomTTThiaZIckIZegruHGhiFtfyJ1vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xusnrniSrNIvlopjH1BR5JFjKCTWbdV+/OB+WKW3PnQqvg5VCBXM1B+as/jEgiqDSEY617nhsbP8 XKMMLprNRPNI0xmeAR7VmUWFDtp/NdZ+jMOkMURso+adDc/T2RYqH1VAS2U2Az1su1zPyv1ktMeOWnTMaJoZIsPgoTjkyEssPRkClKDJ9awEQxuysiY6wwMTaekg3BWz55FdoXNc/yQ73SuM7jKMIJnEIVPLiEBtxCE1pAYAzP8ApvjnBenHfnY9FacPKZY/gj5/MHCW6NkA==</latexit><latexit sha1_base64="BH2x9RNnrmjKUPQvCy8QUM7xb10=">AAAB63icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYIui25caQV7gXYomTTThiaZIckIZegruHGhiFtfyJ1vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xusnrniSrNIvlopjH1BR5JFjKCTWbdV+/OB+WKW3PnQqvg5VCBXM1B+as/jEgiqDSEY617nhsbP8 XKMMLprNRPNI0xmeAR7VmUWFDtp/NdZ+jMOkMURso+adDc/T2RYqH1VAS2U2Az1su1zPyv1ktMeOWnTMaJoZIsPgoTjkyEssPRkClKDJ9awEQxuysiY6wwMTaekg3BWz55FdoXNc/yQ73SuM7jKMIJnEIVPLiEBtxCE1pAYAzP8ApvjnBenHfnY9FacPKZY/gj5/MHCW6NkA==</latexit><latexit sha1_base64="BH2x9RNnrmjKUPQvCy8QUM7xb10=">AAAB63icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYIui25caQV7gXYomTTThiaZIckIZegruHGhiFtfyJ1vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xusnrniSrNIvlopjH1BR5JFjKCTWbdV+/OB+WKW3PnQqvg5VCBXM1B+as/jEgiqDSEY617nhsbP8 XKMMLprNRPNI0xmeAR7VmUWFDtp/NdZ+jMOkMURso+adDc/T2RYqH1VAS2U2Az1su1zPyv1ktMeOWnTMaJoZIsPgoTjkyEssPRkClKDJ9awEQxuysiY6wwMTaekg3BWz55FdoXNc/yQ73SuM7jKMIJnEIVPLiEBtxCE1pAYAzP8ApvjnBenHfnY9FacPKZY/gj5/MHCW6NkA==</latexit><latexit sha1_base64="BH2x9RNnrmjKUPQvCy8QUM7xb10=">AAAB63icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYIui25caQV7gXYomTTThiaZIckIZegruHGhiFtfyJ1vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xusnrniSrNIvlopjH1BR5JFjKCTWbdV+/OB+WKW3PnQqvg5VCBXM1B+as/jEgiqDSEY617nhsbP8 XKMMLprNRPNI0xmeAR7VmUWFDtp/NdZ+jMOkMURso+adDc/T2RYqH1VAS2U2Az1su1zPyv1ktMeOWnTMaJoZIsPgoTjkyEssPRkClKDJ9awEQxuysiY6wwMTaekg3BWz55FdoXNc/yQ73SuM7jKMIJnEIVPLiEBtxCE1pAYAzP8ApvjnBenHfnY9FacPKZY/gj5/MHCW6NkA==</latexit>

O(eN )
<latexit sha1_base64="/aIPhdmFR4TX04BMt/kMvmjmkj4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN4NFqJsyI4Iui25caQV7gXYsmfRMG5tJhiQjlKHv4MaFIm59H3e+jellodUfAh//OYec84cJZ9p43peTW1peWV3Lrxc2Nre2d4q7ew0tU0WxTiWXqhUSjZwJrBtmOLYShSQOOTbD4eWk3nxEpZkUd2aUYBCTvmARo8RYq3FTxvvr426x5FW8qdy/4M+hBHPVusXPTk/SNEZhKCdat30vMUFGlGGU47jQSTUmhA5JH9sWBYlRB9l027F7ZJ2eG0llnzDu1P05kZFY61Ec2s6YmIFerE3M/2rt1ETnQcZEkhoUdPZRlHLXSHdyuttjCqnhIwuEKmZ3demAKEKNDahgQ/AXT/4LjZOKb/n2tFS9mMeRhwM4hDL4cAZVuIIa1IHCAzzBC7w60nl23pz3WWvOmc/swy85H999uI5n</latexit><latexit sha1_base64="/aIPhdmFR4TX04BMt/kMvmjmkj4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN4NFqJsyI4Iui25caQV7gXYsmfRMG5tJhiQjlKHv4MaFIm59H3e+jellodUfAh//OYec84cJZ9p43peTW1peWV3Lrxc2Nre2d4q7ew0tU0WxTiWXqhUSjZwJrBtmOLYShSQOOTbD4eWk3nxEpZkUd2aUYBCTvmARo8RYq3FTxvvr426x5FW8qdy/4M+hBHPVusXPTk/SNEZhKCdat30vMUFGlGGU47jQSTUmhA5JH9sWBYlRB9l027F7ZJ2eG0llnzDu1P05kZFY61Ec2s6YmIFerE3M/2rt1ETnQcZEkhoUdPZRlHLXSHdyuttjCqnhIwuEKmZ3demAKEKNDahgQ/AXT/4LjZOKb/n2tFS9mMeRhwM4hDL4cAZVuIIa1IHCAzzBC7w60nl23pz3WWvOmc/swy85H999uI5n</latexit><latexit sha1_base64="/aIPhdmFR4TX04BMt/kMvmjmkj4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN4NFqJsyI4Iui25caQV7gXYsmfRMG5tJhiQjlKHv4MaFIm59H3e+jellodUfAh//OYec84cJZ9p43peTW1peWV3Lrxc2Nre2d4q7ew0tU0WxTiWXqhUSjZwJrBtmOLYShSQOOTbD4eWk3nxEpZkUd2aUYBCTvmARo8RYq3FTxvvr426x5FW8qdy/4M+hBHPVusXPTk/SNEZhKCdat30vMUFGlGGU47jQSTUmhA5JH9sWBYlRB9l027F7ZJ2eG0llnzDu1P05kZFY61Ec2s6YmIFerE3M/2rt1ETnQcZEkhoUdPZRlHLXSHdyuttjCqnhIwuEKmZ3demAKEKNDahgQ/AXT/4LjZOKb/n2tFS9mMeRhwM4hDL4cAZVuIIa1IHCAzzBC7w60nl23pz3WWvOmc/swy85H999uI5n</latexit><latexit sha1_base64="/aIPhdmFR4TX04BMt/kMvmjmkj4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN4NFqJsyI4Iui25caQV7gXYsmfRMG5tJhiQjlKHv4MaFIm59H3e+jellodUfAh//OYec84cJZ9p43peTW1peWV3Lrxc2Nre2d4q7ew0tU0WxTiWXqhUSjZwJrBtmOLYShSQOOTbD4eWk3nxEpZkUd2aUYBCTvmARo8RYq3FTxvvr426x5FW8qdy/4M+hBHPVusXPTk/SNEZhKCdat30vMUFGlGGU47jQSTUmhA5JH9sWBYlRB9l027F7ZJ2eG0llnzDu1P05kZFY61Ec2s6YmIFerE3M/2rt1ETnQcZEkhoUdPZRlHLXSHdyuttjCqnhIwuEKmZ3demAKEKNDahgQ/AXT/4LjZOKb/n2tFS9mMeRhwM4hDL4cAZVuIIa1IHCAzzBC7w60nl23pz3WWvOmc/swy85H999uI5n</latexit>

Fully general
P(X1, X2, …, XN)

Idea:
1.Independent groups of variables?

2.Conditional independences?



22

What are the CPTs? What are their dimensions?
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Question: How to fill values into these CPTs?
Ans: Specify by hands. Learn from data (e.g., MLE).



Big question: Is there a general way that we 
can answer questions about conditional 
independences by just inspecting the graphs?

