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Abstract

Weconsidertheproblemof findingsimilar pat-

ternsin a timesequence. Typical applicationsof

this probleminvolve large databasesconsisting

of long timesequencesof different lengths.Cur-

rent time sequencesearch techniqueswork well

for queriesof a prespecifiedlength, but not for

arbitrary lengthqueries.We proposea novel in-

dexing technique that works well for arbitrary

lengthqueries.Theproposedtechniquestoresin-

dex structuresat different resolutionsfor a given

dataset.We provethat, this index structure is su-
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perior to existing index structuresthat usea sin-

gle resolution. We proposea range query and

nearest neighborquery techniqueon this index

structure, and prove the optimality of our index

structure for thesesearch techniques.Theexper-

imental resultsshowthat our methodis 4 to 20

timesfasterthanthecurrenttechniquesincluding

SequentialScanfor range queries,and 3 times

fasterthanSequentialScanandothertechniques

for nearestneighborqueries.Becauseof theneed

to store informationat multipleresolutionlevels,

thestorage requirementof our methodcouldpo-

tentiallybelarge. In thesecondpart of thepaper,

weshowhowthe index informationcanbecom-

pressedwith minimalinformationloss.According



to our experimentalresults,evenafter compress-

ing thesizeof theindex to onefifth, thetotal cost

ofourmethodis3 to15timeslessthanthecurrent

techniques.

Index Terms: Time series, subsequence

search,rangequery, nearestneighborquery, mul-

tiple resolutions.

1 Introduction

Timeseriesor sequencedataarisesnaturallyin

many real world applicationslike stock market,

weatherforecasts,video databasesand medical

data.Someexamplesof querieson suchdatasets

include finding companieswhich have similar

profit/loss patterns,finding similar motions in

a video database,or finding similar patternsin

medicalsensordataor biologicaldata.A typical

query on such data can be “F ind companies

which had a similar profit pattern as company

A's profit pattern in January 2000”, or “F ind

companieswhoseclosing prices are similar to

companyA's profit during thelast6 months”.

The explosive increasein the sizeof the time

seriesdatabasesandthevarietyof time seriesap-

plicationsintroducesseveral challenges:1) The

searchtools shouldbe able to index and search

largedatabasesefficiently. 2) Thereshouldnotbe

any artificial restrictionson the lengthsof either

thedatabasesequenceor the querysequence.3)

Thesearchtechniquesshouldbescalablewith the

numberof nodesin parallelanddistributedarchi-

tectures.

The needfor arbitrary lengthsearcharisesin

most real world sequencedatabaseapplications

for two reasons. First, the databasesequences

canbeof any length.For example,differentcom-

paniesmayenterstockmarket at differenttimes.

Therefore,stockhistoriesof differentcompanies

canbeof any length. Similarly, the lengthof the

videosequencescanbeof any lengthfrom a few

minutesto hours.Anotherstriking applicationis

genomedatabases.Thelengthsof genomestrings

varyfrom afew hundredsto hundredsof millions.

Second,the usermay be interestedin searching

querysequencesof any length.For example,one

can query basedon the performanceof a com-

pany in onemonthaswell asoneyear. Theuser

maycomparea smallpieceof avideofile aswell

as the whole video file. A biologist may search

a shortgenestring of a few hundrednucleotides
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or comparethewholechromosomeof millions of

nucleotidesagainstanother.

Therearemany waysto comparethe similar-

ity of two time sequences.One approachis to

definethe distancebetweentwo sequencesto be

the Euclideandistancein an appropriatemulti-

dimensionalspace[1, 4, 6, 11, 19, 25]. Non-

Euclideanmetricshavealsobeenusedtocompute

the similarity for time sequences.Agrawal, Lin,

Sawhney, and Shim [2] use �	� as the distance

metric. The Landmarkmodel by Perng,Wang,

and Zhang [17] choosesonly a subsetof val-

uesfrom a time sequence,which arepeakpoints,

andusesthemto representthecorrespondingse-

quence.Theauthorsdefinedistancebetweentwo

time sequencesas a tuple of values,one repre-

sentingthe time andthe otherthe amplitude. In

a separatework, Park, Chu, and Hsu [16] use

the ideaof time warpingdistance.This distance

metriccomparessequencesof differentlengthsby

stretchingthem. The distancebetweentwo time

seriesdata can be madeshift and scaleinvari-

ant by transformingthem onto shift eliminated

plane [10, 5]. Anotherdistancemetric 
������� is

definedby Lee,Chun,Kim, Lee,andChung[15]

for multidimensionalsequences.Although this

metrichasa high recall,it againallows falsedis-

missals,whendeterminingcandidatesolutionin-

tervals.Vlachos,KolliosandGunopulos[27] pro-

posedto usethe LongestCommonSubsequence

(LCSS)techniquein orderto find similar trajec-

tories. The authorsshow that LCSSis morero-

bustto noisethanbothEuclideanandtime warp-

ing distances.

Thedistancebetweentwo time seriesdatacan

bemadeshift andscaleinvariantby transforming

themontoshift eliminatedplane[10, 5].

Rangesearchesandnearestneighborsearches

in whole matching and subsequencematching

havebeentheprincipalqueriesof interestfor time

seriesdata. Whole matchingcorrespondsto the

casewhenthequerysequenceandthesequences

in the databasehave the samelength. Agrawal,

Faloutsos,andSwami [1] developedthe first so-

lution to thisproblem.They transformedthetime

sequenceto the frequency domainby usingDFT

(DiscreteFourierTransform).Later, they reduced

the numberof dimensionsto a feasiblesize by

consideringthe first few frequency coefficients.

ChanandFu [4] usedHaarwavelet transformto
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reducethe numberof dimensionsandcompared

thismethodtoDFT. They foundthatHaarwavelet

transformperformsbetterthanDFT. However, the

performanceof DFT canbe improved using the

symmetryof FourierTransforms[20, 29]. In this

case,both methodsgive similar results. Wang

andWang[28] proposedto useB-splinewavelet

transformsandtheleastsquaremethodto approx-

imatetime seriesdata. However, this technique

mayresultin falsedismissals.

Subsequencematchingis amoredifficult prob-

lem. Here, the query sequenceis potentially

shorterthan the sequencesin the database.The

userasksfor subsequencesin the databasethat

have thesamelengthasthequerysequenceanda

similarpattern.For example,onecanaskaquery:

Findcompanieswhich hada similar profitpattern

ascompanyA'sprofit patternin January2000. A

bruteforce solutionis to checkall possiblesub-

sequencesof the given length. However, this is

not feasiblebecauseof the largenumberof long

sequencesin thedatabase.

Faloutsos,Ranganathan,andManolopoulos[6]

proposedI-adaptive index to solve the match-

ing problem for queriesof prespecifiedlength.

They storethe trails of theprespecifiedlengthin

MBRs (Minimum BoundingRectangles).In the

samepaper, they alsopresenttwo methods,Prefix

Search andMultipieceSearch, to relaxtherestric-

tion of prespecifiedquerylengths.PrefixSearch

performsa databasesearchusing a prefix of a

prespecifiedlengthof the querysequence.Mul-

tipieceSearchsplits the querysequenceto non-

overlappingsubsequencesof prespecifiedlength

and performsqueriesfor eachof thesesubse-

quences.

Keogh, Chakrabarti, Pazzani and Mehro-

tra [13] proposedto split the time sequenceinto

equal sized windows. The averageof the val-

uesin eachwindow is usedto representall the

entriesin the window. This compressiontech-

niqueiscalledthePAA (PiecewiseAggregateAp-

proximation)technique.Theexperimentalresults

in this papershow that PAA can be computed

fasterthanSVD, HaarandDFT, andthepruning

powerof PAA is similar to thatof DFT andHaar,

but worse than SVD. Although the main intent

of this paperis to introducea new dimensional-

ity reductiontechnique,theauthorsalsopropose

to perform subsequencesearchingby sequen-

4



tially sliding the querysequenceover the whole

databasesequences.The pruning power of the

PAA techniquecanbe improvedby splitting the

time sequencesinto varying size windows [12].

This techniqueis calledAPCA (Adaptive Piece-

wise ConstantApproximation). In a later pa-

per, Popivanov andMiller [18] show thatPAA is

worsethanDFT, Haarwavelets,andDaubechies

wavelets.Accordingto theseresults,Daubechies

(DB) waveletsresultin thehighestprecisionand

thelowestnumberof pageaccesses.This canbe

usedto infer that thereis no clearwinneramong

all dimensionalityreductiontechniques,and the

benefitsof a specific techniquedependshighly

on the datasequences.We useDFT and some

waveletbasefunctionsin ourexperiments.

Thereare several ways to measurethe qual-

ity of an index structure. The size of an index

structuremustbe small enoughto fit into mem-

ory. Furthermore,therunningtime of thesearch

algorithmmustbesmall.Two parametersarecru-

cial to the runningtime: precisionandthe num-

berof disk pageaccesses.Precisionis definedas

the ratio of thenumberof actualsolutionsto the

numberof candidatesolutionsgeneratedby the

searchalgorithm. A goodindexing methodand

a searchalgorithmshouldhave a high precision

while readingfew diskpages.