• Turns out the answer is “Yes!”
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Direct Acyclic 
Graph

The set of Conditional 
Independences that 
holds for all CPTs

Factorization of Joint 
Distribution

By definition

By traversing 

the DAG

By d
-s

ep
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at
io

n
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 al
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What are the probabilistic graphical models
for topics we learned in the second half?
• Expectimax

• MDP

• Bandits / Contextual Bandits

• Reinforcement Learning

24



Lecture 7-10:  Search

• Problem solving by search
– Abstraction, problem formulation
– State-space diagram
– Count the number of states, number of actions.

• Uniformed Search algorithms
– Four evaluation criteria

• Informed (heuristic) search
– Admissible / consistent heuristics
– Tree-search vs graph search

• Minimax Search and Game playing
– Know how to do minimax / expectimax by hand!
– Pruning

25
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Problem Formulation and Search

• Problem formulation
– State-space description < {S}, S0, {SG}, {O}, {g} >

• S: Possible states
• S0: Initial state of the agent
• SG: Goal state(s)

– Or equivalently, a goal test G(S)
• O: Operators  O: {S} => {S}

– Describes the possible actions of the agent
• g: Path cost function, assigns a cost to a path/action

• At any given time, which possible action Oi is best?
– Depends on the goal, the path cost function, the future sequence of actions….

• Agent’s strategy:  Formulate, Search, and Execute
– This is offline problem solving
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State-Space Diagrams

• State-space description can be represented by a state-
space diagram, which shows
– States (incl. initial and goal)
– Operators/actions (state transitions)
– Path costs
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State Space vs. Search Tree (cont.)

B C CB F

D H G

A D GA D E

B C

A

Search tree (partially expanded)



Minimax example

The minimax decision is move A1

Which move to choose?
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Alpha pruning

30

A

B C D

10 25 15 5

≥ 10

10

MAX

MIN

MAX
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Beta pruning

31

C D

10 25 15 50

≤25

25

MIN

MAXB

MINA



Expectimax

• Your opponent behave 
randomly with a given 
probability distribution, 

• If you move left, your 
opponent will select 
actions with probability 
[0.5,0.5]

• If you move right, your 
opponent will select 
actions with [0.6,0.4]

Opponent’s
random 

move
7 3 -8 50

Your move

5 15.2

15.2

AVERAGE

MAX

32



Lecture 11-16 Reinforcement Learning

• Markov Decision Processes
– New concepts: reward, value function, policy, transition

dynamics
– Bellman equations
– Iterative algorithms for finding the optimal policy

• Bandits / Contextual bandits
– The notion of regret
– Explore-exploit

• Reinforcement Learning
– Model-based learning
– Model-free learning
– Bootstrapping with Temporal Difference Learning 33



Reinforcement learning problem setup

• State, Action, Reward
• Unknown reward function, unknown state-transitions.
• Agents might not even observe the state

34



Reinforcement learning problem setup

• State, Action, Reward and Observation

• Policy:
– When the state is observable:
– Or when the state is not observable

• Learn the best policy that maximizes the expected reward

– Finite horizon (episodic) RL:

– Infinite horizon RL:

⇡ : S ! A
<latexit sha1_base64="JSR2KBCrB1Pfm6GeQfT6grf0tX8=">AAACEnicbZDLSsNAFIYnXmu9RV26GSyCbkoiguKq6sZlRXuBJpTJdNIOncyEmYlSQp7Bja/ixoUibl25822ctAG19YeBj/+cw5zzBzGjSjvOlzU3v7C4tFxaKa+urW9s2lvbTSUSiUkDCyZkO0CKMMpJQ1PNSDuWBEUBI61geJnXW3dEKir4rR7FxI9Qn9OQYqSN1bUPvZieQehFSA8wYulNBj1J+wONpBT3P/551rUrTtUZC86CW0AFFKp37U+vJ3ASEa4xQ0p1XCfWfoqkppiRrOwlisQID1GfdAxyFBHlp+OTMrhvnB4MhTSPazh2f0+kKFJqFAWmM19RTddy879aJ9HhqZ9SHieacDz5KEwY1ALm+cAelQRrNjKAsKRmV4gHSCKsTYplE4I7ffIsNI+qruHr40rtooijBHbBHjgALjgBNXAF6qABMHgAT+AFvFqP1rP1Zr1PWuesYmYH/JH18Q0lz53J</latexit><latexit sha1_base64="JSR2KBCrB1Pfm6GeQfT6grf0tX8=">AAACEnicbZDLSsNAFIYnXmu9RV26GSyCbkoiguKq6sZlRXuBJpTJdNIOncyEmYlSQp7Bja/ixoUibl25822ctAG19YeBj/+cw5zzBzGjSjvOlzU3v7C4tFxaKa+urW9s2lvbTSUSiUkDCyZkO0CKMMpJQ1PNSDuWBEUBI61geJnXW3dEKir4rR7FxI9Qn9OQYqSN1bUPvZieQehFSA8wYulNBj1J+wONpBT3P/551rUrTtUZC86CW0AFFKp37U+vJ3ASEa4xQ0p1XCfWfoqkppiRrOwlisQID1GfdAxyFBHlp+OTMrhvnB4MhTSPazh2f0+kKFJqFAWmM19RTddy879aJ9HhqZ9SHieacDz5KEwY1ALm+cAelQRrNjKAsKRmV4gHSCKsTYplE4I7ffIsNI+qruHr40rtooijBHbBHjgALjgBNXAF6qABMHgAT+AFvFqP1rP1Zr1PWuesYmYH/JH18Q0lz53J</latexit><latexit sha1_base64="JSR2KBCrB1Pfm6GeQfT6grf0tX8=">AAACEnicbZDLSsNAFIYnXmu9RV26GSyCbkoiguKq6sZlRXuBJpTJdNIOncyEmYlSQp7Bja/ixoUibl25822ctAG19YeBj/+cw5zzBzGjSjvOlzU3v7C4tFxaKa+urW9s2lvbTSUSiUkDCyZkO0CKMMpJQ1PNSDuWBEUBI61geJnXW3dEKir4rR7FxI9Qn9OQYqSN1bUPvZieQehFSA8wYulNBj1J+wONpBT3P/551rUrTtUZC86CW0AFFKp37U+vJ3ASEa4xQ0p1XCfWfoqkppiRrOwlisQID1GfdAxyFBHlp+OTMrhvnB4MhTSPazh2f0+kKFJqFAWmM19RTddy879aJ9HhqZ9SHieacDz5KEwY1ALm+cAelQRrNjKAsKRmV4gHSCKsTYplE4I7ffIsNI+qruHr40rtooijBHbBHjgALjgBNXAF6qABMHgAT+AFvFqP1rP1Zr1PWuesYmYH/JH18Q0lz53J</latexit><latexit sha1_base64="JSR2KBCrB1Pfm6GeQfT6grf0tX8=">AAACEnicbZDLSsNAFIYnXmu9RV26GSyCbkoiguKq6sZlRXuBJpTJdNIOncyEmYlSQp7Bja/ixoUibl25822ctAG19YeBj/+cw5zzBzGjSjvOlzU3v7C4tFxaKa+urW9s2lvbTSUSiUkDCyZkO0CKMMpJQ1PNSDuWBEUBI61geJnXW3dEKir4rR7FxI9Qn9OQYqSN1bUPvZieQehFSA8wYulNBj1J+wONpBT3P/551rUrTtUZC86CW0AFFKp37U+vJ3ASEa4xQ0p1XCfWfoqkppiRrOwlisQID1GfdAxyFBHlp+OTMrhvnB4MhTSPazh2f0+kKFJqFAWmM19RTddy879aJ9HhqZ9SHieacDz5KEwY1ALm+cAelQRrNjKAsKRmV4gHSCKsTYplE4I7ffIsNI+qruHr40rtooijBHbBHjgALjgBNXAF6qABMHgAT+AFvFqP1rP1Zr1PWuesYmYH/JH18Q0lz53J</latexit>

⇡t : (O ⇥A⇥ R)t�1
! A

<latexit sha1_base64="oKDl42DTAiBMX0Nan8pkezMJmYI="></latexit><latexit sha1_base64="oKDl42DTAiBMX0Nan8pkezMJmYI="></latexit><latexit sha1_base64="oKDl42DTAiBMX0Nan8pkezMJmYI="></latexit><latexit sha1_base64="oKDl42DTAiBMX0Nan8pkezMJmYI="></latexit>