In this paper, we investigatethe problem of

rangeand nearestneighborsearchingfor arbi-

trarylengthqueries.Weproposeanoptimalindex

structureandsearchmethodsto solve this prob-

lem efficiently. Our index structurestoresMBRs

correspondingto databasesequencesat different

resolutions.To obtain the MBRs of appropriate

dimensionalityat different resolutions,we con-

sider different compressiontechniques,namely

DFT, HaarandDB2 (Daubechieswavelet). We

prove the superiorityof this multi-resolutionin-

dex structureto index structuresbasedonasingle

resolutionlike the I-adaptiveindex [6]. Theres-

olutionsthatoptimizethe index structureperfor-

mancein termsof precisionandsearchcostare

alsoderivedtheoretically.

Therangesearchalgorithmsplitsagivenquery

into several non-overlappingsubqueriesat vari-

ous resolutions.For eachsubquery, the method

performsa searchon the index structurecorre-

spondingto the resolutionof the subquery. The

resultsof a subqueryareusedto refinetheradius
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of thenext subquery. We prove theoptimality of

this searchalgorithmon our index structure.Our

experimentalresultsshow thatour methodis 4 to

20timesfasterthanthecurrenttechniquesinclud-

ing SequentialScan.

The � -nearestneighborsearchalgorithmworks

in two phases. The first phasefinds an upper

boundto thedistanceof thequeryto the ����� near-

estneighborby performinga searchon theindex

structure.Thesecondphaseisarangequeryusing

theupperboundfoundin thefirst phasefollowed

by apostprocessing.

Storinginformationat differentresolutionsin-

creasestheamountof storageneededbyourindex

structure.However, a goodindex structuremust

notoccupy toomuchspace.So,in thesecondpart

of thepaperweproposetwo methodsto compress

the index information. Thesemethodsdecrease

thenumberof MBRsby replacinga setof MBRs

with a largerEMBR (ExtendedMBR) thattightly

covers theseMBRs. The first of thesemethods

splits the set of all MBRs into non-overlapping

subsetsof equalsizeandreplaceseachof these

subsetswith anEMBR. Thesecondmethodcom-

binesMBRs so that the volumeof the resulting

EMBR is minimized. Our experimentalresults

show that our index structureis 3 to 15 times

fasterthanthecurrenttechniquesevenaftercom-

pressingtheindex to one-fifth.

The restof the paperis asfollows. The prob-

lem of rangequeriesfor subsequencesearchand

theexistingtechniquesarediscussedin Section2.

Our index structureandthesearchalgorithmsare

presentedin Section3. Experimentalresultsare

given in Section4. Index compressionmethods

arepresentedin Section5. We endwith a brief

discussionin Section6.

2 Current search techniques

Currentsubsequencesearchtechniquescanbe

classifiedin two groupsbasedon whetherthey

handle fixed length queriesor variable length

queries.Section2.1 discussesthecasewhenthe

lengthof thequeriesis prespecified.Sections2.2

and2.3 discusstwo solutionsfor variablelength

queries.

2.1 Fixed length queries

A simpler versionof the subsequencematch-

ing problem is when the length of a query se-

quenceequalsa prespecifiedwindow size � . An

indexing methodcalled I-adaptivewasproposed
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by Faloutsoset al. [6] for this problem. This

methodfirst transformsall possiblesubsequences

of length � in the databaseusingDFT. Only the

first few frequency coefficientsaremaintainedaf-

ter this transformation.An MBR thatcoversthe

first subsequencein thefrequency domainis cre-

ated.ThisMBR is extendedto coverthenext sub-

sequenceif the marginal costdoesnot increase.

Otherwise,anew MBR thatcoversthenew subse-

quenceis created.TheresultingMBRsarestored

usinganR-tree[3, 7].

2.2 Variable length queries: Prefix Search

For variable length queries,Faloutsoset al.

proposetwo differentsolutionsusing I-adaptive

index, namely Prefix Search and Multipiece

Search [6].

Prefix Search assumesthat thereis a prespec-

ified lower bound � on the lengthof the query.

The methodconstructsthe index structureusing

I-adaptivetechniquewith window size � . Given

a query � of an arbitrary length, it searchesthe

databaseusinga length � prefix of � . If thedis-

tancebetweenthe query � anda subsequence�
of length � ��� is ������ !�#" , theEuclideandistancebe-

tweensequences� and � , then the distancebe-

tweenany of theirprefixescannotbegreaterthan

������ !�#" . Therefore,themethoddoesnotcauseany

falsedismissals.

A shortcomingof the PrefixSearchmethodis

that its searchvolume can becomeunnecessar-

ily large leadingto a large numberof falsehits.

This is capturedin thefollowing lemma.TheEu-

clideandistancebetweentwo sequences$ and %
is denotedby ���&$' (%)" , andthe expectedvalueof

thisdistanceis representedby *,+-���&$' .%/"10 .
Lemma 1 Let � bea querysequenceand $ bea

databasesequenceof thesamelength. Let �32 be

a subsequenceof � , and $42 bea subsequenceof $
such that � �#25�768� $42#� . Then,

*,+-������ .$9"109:<; = >(== >1?@=BA *C+D�9�&�32E .$42F"@0 .
Proof:

Let � ���G6 � $H�I6KJ . Let L42! ML�N� AOAPA  MLQ� be iid (in-

dependentandidentical)randomvariables,where

LQRG6S� �)+UT�09VW$X+UT�0F� for Y[Z\T]Z^J . Let L bea ran-

dom variable,whosedistribution is equalto LQR ,
for Y_Z`TaZbJ . Let c	��L N " and d N ��L N " be the

meanandthevarianceof L N respectively.

Define e	f = g fRih92 L NR , where � is a positive in-

teger. FromtheCentralLimit Theorem,weknow

7



thatregardlessof thedistribution of L N , for large

� , e	f is normallydistributedwith meanc	�jeHf�" =

�lk#c	��L N " andvarianced N �jeHf5" = �mk#d N ��L N " . The

probabilitydensityfunctionof eHf canbewritten

as npopqr�tsu" = 2v#w x N�y k#zp{H|D}P~5�M|-� q.�������� � � |-� qF� .

Let �9f betherandomvariabledenotingtheEu-

clideandistancebetweentwo randomlychosen

timeseriesof lengthk, then ��f = � e	f . Themean

of �9f canbecalculatedas

c	�t��f�"	6�� �� sIk#n3o q �ts N "Gk#�rs ,
Then,wehave

c	�t��f�"�6 2v5w x N�y k � �� sXk#z {H|D} � ~5�M|-� q ��� ���� � � |-� qF� k#�rs A
After changingthe variablesas � = � � {��#� opq(�� N w v � � opq.� ,

weget

c	�t��f�"�6 2N w x y k#� � ~��!|D� q �� |-� q.� � � �
z {�� � k#���

6 2N w x y k � �M|-� q.�� |-� q � � � �{ � z {�� � k5��� A
It is well known that

� �{ � z {�� � k���� =
x yN , and the Taylor

expansionof thefollowing integral is

� �� z {�� � k)��� = g �R�h � �FV�Y#" R k � ��� ��� ?� N w R��92�� w R�� .
FromTaylorexpansion,wehave

c	�t��f�"�: 2� k��@Y¡  �3� o7q(�v � o q � w x N "6 2� k��FY¡  f w �#��¢ � �v ��¢ � � w x N w f "6 2� k��FY¡  x f w �3��¢ � �v ��¢ � � w x N " A
Hence

�3�-£¥¤ ��#��£ q � =
2�� � ¤ � �!|U¦ � �� |D¦ � � � � �2�� � q � �M|D¦ � �� |D¦ � � � � �

.

For largevaluesof J and � , we canignore1's,

thenwehave

�#��£ ¤ ��3�-£ q(� : � ¤ � �!|U¦ �1�� |D¦ � � � � �� q � �M|D¦ � �� |D¦ � � � � �6¨§ � f A
Henceweconcludethat

*C+D������ .$9"@09:<; = >.== > ? = A *,+-�����#2E .$'Y#"10 . ©
As a consequenceof the above lemma, if

�����#2! .$42."H6«ª then ���&�� .$9"H:�ª¬k�; = >(== >1?@= . As aresult,

searchingfor ª -distantprefixesusing �#2 is tanta-

mountto searchingfor ªk ; = >(== >@?1= -distantsequences

using � . We refer to the radius ª,k4; = >(== >@?@= as the

implicit search radius, and to the corresponding

searchvolumeasthe implicit search volume.

If the Prefix Searchmethoduses��Tj® dimen-

sionsfor the transformedsequences,the implicit

searchvolumeincreasesby a factorof § = >(=¯±° R�� . If

� ��� is muchlargerthanthewindow size �^6²� �#25� ,
themethodincursmany falseretrievals. This de-

creasestheprecisionandincreasesthenumberof

disk reads.For example,let thelengthof a query

sequencebe 16 times the window size. In this

case,the implicit searchradiuswill be 4 times

theactualsearchradius. If the index stores6 di-

mensions,thentheimplicit searchvolumewill be
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morethan4000timestheactualsearchvolume.