St 2 S
<latexit sha1_base64="H4OVRyT8Zmoun872yVAuceDZNfk=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY9FLx4rtbXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbXV+7TCA3wnpCMM+6uV9v2i17DrRKnJI0oUTHr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCB3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8f6YGUWQ==</latexit><latexit sha1_base64="H4OVRyT8Zmoun872yVAuceDZNfk=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY9FLx4rtbXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbXV+7TCA3wnpCMM+6uV9v2i17DrRKnJI0oUTHr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCB3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8f6YGUWQ==</latexit><latexit sha1_base64="H4OVRyT8Zmoun872yVAuceDZNfk=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY9FLx4rtbXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbXV+7TCA3wnpCMM+6uV9v2i17DrRKnJI0oUTHr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCB3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8f6YGUWQ==</latexit><latexit sha1_base64="H4OVRyT8Zmoun872yVAuceDZNfk=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY9FLx4rtbXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbXV+7TCA3wnpCMM+6uV9v2i17DrRKnJI0oUTHr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCB3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8f6YGUWQ==</latexit>

At 2 A
<latexit sha1_base64="xX32X1fWfQeu2hPnv8gbSWA79Eo=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY+tXjxWsLXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbHV+7TCA3wnpCMM86uV9v2i17DrRKnJI0oUTXr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCF3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8fsa2UNQ==</latexit><latexit sha1_base64="xX32X1fWfQeu2hPnv8gbSWA79Eo=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY+tXjxWsLXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbHV+7TCA3wnpCMM86uV9v2i17DrRKnJI0oUTXr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCF3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8fsa2UNQ==</latexit><latexit sha1_base64="xX32X1fWfQeu2hPnv8gbSWA79Eo=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY+tXjxWsLXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbHV+7TCA3wnpCMM86uV9v2i17DrRKnJI0oUTXr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCF3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8fsa2UNQ==</latexit><latexit sha1_base64="xX32X1fWfQeu2hPnv8gbSWA79Eo=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY+tXjxWsLXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbHV+7TCA3wnpCMM86uV9v2i17DrRKnJI0oUTXr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCF3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8fsa2UNQ==</latexit>

Rt 2 R
<latexit sha1_base64="mcKcKCPJb1sMOgc9hprL//Z0AUs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXRjcta7APaECbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OEehEeCRYygrWRfLva8vWACTSIsB4HQdaa+XbNqTtzoFXiFqQGBZq+/TUYxiSNqNCEY6X6rpNoL8NSM8LprDJIFU0wmeAR7RsqcESVl82jz9CpUYYojKV5QqO5+nsjw5FS0ygwk3lCtezl4n9eP9XhlZcxkaSaCrI4FKYc6RjlPaAhk5RoPjUEE8lMVkTGWGKiTVsVU4K7/OVV0jmvu4bfXdQa10UdZTiGEzgDFy6hAbfQhDYQeIRneIU368l6sd6tj8VoySp2juAPrM8fFw2T4Q==</latexit><latexit sha1_base64="mcKcKCPJb1sMOgc9hprL//Z0AUs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXRjcta7APaECbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OEehEeCRYygrWRfLva8vWACTSIsB4HQdaa+XbNqTtzoFXiFqQGBZq+/TUYxiSNqNCEY6X6rpNoL8NSM8LprDJIFU0wmeAR7RsqcESVl82jz9CpUYYojKV5QqO5+nsjw5FS0ygwk3lCtezl4n9eP9XhlZcxkaSaCrI4FKYc6RjlPaAhk5RoPjUEE8lMVkTGWGKiTVsVU4K7/OVV0jmvu4bfXdQa10UdZTiGEzgDFy6hAbfQhDYQeIRneIU368l6sd6tj8VoySp2juAPrM8fFw2T4Q==</latexit><latexit sha1_base64="mcKcKCPJb1sMOgc9hprL//Z0AUs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXRjcta7APaECbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OEehEeCRYygrWRfLva8vWACTSIsB4HQdaa+XbNqTtzoFXiFqQGBZq+/TUYxiSNqNCEY6X6rpNoL8NSM8LprDJIFU0wmeAR7RsqcESVl82jz9CpUYYojKV5QqO5+nsjw5FS0ygwk3lCtezl4n9eP9XhlZcxkaSaCrI4FKYc6RjlPaAhk5RoPjUEE8lMVkTGWGKiTVsVU4K7/OVV0jmvu4bfXdQa10UdZTiGEzgDFy6hAbfQhDYQeIRneIU368l6sd6tj8VoySp2juAPrM8fFw2T4Q==</latexit><latexit sha1_base64="mcKcKCPJb1sMOgc9hprL//Z0AUs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXRjcta7APaECbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OEehEeCRYygrWRfLva8vWACTSIsB4HQdaa+XbNqTtzoFXiFqQGBZq+/TUYxiSNqNCEY6X6rpNoL8NSM8LprDJIFU0wmeAR7RsqcESVl82jz9CpUYYojKV5QqO5+nsjw5FS0ygwk3lCtezl4n9eP9XhlZcxkaSaCrI4FKYc6RjlPaAhk5RoPjUEE8lMVkTGWGKiTVsVU4K7/OVV0jmvu4bfXdQa10UdZTiGEzgDFy6hAbfQhDYQeIRneIU368l6sd6tj8VoySp2juAPrM8fFw2T4Q==</latexit>

Ot 2 O
<latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit><latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit><latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit><latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit>

⇡⇤ = argmax
⇡2⇧

E[
1X

t=1

�t�1Rt]
<latexit sha1_base64="YlLbWUf0D4dk67J+wTbjs5rWhLg="></latexit><latexit sha1_base64="YlLbWUf0D4dk67J+wTbjs5rWhLg="></latexit><latexit sha1_base64="YlLbWUf0D4dk67J+wTbjs5rWhLg="></latexit><latexit sha1_base64="YlLbWUf0D4dk67J+wTbjs5rWhLg="></latexit>

⇡⇤ = argmax
⇡2⇧

E[
TX

t=1

Rt]
<latexit sha1_base64="TjJh8rvPqqmVSrTZo42NEAGcvKs="></latexit><latexit sha1_base64="TjJh8rvPqqmVSrTZo42NEAGcvKs="></latexit><latexit sha1_base64="TjJh8rvPqqmVSrTZo42NEAGcvKs="></latexit><latexit sha1_base64="TjJh8rvPqqmVSrTZo42NEAGcvKs="></latexit>

T: horizon

γ: discount factor
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Reinforcement learning is, arguably, the most
general AI framework.

• RL: State, Action, Reward, Nothing is known.

• Simplified RL models:
– iid state à Contextual bandits
– No state, tabular action à Multi-arm bandits
– iid state, no reward à Supervised Learning
– Known dynamics / reward à Markov Decision Processes 

(Control/Cybernetics)
– No reward / Unknown dynamics à System Identification
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Let us tackle different aspects of the RL 
problem one at a time

• Markov Decision Processes: 
– Dynamics are given no need to learn

• Bandits:  Explore-Exploit in simple settings
– RL without dynamics

• Full Reinforcement Learning
– Learning MDPs
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Tabular MDP

• Discrete State, Discrete Action, Reward and Observation

• Policy:
– When the state is observable:
– Or when the state is not observable

• Learn the best policy that maximizes the expected reward

– Finite horizon (episodic) MDP:

– Infinite horizon MDP:
38

⇡ : S ! A
<latexit sha1_base64="JSR2KBCrB1Pfm6GeQfT6grf0tX8=">AAACEnicbZDLSsNAFIYnXmu9RV26GSyCbkoiguKq6sZlRXuBJpTJdNIOncyEmYlSQp7Bja/ixoUibl25822ctAG19YeBj/+cw5zzBzGjSjvOlzU3v7C4tFxaKa+urW9s2lvbTSUSiUkDCyZkO0CKMMpJQ1PNSDuWBEUBI61geJnXW3dEKir4rR7FxI9Qn9OQYqSN1bUPvZieQehFSA8wYulNBj1J+wONpBT3P/551rUrTtUZC86CW0AFFKp37U+vJ3ASEa4xQ0p1XCfWfoqkppiRrOwlisQID1GfdAxyFBHlp+OTMrhvnB4MhTSPazh2f0+kKFJqFAWmM19RTddy879aJ9HhqZ9SHieacDz5KEwY1ALm+cAelQRrNjKAsKRmV4gHSCKsTYplE4I7ffIsNI+qruHr40rtooijBHbBHjgALjgBNXAF6qABMHgAT+AFvFqP1rP1Zr1PWuesYmYH/JH18Q0lz53J</latexit><latexit sha1_base64="JSR2KBCrB1Pfm6GeQfT6grf0tX8=">AAACEnicbZDLSsNAFIYnXmu9RV26GSyCbkoiguKq6sZlRXuBJpTJdNIOncyEmYlSQp7Bja/ixoUibl25822ctAG19YeBj/+cw5zzBzGjSjvOlzU3v7C4tFxaKa+urW9s2lvbTSUSiUkDCyZkO0CKMMpJQ1PNSDuWBEUBI61geJnXW3dEKir4rR7FxI9Qn9OQYqSN1bUPvZieQehFSA8wYulNBj1J+wONpBT3P/551rUrTtUZC86CW0AFFKp37U+vJ3ASEa4xQ0p1XCfWfoqkppiRrOwlisQID1GfdAxyFBHlp+OTMrhvnB4MhTSPazh2f0+kKFJqFAWmM19RTddy879aJ9HhqZ9SHieacDz5KEwY1ALm+cAelQRrNjKAsKRmV4gHSCKsTYplE4I7ffIsNI+qruHr40rtooijBHbBHjgALjgBNXAF6qABMHgAT+AFvFqP1rP1Zr1PWuesYmYH/JH18Q0lz53J</latexit><latexit sha1_base64="JSR2KBCrB1Pfm6GeQfT6grf0tX8=">AAACEnicbZDLSsNAFIYnXmu9RV26GSyCbkoiguKq6sZlRXuBJpTJdNIOncyEmYlSQp7Bja/ixoUibl25822ctAG19YeBj/+cw5zzBzGjSjvOlzU3v7C4tFxaKa+urW9s2lvbTSUSiUkDCyZkO0CKMMpJQ1PNSDuWBEUBI61geJnXW3dEKir4rR7FxI9Qn9OQYqSN1bUPvZieQehFSA8wYulNBj1J+wONpBT3P/551rUrTtUZC86CW0AFFKp37U+vJ3ASEa4xQ0p1XCfWfoqkppiRrOwlisQID1GfdAxyFBHlp+OTMrhvnB4MhTSPazh2f0+kKFJqFAWmM19RTddy879aJ9HhqZ9SHieacDz5KEwY1ALm+cAelQRrNjKAsKRmV4gHSCKsTYplE4I7ffIsNI+qruHr40rtooijBHbBHjgALjgBNXAF6qABMHgAT+AFvFqP1rP1Zr1PWuesYmYH/JH18Q0lz53J</latexit><latexit sha1_base64="JSR2KBCrB1Pfm6GeQfT6grf0tX8=">AAACEnicbZDLSsNAFIYnXmu9RV26GSyCbkoiguKq6sZlRXuBJpTJdNIOncyEmYlSQp7Bja/ixoUibl25822ctAG19YeBj/+cw5zzBzGjSjvOlzU3v7C4tFxaKa+urW9s2lvbTSUSiUkDCyZkO0CKMMpJQ1PNSDuWBEUBI61geJnXW3dEKir4rR7FxI9Qn9OQYqSN1bUPvZieQehFSA8wYulNBj1J+wONpBT3P/551rUrTtUZC86CW0AFFKp37U+vJ3ASEa4xQ0p1XCfWfoqkppiRrOwlisQID1GfdAxyFBHlp+OTMrhvnB4MhTSPazh2f0+kKFJqFAWmM19RTddy879aJ9HhqZ9SHieacDz5KEwY1ALm+cAelQRrNjKAsKRmV4gHSCKsTYplE4I7ffIsNI+qruHr40rtooijBHbBHjgALjgBNXAF6qABMHgAT+AFvFqP1rP1Zr1PWuesYmYH/JH18Q0lz53J</latexit>

⇡t : (O ⇥A⇥ R)t�1
! A

<latexit sha1_base64="oKDl42DTAiBMX0Nan8pkezMJmYI="></latexit><latexit sha1_base64="oKDl42DTAiBMX0Nan8pkezMJmYI="></latexit><latexit sha1_base64="oKDl42DTAiBMX0Nan8pkezMJmYI="></latexit><latexit sha1_base64="oKDl42DTAiBMX0Nan8pkezMJmYI="></latexit>

St 2 S
<latexit sha1_base64="H4OVRyT8Zmoun872yVAuceDZNfk=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY9FLx4rtbXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbXV+7TCA3wnpCMM+6uV9v2i17DrRKnJI0oUTHr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCB3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8f6YGUWQ==</latexit><latexit sha1_base64="H4OVRyT8Zmoun872yVAuceDZNfk=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY9FLx4rtbXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbXV+7TCA3wnpCMM+6uV9v2i17DrRKnJI0oUTHr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCB3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8f6YGUWQ==</latexit><latexit sha1_base64="H4OVRyT8Zmoun872yVAuceDZNfk=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY9FLx4rtbXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbXV+7TCA3wnpCMM+6uV9v2i17DrRKnJI0oUTHr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCB3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8f6YGUWQ==</latexit><latexit sha1_base64="H4OVRyT8Zmoun872yVAuceDZNfk=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY9FLx4rtbXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbXV+7TCA3wnpCMM+6uV9v2i17DrRKnJI0oUTHr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCB3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8f6YGUWQ==</latexit>

At 2 A
<latexit sha1_base64="xX32X1fWfQeu2hPnv8gbSWA79Eo=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY+tXjxWsLXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbHV+7TCA3wnpCMM86uV9v2i17DrRKnJI0oUTXr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCF3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8fsa2UNQ==</latexit><latexit sha1_base64="xX32X1fWfQeu2hPnv8gbSWA79Eo=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY+tXjxWsLXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbHV+7TCA3wnpCMM86uV9v2i17DrRKnJI0oUTXr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCF3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8fsa2UNQ==</latexit><latexit sha1_base64="xX32X1fWfQeu2hPnv8gbSWA79Eo=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY+tXjxWsLXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbHV+7TCA3wnpCMM86uV9v2i17DrRKnJI0oUTXr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCF3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8fsa2UNQ==</latexit><latexit sha1_base64="xX32X1fWfQeu2hPnv8gbSWA79Eo=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY+tXjxWsLXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbHV+7TCA3wnpCMM86uV9v2i17DrRKnJI0oUTXr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCF3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8fsa2UNQ==</latexit>