2.3 Variable length queries: Multipiece Search

Multipiece Search assumesthat the length of

the querysequenceis an integer multiple of the

window size1, i.e. � ���³6 ��� for someinteger

� . Givena querysequence� anda radius ´ , the

methoddivides the query sequenceinto � non-

overlappingsubsequencesof length � . Later, the

methodruns � subqueries,i.e. onefor eachsub-

sequence,with radiuś(µ � � , andcombinesthere-

sultsof thesesubqueries.Themethoddoesnotin-

cur any falsedismissals,becauseif a sequenceis

within ´ distanceof thequery, thenat leastoneof

the correspondingsubsequencesmust be within

thedistancéMµ � � .
However, thereareseveral problemswith the

Multipiece Searchtechnique. 1) The cost of a

queryincreaseslinearly with its size. Theradius

for eachsubqueryis ´(µ � � . FromLemma1, the

likelihoodof finding a subsequenceof length �
within a distanceof ´Mµ � � from a subqueryis the

sameasthat of finding a sequenceof length ���
1If thequerylengthis not anexactmultiple of thewin-

dow size, then the longestprefix that is a multiple of the

window sizecanbeused.

within a distanceof ´ from the original query.

This implies that the expectedcostof eachsub-

queryis thesameasthatof theoriginalquery. The

numberof subqueries( � ) increaseslinearly with

thesizeof theoriginal query. As a result,theto-

tal searchcostof theMultipieceSearchtechnique

increaseslinearly with thelengthof thequery. 2)

Multipiece Searchhasa postprocessingstep, in

which the resultsfrom different subqueriesare

combinedand filtered. This hasan extra CPU

overhead.

3 Proposed method

The main problemwith the two solutionsfor

variable length queriesis that the index struc-

turedoesnot useall the informationavailablein

thequerysequence,dueto thestaticstructureof

theindex andtheunpredictablelengthof queries.

Oursolutionalleviatesthisproblemby storingin-

formationatdifferentresolutionsin thedatabase.

3.1 Storing information at multiple resolutions

Let � be the longest time sequencein the

database,where ¶p·¬Z¸�D�)��¹º¶p· �92 for someinteger»
. Similarly, let theminimumpossiblelengthfor

aquerybe ¶p¼ , for someinteger ½ where½,Z »
. Let

�p2 , ��N , ..., ��� bethetimesequencesin thedatabase
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asshown in Figure1. Our index structurestores

a grid of trees ��R�¾ ¿ , where T rangesfrom ½ to
»
,

and À rangesfrom 1 to J . Tree ��R�¾ ¿ is the set

of MBRs for the À���� sequencecorrespondingto

window size ¶ R . In orderto obtain ��R�¾ ¿ , we trans-

form eachsequenceof length ¶ ¿ in sequence��R
usingDFT or wavelets,andchoosea few of the

coefficients from the transformation.The trans-

formedsequencesarestoredin MBRs similar to

the I-adaptiveindex structure.We begin with an

initial MBR. It is extendedto cover thenext sub-

sequenceof length � until the marginal costof

theMBR increases.Whenthemarginalcostof an

MBR increases,a new MBR is createdandused

for later subsequences.The T ��� row of our index

structureis representedby ÁÂR , where ÁÃRI6¸Ä5�9RP¾U2 ,
...,��R�¾ ��Å correspondsto thesetof all treesat reso-

lution ¶ R . Similarly, the À ��� columnof our index

structureis representedby ÆH¿ , whereÆH¿Ã6ÇÄ5� ¼ ¾ ¿ ,
...,� · ¾ ¿�Å correspondsto the setof all treesfor the

À ��� time sequencein the database.We call this

index structurethe MR (Multi Resolution)index

structure. Onecanconsiderusingadifferentbase

(e.g.base3) to constructtheindex structure,how-

ever base2 turnsout to betheoptimal(asshown

. . .
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.
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. . . . . .
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Figure 1. Layoutof theindex structure.

later). An MR index structurethatusesa baseof

T is referredto asabase-iMR index structure.

If eachMBR of the index structurecontains

È points on the average,then the size of ÁÂR =

¶]k��±k g �¿uh92 = É�Ê!= { N � �92Ë , where� is thenumberof di-

mensionsof the index structure.This is because

eachtime sequence�M¿ correspondsto = É�ÊM= { N � �92Ë
MBRs,andeachMBR storestwo vectors(onefor

lowercoordinatesandonefor highercoordinates)

of � dimensions.Basedon this formula,we con-

cludethat thesizeof ÁÃR decreasesas T (i.e. reso-

lution) increases.However, if thetime sequences

arevery long comparedto the resolutionsof the

index structurethenthesizeof therowsdecreases

slowly. The total spacecomplexity of the index

structureis ÌC��½Ík#
Îµ È " , where ½ is thenumberof
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differentresolutionand 
 is thedatabasesize.In

Section5 wewill discusshow theindex structure

canbecompressed.

The MR index structurecan be constructed

by sequentiallyscanningthedatabaseonly once.

Therefore,thetimecomplexity of index construc-

tion is Ì,��
Î" .
3.2 Longest Prefix Search (LPS)

Let �#2 be a prefix of a querysequence� . In

Lemma1 we proved that a rangequeryusing �#2
with a queryradiusof ´ hasanimplicit searchra-

dius of ´Ïk ; = >(== >@?�= . The implicit searchradiusde-

creasesas � �#25� increases.Our first searchtech-

nique,theLongestprefixsearch technique(LPS),

usesthelongestprefix ( �#2 ) of thequerysequence

(for which the resolution � �#2#� appearsin the MR

index structure)to performa rangesearchon the

correspondingrow ( ÁÏÐ-jÑ � = > ? = ) of the MR index

structureto find thecandidateset.Later, thiscan-

didateset is postprocessedto eliminatefalsere-

trievals.

In order to optimize the LPS technique,the

length of the largest resolutionavailable in the

MR index structuremust be maximized. As

shown in Lemma2, this impliesthatbase2 must

beusedin theconstructionof theindex structure.

Lemma 2 Let MRR� (T³ÒÓ¶ , be the base-T MR in-

dex structureconstructedona timeseriesdataset.

If querieswhoselengthsareuniformlydistributed

between1 and Ô (for somelarge integer Ô ) are

performedon theseindex structures with equal

probability, thentheexpectedlengthof thelongest

prefixof thesequeriesis maximizedfor MRN .

Proof:

Theleadingnonzerodigit of thebase-T represen-

tation of � ��� correspondsto the longestprefix of

� whoseresolutionis available in MR R . DefineÕ 6¸Ö�×5Ø3RtÔ . Let uspartitionthenumbersY A�A�A Ô
basedonthenumberof leadingzerosin the

Õ
digit

base-T representation.Let ÙÚf , ÛCZ^�ÜZ Õ
, denote

thepartitioncorrespondingto � leadingzeros.All

thenumbersin partition ÙXf usea prefix of length

T � { f { 2 for rangesearchingin theLPStechnique.

The sizeof partition ÙXf is ��T	V¨Y#"¬k�T � { f { 2 . The

leadingnonzerodigit cantake T7VÝY valuesandthe

remainingdigits can take T valueseach. There-

fore, the averagelengthof the longestprefix for

MR R is:
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�IRÞ6 2ß k3g � { 2f(h92 �&TàV_Y#"Gk�T�� { f { 2 k5T�� { f { 2 A6 R { 2ß k3g � { 2fMh92 �&T N " � { f { 2
6 R { 2ß k R �tá { 2R � { 26 ß � { 2ß w � R��92��â ßR��92

Therefore,the length of the longestprefix de-

creasesasthebaseof theMR index structurein-

creases. ©
Lemma2 provesthatusingpowersof 2 for the

resolutionsof theMR index structuremaximizes

the performanceof the LPS technique.A base-

2 MR index structureguaranteesthat theimplicit

searchradiusfor any querydoesnot increaseby a

factorof morethan � ¶ .
3.3 An improved search algorithm

The LPS techniqueusesthe longestprefix of

thequerysequencewhoseresolutionis available

in the MR index structure. Although this tech-

nique is betterthan the Prefix Searchtechnique

(i.e. the implicit searchradius is less), it still

doesnot useall the informationin the queryse-

quence. Our secondsearchtechniquepartitions

a givenquerysequenceof arbitrarylengthinto a

numberof subqueriesatvariousresolutionsavail-

able in our index structure. Later, it performsa

partial range query for eachof thesesubqueries

on the correspondingrow of the index structure.

This is called a partial rangequery, becauseit

only computesdistanceof thequerysubsequence

to theMBRs,not thedistanceto theactualsubse-

quencescontainedin theMBRs.