Rt 2 R
<latexit sha1_base64="mcKcKCPJb1sMOgc9hprL//Z0AUs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXRjcta7APaECbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OEehEeCRYygrWRfLva8vWACTSIsB4HQdaa+XbNqTtzoFXiFqQGBZq+/TUYxiSNqNCEY6X6rpNoL8NSM8LprDJIFU0wmeAR7RsqcESVl82jz9CpUYYojKV5QqO5+nsjw5FS0ygwk3lCtezl4n9eP9XhlZcxkaSaCrI4FKYc6RjlPaAhk5RoPjUEE8lMVkTGWGKiTVsVU4K7/OVV0jmvu4bfXdQa10UdZTiGEzgDFy6hAbfQhDYQeIRneIU368l6sd6tj8VoySp2juAPrM8fFw2T4Q==</latexit><latexit sha1_base64="mcKcKCPJb1sMOgc9hprL//Z0AUs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXRjcta7APaECbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OEehEeCRYygrWRfLva8vWACTSIsB4HQdaa+XbNqTtzoFXiFqQGBZq+/TUYxiSNqNCEY6X6rpNoL8NSM8LprDJIFU0wmeAR7RsqcESVl82jz9CpUYYojKV5QqO5+nsjw5FS0ygwk3lCtezl4n9eP9XhlZcxkaSaCrI4FKYc6RjlPaAhk5RoPjUEE8lMVkTGWGKiTVsVU4K7/OVV0jmvu4bfXdQa10UdZTiGEzgDFy6hAbfQhDYQeIRneIU368l6sd6tj8VoySp2juAPrM8fFw2T4Q==</latexit><latexit sha1_base64="mcKcKCPJb1sMOgc9hprL//Z0AUs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXRjcta7APaECbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OEehEeCRYygrWRfLva8vWACTSIsB4HQdaa+XbNqTtzoFXiFqQGBZq+/TUYxiSNqNCEY6X6rpNoL8NSM8LprDJIFU0wmeAR7RsqcESVl82jz9CpUYYojKV5QqO5+nsjw5FS0ygwk3lCtezl4n9eP9XhlZcxkaSaCrI4FKYc6RjlPaAhk5RoPjUEE8lMVkTGWGKiTVsVU4K7/OVV0jmvu4bfXdQa10UdZTiGEzgDFy6hAbfQhDYQeIRneIU368l6sd6tj8VoySp2juAPrM8fFw2T4Q==</latexit><latexit sha1_base64="mcKcKCPJb1sMOgc9hprL//Z0AUs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXRjcta7APaECbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OEehEeCRYygrWRfLva8vWACTSIsB4HQdaa+XbNqTtzoFXiFqQGBZq+/TUYxiSNqNCEY6X6rpNoL8NSM8LprDJIFU0wmeAR7RsqcESVl82jz9CpUYYojKV5QqO5+nsjw5FS0ygwk3lCtezl4n9eP9XhlZcxkaSaCrI4FKYc6RjlPaAhk5RoPjUEE8lMVkTGWGKiTVsVU4K7/OVV0jmvu4bfXdQa10UdZTiGEzgDFy6hAbfQhDYQeIRneIU368l6sd6tj8VoySp2juAPrM8fFw2T4Q==</latexit>

Ot 2 O
<latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit><latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit><latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit><latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit>

⇡⇤ = argmax
⇡2⇧

E[
1X

t=1

�t�1Rt]
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⇡⇤ = argmax
⇡2⇧

E[
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t=1

Rt]
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T: horizon

γ: discount factor



Reward function and Value functions

• Immediate reward function r(s,a,s’)
– expected immediate reward 

• state value function: Vp(s)
– expected long-term return when starting in s and following p

• state-action value function: Qp(s,a)
– expected long-term return when starting in s, performing a, and following p

r(s, a, s0) = E[R1|S1 = s,A1 = a, S2 = s0]
<latexit sha1_base64="9A8DxuVxtlIxf2YElUYRp319rAQ="></latexit><latexit sha1_base64="9A8DxuVxtlIxf2YElUYRp319rAQ="></latexit><latexit sha1_base64="9A8DxuVxtlIxf2YElUYRp319rAQ="></latexit><latexit sha1_base64="9A8DxuVxtlIxf2YElUYRp319rAQ="></latexit>

r⇡(s) = Ea⇠⇡(a|s)[R1|S1 = s]
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<latexit sha1_base64="nQg091M9cWDJGCCzLb1YURkaW60="></latexit>

<latexit sha1_base64="rv5r6WVnCPbjRTFivYSHhSUMwnE="></latexit>
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Bellman equations – the fundamental 
equations of MDP and RL
• An alternative, recursive and more useful way of defining 

the V-function and Q function
– Vp function Bellman equation

– Qp function Bellman equation

– V* function Bellman (optimality) equation

– Q* function Bellman (optimality) equation

40

V ⇡(s) =
X

a

⇡(a|s)
X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇡(s0)]
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Q⇡(s, a) =
X

s0

P (s0|s, a)[r(s, a, s0) + �
X

a0

⇡(a0|s0)Q⇡(s0, a0)]
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V ⇤(s) = max
a

X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇤(s0)]
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Q⇤(s, a) =
X

s0

P (s0|s, a)[r(s, a, s0) + �max
a0

Q⇤(s0, a0)]
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Let’s work out the Value function for a
specific policy

+1

-1

• reward +1 at [4,3], -1 at [4,2]
• reward -0.04 for each step

actions: UP, DOWN, LEFT, RIGHT

UP

80% move UP

10% move LEFT

10% move RIGHT

( +1-0.04 0 )0.8 * +

0.1 * (-0.04 + Vπ([3,2]) )+1.0

V ⇡(s) =
X

a

⇡(a|s)
X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇡(s0)] =
X

a

⇡(a|s)Q⇡(s, a)
<latexit sha1_base64="hvEuyL2OJMOnjnmOQF8BsJqf44E="></latexit><latexit sha1_base64="hvEuyL2OJMOnjnmOQF8BsJqf44E="></latexit><latexit sha1_base64="hvEuyL2OJMOnjnmOQF8BsJqf44E="></latexit><latexit sha1_base64="hvEuyL2OJMOnjnmOQF8BsJqf44E="></latexit>
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Inference problem: given an MDP, how to 
compute its optimal policy?

• It suffices to compute its Q* function, because:

• It suffices to compute its V* function, because:

42

Q⇤(s, a) =
X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇤(s0)]
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MDP inference problem: Policy Evaluation
(prediction) vs Policy Optimization (control)

• Policy Evaluation (prediction):
– Simulate Bellman equation w.r.t. policy \pi until it converges

• Policy Optimization (control):
– Policy evaluation, policy improvement, PE, PI, …
– Value iterations: simulate Bellman optimality equation

43



How to calculate value functions given MDP
parameters? Policy Iterations and Value Iterations
• What are these algorithms for?

– Algorithms of computing the V* and Q* functions from MDP
parameters

• Policy Iterations

• Value iterations

• How do we make sense of them?
– Recursively applying the Bellman equations until convergence.
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Vk+1(s) max
a

X

s0

P (s0|s, a)[r(s, a, s0) + �Vk(s
0)]
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Multi-arm bandits: Problem setup