Givenany query � of length �[kr¶p¼ anda range

´ , thereis a uniquepartitioning2, �ã6ä�#2F��N AOAPA � � ,
with � �ER.��6Þ¶ Ë � and ½åZ È 2Í¹ APAOA ¹ È RÃZ È R��92ÍZ
AOAPA È � Z »

. This partitioningcorrespondsto the1's

in thebinaryrepresentationof � . Wefirst perform

a searchusing �32 on row Á Ë ? of the index struc-

ture. As a resultof this search,we obtaina set

of MBRs that lie within a distanceof ´ from �32 .
Usingthedistancesto theseMBRs,we refinethe

valueof ´ for eachMBR andmakeasecondquery

using ��N on row Á Ë � andthenew valueof ´ . This

processcontinuesfor the remainingrows Á Ë&æ ...

Á Ë } . The ideaof the above radiusrefinementis

capturedin thefollowing lemma.

2Similar to the Multipiece Searchtechnique, if the

lengthof the querysequenceis not a multiple of the min-

imum window size, then the longestprefix of the query

whoselength is a multiple of the minimum window size

canbeused.
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q1 q2 q3

16 64 128

Figure 2. Partitioningfor query ç , è ç#è = 208.

Lemma 3 Let � be a givenquerysequenceand

$ beanarbitrary subsequenceof thesamelength

in the database. Let �#2 be a prefix of � and �¥N
be the restof � . Similarly, let $42 bea prefixof $
and $�N be the restof $ , such that � �#25�'6`� $42#� . If

���&�� .$9"¬Zé´ then

�����¥N� .$�NE"¬Z_®ê½r$�ë�ì�í'� § ´ N VW�����#2! Mîl" N " ,
where î is an MBRthat covers $42 and ï is any

arbitrary setof rectanglesthatcontainsî .

Proof:

Since������ .$9"	6 § �9�&�32! u$42." N  ð�����¥N5 .$�N!" N Zº´ , we

have

�����¥N� .$�NE" Z § ´ N Vñ���&�32E .$42u" N . Since

���&�32! .$42F"òÒé���&�32E Mîl" ,
�9�&��N� u$�N!"CZ § ´ N VW�����#2! Mîl" N " . From this,

it followsthat

�����¥N� .$�NE"¬Z_®ê½r$�ë�ì�í'� § ´ N VW�����#2! Mîl" N " . ©
An examplepartitioningof aquerysequenceis

shown in Figure2. In this example,thelengthof

thequerysequenceis ¶7Ûró andtheminimal query

length is Y�ô . The query is split into õ piecesof

length Y5ô , ôpö and Y#¶7ó . Threesubqueriesareper-

R4

R6

R7

s1

0.4

0.447

0.0 0.8

0.5 0.3

0.4 0.5

0.6 0.565

0.519

Postprocess

w=128

w=64

w=16 0.2

0.3

0.479

Figure 3. Theexecutionof a samplerangequeryon

databasesequence÷(ø with è ç#è = 208, and ù = 0.6.

The real numberdisplayedinsideeachMBR repre-

sentsthe distancebetweenthe correspondingquery

subsequenceandthatMBR. Therealnumbersnext to

eacharrow show the refinedradiusafter processing

thatMBR.

formed,onefor eachpartition.

Figure 3 depicts the execution of the range

queryalgorithmon databasesequence�p2 for ´Ï6
Û A ô for the query sequencein Figure 2. In this

example, �p2 containsfour MBRs for eachreso-

lution. The real numberdisplayedinside each

MBR representsthe distancebetweenthe corre-

spondingquerysubsequenceandthatMBR. The

realnumbersnext to eacharrow show therefined

radiusafter processingthat MBR. The first sub-

query �32 is performedon row Á � with ´ = 0.6 as
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theradius.As a resultof this search,́ is refined

to ´uúf for eachMBR îÏf in row Á � . Sincethedis-

tancebetween� �32#� andthe third MBR is greater

than ´ , the subsequencesof �72 correspondingto

this MBR areprunedat this step. The next sub-

query �¥N is performedonrow ÁÏû with thesmaller

radius ´uúf for eachMBR îÏf . As a resultof this

subquery, ´uúf is refinedfurtherto ´uú úf . After thesec-

ondsubquery, thesubsequencesof thefirst MBR

arealsoprunedsincethedistanceof �¥N to thefirst

MBR is larger thanthecurrentthresholdfor that

MBR. Finally, subquery�¥ü is performedon row

ÁÏý with radius ´uú úf for eachMBR îÂf . The fourth

MBR of �p2 is prunedaway at this stepsimilarly.

The resultingsetof MBRs (i.e. only the second

MBR in thisexample)is thenprocessedtofind the

actualsubsequencesusing disk I/Os. The same

algorithmis run for otherdatabasesequencesas

well.