• No state. k-actions

• You decide which arm to pull in every iteration

• You collect a cumulative payoff of

• The goal of the agent is to maximize the expected payoff.
– For future payoffs?
– For the expected cumulative payoff?
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a 2 A = {1, 2, ..., k}
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A1, A2, ..., AT
<latexit sha1_base64="3nwYg5V/8/2poVMB58MrV1fD5fQ=">AAAB+HicbZDNTgIxFIXv4B/iD6Mu3TQSExdkMkNMdAm6cYkJIAlMJp3SgYZOZ9J2TJDwJG5caIxbH8Wdb2OBWSh4k6Zfzrk3vT1hypnSrvttFTY2t7Z3irulvf2Dw7J9dNxRSSYJbZOEJ7IbYkU5E7Stmea0m0qK45DTh3B8O/cfHqlULBEtPUmpH+OhYBEjWBspsMuNwKs2glrVcRxztwK74jruotA6eDlUIK9mYH/1BwnJYio04Vipnuem2p9iqRnhdFbqZ4qmmIzxkPYMChxT5U8Xi8/QuVEGKEqkOUKjhfp7YopjpSZxaDpjrEdq1ZuL/3m9TEfX/pSJNNNUkOVDUcaRTtA8BTRgkhLNJwYwkczsisgIS0y0yapkQvBWv7wOnZrjGb6/rNRv8jiKcApncAEeXEEd7qAJbSCQwTO8wpv1ZL1Y79bHsrVg5TMn8Keszx9NF5Dm</latexit><latexit sha1_base64="3nwYg5V/8/2poVMB58MrV1fD5fQ=">AAAB+HicbZDNTgIxFIXv4B/iD6Mu3TQSExdkMkNMdAm6cYkJIAlMJp3SgYZOZ9J2TJDwJG5caIxbH8Wdb2OBWSh4k6Zfzrk3vT1hypnSrvttFTY2t7Z3irulvf2Dw7J9dNxRSSYJbZOEJ7IbYkU5E7Stmea0m0qK45DTh3B8O/cfHqlULBEtPUmpH+OhYBEjWBspsMuNwKs2glrVcRxztwK74jruotA6eDlUIK9mYH/1BwnJYio04Vipnuem2p9iqRnhdFbqZ4qmmIzxkPYMChxT5U8Xi8/QuVEGKEqkOUKjhfp7YopjpSZxaDpjrEdq1ZuL/3m9TEfX/pSJNNNUkOVDUcaRTtA8BTRgkhLNJwYwkczsisgIS0y0yapkQvBWv7wOnZrjGb6/rNRv8jiKcApncAEeXEEd7qAJbSCQwTO8wpv1ZL1Y79bHsrVg5TMn8Keszx9NF5Dm</latexit><latexit sha1_base64="3nwYg5V/8/2poVMB58MrV1fD5fQ=">AAAB+HicbZDNTgIxFIXv4B/iD6Mu3TQSExdkMkNMdAm6cYkJIAlMJp3SgYZOZ9J2TJDwJG5caIxbH8Wdb2OBWSh4k6Zfzrk3vT1hypnSrvttFTY2t7Z3irulvf2Dw7J9dNxRSSYJbZOEJ7IbYkU5E7Stmea0m0qK45DTh3B8O/cfHqlULBEtPUmpH+OhYBEjWBspsMuNwKs2glrVcRxztwK74jruotA6eDlUIK9mYH/1BwnJYio04Vipnuem2p9iqRnhdFbqZ4qmmIzxkPYMChxT5U8Xi8/QuVEGKEqkOUKjhfp7YopjpSZxaDpjrEdq1ZuL/3m9TEfX/pSJNNNUkOVDUcaRTtA8BTRgkhLNJwYwkczsisgIS0y0yapkQvBWv7wOnZrjGb6/rNRv8jiKcApncAEeXEEd7qAJbSCQwTO8wpv1ZL1Y79bHsrVg5TMn8Keszx9NF5Dm</latexit><latexit sha1_base64="3nwYg5V/8/2poVMB58MrV1fD5fQ=">AAAB+HicbZDNTgIxFIXv4B/iD6Mu3TQSExdkMkNMdAm6cYkJIAlMJp3SgYZOZ9J2TJDwJG5caIxbH8Wdb2OBWSh4k6Zfzrk3vT1hypnSrvttFTY2t7Z3irulvf2Dw7J9dNxRSSYJbZOEJ7IbYkU5E7Stmea0m0qK45DTh3B8O/cfHqlULBEtPUmpH+OhYBEjWBspsMuNwKs2glrVcRxztwK74jruotA6eDlUIK9mYH/1BwnJYio04Vipnuem2p9iqRnhdFbqZ4qmmIzxkPYMChxT5U8Xi8/QuVEGKEqkOUKjhfp7YopjpSZxaDpjrEdq1ZuL/3m9TEfX/pSJNNNUkOVDUcaRTtA8BTRgkhLNJwYwkczsisgIS0y0yapkQvBWv7wOnZrjGb6/rNRv8jiKcApncAEeXEEd7qAJbSCQwTO8wpv1ZL1Y79bHsrVg5TMn8Keszx9NF5Dm</latexit>

TX

t=1

Rt

<latexit sha1_base64="YIoivBJth6KmUEL1hovQIgmRNeY=">AAAB+XicbZDLSgMxFIYz9VbrbdSlm2ARXJUZEXQjFN24rNIbtOOQSdM2NMkMyZlCGfomblwo4tY3cefbmLaz0NYfAh//OYdz8keJ4AY879sprK1vbG4Vt0s7u3v7B+7hUdPEqaasQWMR63ZEDBNcsQZwEKydaEZkJFgrGt3N6q0x04bHqg6ThAWSDBTvc0rAWqHrdk0qwwxu/OlTHT+GELplr+LNhVfBz6GMctVC96vbi2kqmQIqiDEd30sgyIgGTgWblrqpYQmhIzJgHYuKSGaCbH75FJ9Zp4f7sbZPAZ67vycyIo2ZyMh2SgJDs1ybmf/VOin0r4OMqyQFpuhiUT8VGGI8iwH3uGYUxMQCoZrbWzEdEk0o2LBKNgR/+cur0Lyo+JYfLsvV2zyOIjpBp+gc+egKVdE9qqEGomiMntErenMy58V5dz4WrQUnnzlGf+R8/gDqbpMs</latexit><latexit sha1_base64="YIoivBJth6KmUEL1hovQIgmRNeY=">AAAB+XicbZDLSgMxFIYz9VbrbdSlm2ARXJUZEXQjFN24rNIbtOOQSdM2NMkMyZlCGfomblwo4tY3cefbmLaz0NYfAh//OYdz8keJ4AY879sprK1vbG4Vt0s7u3v7B+7hUdPEqaasQWMR63ZEDBNcsQZwEKydaEZkJFgrGt3N6q0x04bHqg6ThAWSDBTvc0rAWqHrdk0qwwxu/OlTHT+GELplr+LNhVfBz6GMctVC96vbi2kqmQIqiDEd30sgyIgGTgWblrqpYQmhIzJgHYuKSGaCbH75FJ9Zp4f7sbZPAZ67vycyIo2ZyMh2SgJDs1ybmf/VOin0r4OMqyQFpuhiUT8VGGI8iwH3uGYUxMQCoZrbWzEdEk0o2LBKNgR/+cur0Lyo+JYfLsvV2zyOIjpBp+gc+egKVdE9qqEGomiMntErenMy58V5dz4WrQUnnzlGf+R8/gDqbpMs</latexit><latexit sha1_base64="YIoivBJth6KmUEL1hovQIgmRNeY=">AAAB+XicbZDLSgMxFIYz9VbrbdSlm2ARXJUZEXQjFN24rNIbtOOQSdM2NMkMyZlCGfomblwo4tY3cefbmLaz0NYfAh//OYdz8keJ4AY879sprK1vbG4Vt0s7u3v7B+7hUdPEqaasQWMR63ZEDBNcsQZwEKydaEZkJFgrGt3N6q0x04bHqg6ThAWSDBTvc0rAWqHrdk0qwwxu/OlTHT+GELplr+LNhVfBz6GMctVC96vbi2kqmQIqiDEd30sgyIgGTgWblrqpYQmhIzJgHYuKSGaCbH75FJ9Zp4f7sbZPAZ67vycyIo2ZyMh2SgJDs1ybmf/VOin0r4OMqyQFpuhiUT8VGGI8iwH3uGYUxMQCoZrbWzEdEk0o2LBKNgR/+cur0Lyo+JYfLsvV2zyOIjpBp+gc+egKVdE9qqEGomiMntErenMy58V5dz4WrQUnnzlGf+R8/gDqbpMs</latexit><latexit sha1_base64="YIoivBJth6KmUEL1hovQIgmRNeY=">AAAB+XicbZDLSgMxFIYz9VbrbdSlm2ARXJUZEXQjFN24rNIbtOOQSdM2NMkMyZlCGfomblwo4tY3cefbmLaz0NYfAh//OYdz8keJ4AY879sprK1vbG4Vt0s7u3v7B+7hUdPEqaasQWMR63ZEDBNcsQZwEKydaEZkJFgrGt3N6q0x04bHqg6ThAWSDBTvc0rAWqHrdk0qwwxu/OlTHT+GELplr+LNhVfBz6GMctVC96vbi2kqmQIqiDEd30sgyIgGTgWblrqpYQmhIzJgHYuKSGaCbH75FJ9Zp4f7sbZPAZ67vycyIo2ZyMh2SgJDs1ybmf/VOin0r4OMqyQFpuhiUT8VGGI8iwH3uGYUxMQCoZrbWzEdEk0o2LBKNgR/+cur0Lyo+JYfLsvV2zyOIjpBp+gc+egKVdE9qqEGomiMntErenMy58V5dz4WrQUnnzlGf+R8/gDqbpMs</latexit>



How do we measure the performance of an 
online learning agent?
• The notion of “Regret”:

– I wish I have done things differently.
– Comparing to the best actions in the hindsight, how much worse 

did I do.

• For MAB, the regret is defined as follow
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T max
a2[k]

E[Rt|a]�
TX

t=1

Ea⇠⇡ [E[Rt|a]]
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Regret of different MAB algorithms

• Greedy

• ExploreFirst

• eps-Greedy

• Upper Confidence Bound:
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RL algorithms

• Model-based approach (plug-in an empirically estimated
MDP, run VI / PI)

• Model-free approach:
– Monte Carlo (average converges to mean) e.g., First visit Monte

Carlo
– Combining Monte Carlo with Dynamic Programming (e.g., VI )
– Temporal difference learning
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Revisit the dynamic programming approach

• Policy Evaluation

• Policy improvement

• Value iterations
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Vk+1(s) max
a

X

s0

P (s0|s, a)[r(s, a, s0) + �Vk(s
0)]
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*We do not have the MDP parameters in RL!



Reinforcement learning agents have “online”
access to an environment
• State, Action, Reward
• Unknown reward function, unknown state-transitions.
• Agents can “act” and “experiment”, rather than only doing

offline planning.
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TD policy optimization (TD-control )

• SARSA (On-Policy TD-control)
– Update the Q function by bootstrapping Bellman Equation

– Choose the next A’ using Q, e.g., eps-greedy.

• Q-Learning (Off-policy TD-control)
– Update the Q function by bootstrapping Bellman Optimality Eq.

– Choose the next A’ using Q, e.g., eps-greedy, or any other policy.
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Exercise 6.8 Show that an action-value version of (6.6) holds for the action-value form of the TD
error �t = Rt+1 + �Q(St+1, At+1 � Q(St, At), again assuming that the values don’t change from step to
step. ⇤

It is straightforward to design an on-policy control algorithm based on the Sarsa prediction method.
As in all on-policy methods, we continually estimate q⇡ for the behavior policy ⇡, and at the same time
change ⇡ toward greediness with respect to q⇡. The general form of the Sarsa control algorithm is given
in the box below.

Sarsa (on-policy TD control) for estimating Q ⇡ q⇤

Initialize Q(s, a), for all s 2 S, a 2 A(s), arbitrarily, and Q(terminal-state, ·) = 0
Repeat (for each episode):

Initialize S

Choose A from S using policy derived from Q (e.g., ✏-greedy)
Repeat (for each step of episode):

Take action A, observe R, S
0

Choose A
0 from S

0 using policy derived from Q (e.g., ✏-greedy)
Q(S, A) Q(S, A) + ↵

⇥
R + �Q(S0

, A
0)�Q(S, A)

⇤

S  S
0; A A

0;
until S is terminal

The convergence properties of the Sarsa algorithm depend on the nature of the policy’s dependence
on Q. For example, one could use "-greedy or "-soft policies. Sarsa converges with probability 1 to an
optimal policy and action-value function as long as all state–action pairs are visited an infinite number
of times and the policy converges in the limit to the greedy policy (which can be arranged, for example,
with "-greedy policies by setting " = 1/t).

Example 6.5: Windy Gridworld Shown inset in Figure 6.3 is a standard gridworld, with start and
goal states, but with one di↵erence: there is a crosswind upward through the middle of the grid. The
actions are the standard four—up, down, right, and left—but in the middle region the resultant
next states are shifted upward by a “wind,” the strength of which varies from column to column. The
strength of the wind is given below each column, in number of cells shifted upward. For example, if
you are one cell to the right of the goal, then the action left takes you to the cell just above the goal.
Let us treat this as an undiscounted episodic task, with constant rewards of �1 until the goal state is
reached.
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Figure 6.3: Results of Sarsa applied to a gridworld (shown inset) in which movement is altered by a location-
dependent, upward “wind.” A trajectory under the optimal policy is also shown.
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The graph in Figure 6.3 shows the results of applying "-greedy Sarsa to this task, with " = 0.1,
↵ = 0.5, and the initial values Q(s, a) = 0 for all s, a. The increasing slope of the graph shows
that the goal is reached more and more quickly over time. By 8000 time steps, the greedy policy
was long since optimal (a trajectory from it is shown inset); continued "-greedy exploration kept the
average episode length at about 17 steps, two more than the minimum of 15. Note that Monte Carlo
methods cannot easily be used on this task because termination is not guaranteed for all policies.
If a policy was ever found that caused the agent to stay in the same state, then the next episode
would never end. Step-by-step learning methods such as Sarsa do not have this problem because
they quickly learn during the episode that such policies are poor, and switch to something else.

Exercise 6.9: Windy Gridworld with King’s Moves Re-solve the windy gridworld task assuming eight
possible actions, including the diagonal moves, rather than the usual four. How much better can you do
with the extra actions? Can you do even better by including a ninth action that causes no movement
at all other than that caused by the wind? ⇤
Exercise 6.10: Stochastic Wind Re-solve the windy gridworld task with King’s moves, assuming
that the e↵ect of the wind, if there is any, is stochastic, sometimes varying by 1 from the mean values
given for each column. That is, a third of the time you move exactly according to these values, as in
the previous exercise, but also a third of the time you move one cell above that, and another third of
the time you move one cell below that. For example, if you are one cell to the right of the goal and
you move left, then one-third of the time you move one cell above the goal, one-third of the time you
move two cells above the goal, and one-third of the time you move to the goal. ⇤

6.5 Q-learning: O↵-policy TD Control

One of the early breakthroughs in reinforcement learning was the development of an o↵-policy TD
control algorithm known as Q-learning (Watkins, 1989), defined by

Q(St, At) Q(St, At) + ↵
h
Rt+1 + � max

a

Q(St+1, a)�Q(St, At)
i
. (6.8)

In this case, the learned action-value function, Q, directly approximates q⇤, the optimal action-value
function, independent of the policy being followed. This dramatically simplifies the analysis of the
algorithm and enabled early convergence proofs. The policy still has an e↵ect in that it determines
which state–action pairs are visited and updated. However, all that is required for correct convergence
is that all pairs continue to be updated. As we observed in Chapter 5, this is a minimal requirement
in the sense that any method guaranteed to find optimal behavior in the general case must require it.
Under this assumption and a variant of the usual stochastic approximation conditions on the sequence
of step-size parameters, Q has been shown to converge with probability 1 to q⇤.

Q-learning (o↵-policy TD control) for estimating ⇡ ⇡ ⇡⇤

Initialize Q(s, a), for all s 2 S, a 2 A(s), arbitrarily, and Q(terminal-state, ·) = 0
Repeat (for each episode):

Initialize S

Repeat (for each step of episode):
Choose A from S using policy derived from Q (e.g., ✏-greedy)
Take action A, observe R, S

0

Q(S, A) Q(S, A) + ↵
⇥
R + � maxa Q(S0

, a)�Q(S, A)
⇤

S  S
0

until S is terminal



Q-Learning with function approximation

• Q-learning with linear Q-functions:

• Intuitive interpretation:
– Adjust weights of active features
– E.g., if something unexpectedly bad happens, blame the 

features that were on: disprefer all states with that state’s 
features

• Formal justification: online least squares (Read the textbook!)

Exact Q’s

Approximate Q’s
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Policy gradient

• Let’s not worry about states, dynamics, Q function.
– We might not even observe the true state.
– Let’s specify a class of parametrized policy and hope to compare

to the best within this class

• Objective function to maximize:

• Do SGD:

• Policy gradient theorem:
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Chapter 13

Policy Gradient Methods

In this chapter we consider something new. So far in this book almost all the methods have learned the
values of actions and then selected actions based on their estimated action values1; their policies would
not even exist without the action-value estimates. In this chapter we consider methods that instead
learn a parameterized policy that can select actions without consulting a value function. A value function
may still be used to learn the policy parameter, but is not required for action selection. We use the
notation ✓ 2 Rd

0
for the policy’s parameter vector. Thus we write ⇡(a|s, ✓) = Pr{At =a | St =s, ✓t =✓}

for the probability that action a is taken at time t given that the environment is in state s at time t
with parameter ✓. If a method uses a learned value function as well, then the value function’s weight
vector is denoted w 2 Rd as usual, as in v̂(s,w).

In this chapter we consider methods for learning the policy parameter based on the gradient of some
performance measure J(✓) with respect to the policy parameter. These methods seek to maximize
performance, so their updates approximate gradient ascent in J :

✓t+1 = ✓t + ↵ \rJ(✓t), (13.1)

where \rJ(✓t) is a stochastic estimate whose expectation approximates the gradient of the performance
measure with respect to its argument ✓t. All methods that follow this general schema we call policy
gradient methods, whether or not they also learn an approximate value function. Methods that learn
approximations to both policy and value functions are often called actor–critic methods, where ‘actor’
is a reference to the learned policy, and ‘critic’ refers to the learned value function, usually a state-value
function. First we treat the episodic case, in which performance is defined as the value of the start state
under the parameterized policy, before going on to consider the continuing case, in which performance is
defined as the average reward rate, as in Section 10.3. In the end we are able to express the algorithms
for both cases in very similar terms.

13.1 Policy Approximation and its Advantages

In policy gradient methods, the policy can be parameterized in any way, as long as ⇡(a|s, ✓) is di↵er-
entiable with respect to its parameters, that is, as long as r✓⇡(a|s, ✓) exists and is always finite. In
practice, to ensure exploration we generally require that the policy never becomes deterministic (i.e.,
that ⇡(a|s, ✓) 2 (0, 1), for all s, a, ✓). In this section we introduce the most common parameterization

1
The lone exception is the gradient bandit algorithms of Section 2.8. In fact, that section goes through many of the

same steps, in the single-state bandit case, as we go through here for full MDPs. Reviewing that section would be good

preparation for fully understanding this chapter.
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13.2 The Policy Gradient Theorem

In addition to the practical advantages of policy parameterization over "-greedy action selection, there
is also an important theoretical advantage. With continuous policy parameterization the action proba-
bilities change smoothly as a function of the learned parameter, whereas in "-greedy selection the action
probabilities may change dramatically for an arbitrarily small change in the estimated action values,
if that change results in a di↵erent action having the maximal value. Largely because of this stronger
convergence guarantees are available for policy-gradient methods than for action-value methods. In
particular, it is the continuity of the policy dependence on the parameters that enables policy-gradient
methods to approximate gradient ascent (13.1).

The episodic and continuing cases define the performance measure, J(✓), di↵erently and thus have to
be treated separately to some extent. Nevertheless, we will try to present both cases uniformly, and we
develop a notation so that the major theoretical results can be decribed with a single set of equations.

In this section we treat the episodic case, for which we define the performance measure as the value
of the start state of the episode. We can simplify the notation without losing any meaningful generality
by assuming that every episode starts in some particular (non-random) state s0. Then, in the episodic
case we define performance as

J(✓)
.
= v⇡✓ (s0), (13.4)

where v⇡✓ is the true value function for ⇡✓, the policy determined by ✓. From here on in our discussion
we will assume no discounting (� = 1) for the episodic case, although for completeness we do include
the possibility of discounting in the boxed algorithms.

With function approximation, it may seem challenging to change the policy parameter in a way that
ensures improvement. The problem is that performance depends on both the action selections and the
distribution of states in which those selections are made, and that both of these are a↵ected by the
policy parameter. Given a state, the e↵ect of the policy parameter on the actions, and thus on reward,
can be computed in a relatively straightforward way from knowledge of the parameterization. But the
e↵ect of the policy on the state distribution is a function of the environment and is typically unknown.
How can we estimate the performance gradient with respect to the policy parameter when the gradient
depends on the unknown e↵ect of policy changes on the state distribution?

Fortunately, there is an excellent theoretical answer to this challenge in the form of the policy gradient
theorem, which provides us an analytic expression for the gradient of performance with respect to the
policy parameter (which is what we need to approximate for gradient ascent (13.1)) that does not
involve the derivative of the state distribution. The policy gradient theorem establishes that

rJ(✓) /
X

s

µ(s)
X

a

q⇡(s, a)r✓⇡(a|s, ✓), (13.5)

where the gradients are column vectors of partial derivatives with respect to the components of ✓, and
⇡ denotes the policy corresponding to parameter vector ✓. The symbol / here means “proportional
to”. In the episodic case, the constant of proportionality is the average length of an episode, and in the
continuing case it is 1, so that the relationship is actually an equality. The distribution µ here (as in
Chapters 9 and 10) is the on-policy distribution under ⇡ (see page 163). The policy gradient theorem
is proved for the episodic case in the box on the next page.
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*Note how this theorem is non-trivial… The first two terms
depends on 𝜋, but we did not take the gradient w.r.t. them.



Special case of policy gradient theorem in
contextual bandits?
• Gradient of the IPS-estimator (or Importance Sampling

estimator that you’ve seen) w.r.t. the parameter 𝜃 of the
policy 𝜋

• Connections to the policy gradient?
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nX

i=1
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Most important concepts in MDP / RL

• Make sure you understand
– Problem setup, evaluation criteria
– Definition of the policy, state, action, immediate reward, value,

value function …

• Bellman equations

• Policy / Value iterations
– Finding fixed points of Bellman equations
– Finding eigenvector of a matrix

• SARSA, Q-Learning
– SGD-style Stochastic simulation of Bellman equations
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Lecture 16-17:  Logic

• Logic agent
– Know how to play, e.g., Minesweeper and know how to explain

your reasons.

• Knowledge Base
– Tell operation
– Ask operation

• Components of a formal mathematical logic system
– Syntax, Semantics

• Inference Algorithms.
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• Need a formal logic system to work

• Need a data structure to represent known facts

• Need an algorithm to answer ASK questions
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Knowledge Base

Inference engine

Domain specific content; facts

ASK

TELL

Domain independent algorithms; can 
deduce new facts from the KB

KB Agents
True sentences



Syntax and semantics

• Two components of a logic system

• Syntax --- How to construct sentences
– The symbols
– The operators that connect symbols together
– A precedence ordering

• Semantics --- Rules the assignment of sentences to truth
– For every possible worlds (or “models” in logic jargon)
– The truth table is a semantics
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Entailment

Representation

World

Fact
FOLLOWS

ENTAILS

Facts

Sentences

Sem
antics

Sentence

Sem
antics

A is entailed by B, if A is true in all possible worlds consistent with B
under the semantics.



Inference procedure

• Inference procedure
– Rules (algorithms) that we apply (often recursively) to derive truth

from other truth.
– Could be specific to a particular set of semantics, a particular

realization of the world.

• Soundness and completeness of an inference procedure
– Soundness: All truth discovered are valid.
– Completeness: All truth that are entailed can be discovered.
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Propositional Logic

• Syntax:

61

• Syntax
– True, false, propositional symbols
– (  ) , ¬ (not), Ù (and), Ú (or), Þ (implies), Û (equivalent)

• Semantics:
– Five rules (the following truth table)

• Inference rules:
– Modus Pronens etc. Most important: Resolution



Propositional logic agent

• Representation: Conjunctive Normal Forms
– Represent them in a data structure: a list, a heap, a tree?
– Efficient TELL operation

• Inference: Solve ASK question
– Use “Resolution” only on CNFs is Sound and Complete.
– Equivalent to SAT, NP-complete, but good heuristics / practical

algorithms exist

• Possible answers to ASK:
– Valid, Satisfiable, Unsatisfiable
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First order logic

• More expressive language
– Relations and functions of objects.
– Quantifiers such as, All, Exists.

• Easier to construct a KB.
– Need much smaller number of sentences to capture a domain.

• Follow the same structure:  Symbols, Semantics

• Dedicated inference algorithms

• (FOL inference is not covered in the Final)
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Potential types of questions in FOL

• Translate FOL sentence to natural language or the other
way round.

• Translate the rule of a simple game to FOL.
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Lecture 18:  Responsible AI

• What are the typical pitfalls in AI applications
– Privacy: Data sharing, data use, data ownership
– Fairness of AI Decision making: Recidivism prediction,

Admission / Recruiting
– Polarizing effects of recommendation systems
– Fake news / fake videos
– Social impacts: unemployment / rich gets richer
– Robustness and Safety: adversarial examples, self-driving cars

• What are your thoughts on overcoming them?
– Potentially a case / short essay question.

• Your thoughts on Weak AI vs Strong AI.
– And artificial general Intelligence… 65



Thank you and stay in touch!

• It’s a challenging quarter for everyone of us.
• It’s my pleasure to work with you!
• I hope the course is / will be useful.

• AI Research at UCSB
– Machine Learning Lab
– Natural Language Processing Lab
– Center for Responsible Machine Learning
– Center for Information Technology and Society
– The Mellichamp Initiative in Mind & Machine Intelligence
– Data Science Initiative
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