Figure 4 presentsthe completesearchalgo-

rithm. Step1 partitions the query � into sepa-

ratepiecescorrespondingto a subsetof therows

Á Ë ? , Á Ë � , ..., Á Ë } of theindex structure.In Step2,

theserows are searchedfrom top to bottom in-

dependentlyfor eachsequence(column) in the

database. At every row, a partial rangequery

(Step ¶ » �&T1" ), and then a rangerefinement(Step

¶ » �&TjT1" ) arecarriedout. Whenall rows have been

searched,thediskpagescorrespondingto thelast

resultsetareread(Step ¶ È ). Finally postprocess-

ing is carriedoutto eliminatefalseretrievals(Step

¶7� ).
As aconsequenceof Lemma3 wehavethefol-

lowing theorem.

Theorem 1 TheMR index structure doesnot in-

cur anyfalsedismissals.

We note the following aboutthe searchalgo-

rithm.

1) Everycolumnof theindex structure(or each

sequencein the database)is searchedindepen-

dently. For eachMBR, the refinementof radius

is carriedout independentlyusingonly theresults

from therelatedMBRs. For example,if anMBR

coversthesubsequencesstartingat positions300

to 500 for resolution64 in the previous example

(Figure2), thenweonly usetheresultsthatderive

from theMBRswhosestartingpositionrangesin-

tersectwith 300-16to 500-16for resolution16.

2) For eachsequence,no disk readsaredone
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/*Let þÍÿ bethenumberof MBRsin row ����� of databasesequence÷@ÿ for all � .*/

AlgorithmRANGE-SEARCH�Oç��jù
	
1. Partition thequery ç into � partsas ç ø , ç� , ..., ç� suchthat è ç���è���� ��� and ����� ø�� ��� ��� �!�"� �#�$��% .
2. For �'&(� 1 to )

(a) For *+&(� 1 to þ³ÿ
ù#���-, ÿ/. *102&3�êù

(b) For 45&3� 1 to �
i. Performrangequeryon 67� � , ÿ using ù#� � , ÿ/. *�0 . Let �98(÷:� � , ÿ�. *10 betheresultingsetof MBRswhichcontainthe

subsequencesthat immediatelyfollow thesubsequencesin the * �<; MBR of row ��� � , andwhosedistances

to ç� arelessthan ù#� � , ÿ/. *�0 .
ii. ù
� �!= �-, ÿ/. *10>&(��?@�1ACB5D�E7F�G�H �JI K#L M-NPO1Q ù
� � , ÿR. *10 �TSVU �Pç�W�WXY	 �RZ

(c) Readdiskpagescorrespondingto �98M÷:��[�, ÿ/. *10 in thecandidateset.

(d) Postprocessto eliminatefalseretrievals.

Figure 4. Rangesearchalgorithm.

until the terminationof the for loop in Step ¶ » .
Furthermore,thetargetpagesarereadin thesame

orderas their locationon disk. As a result, the

averagecostof a pageaccessis much lessthan

thecostof a randompageaccess.

3) Performingsubqueriesin increasinglength

order (i.e. from top to bottom in Figure1) im-

proves the performance. This is explained in

Lemma4.

4) A specialconditionoccurswhenoneof the

subqueries�¥R turnsout to bein oneof theMBRs

(say î ) of tree ��R�¾ ¿ . In this case �9�&�¥Rj Mîl"Ü6äÛ ,
´ Ë ��� ? ¾ ¿ò6�´ Ë � ¾ ¿ , andnoradiusrefinementis possible

at this searchstep.However, if we usetheactual

subsequencescorrespondingto î (by accessing

diskpages),a refinementmaystill bepossible.

5) One may be temptedto simplify the al-

gorithm by iterating row by row, i.e., by find-

ing MBRs within the current radius for all se-

quencesin a row, andthenrefiningthesearchra-

dius simultaneouslyacrossall sequencesfor the

next row. Sucha row basedrefinementimpacts
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the performanceof the algorithm. This is be-

causetheamountof radiusrefinementis reduced

dueto non-localconsiderations.With respectto

Lemma3, this meansthata row-basedapproach

increasesthesizeof ï , andconsequentlyreduces

theamountof refinement.

6) Our rangesearchalgorithm can be easily

parallelizedby splitting the MR index structure

vertically. Sincethe columnsof the MR index

structureare independentof eachother, vertical

splitting achieves linear speedupin parallel and

distributedenvironments.

3.4 Theoretical Analysis

In section3.2 we proved that the base-2MR

index structuremaximizestheexpectedlengthof

the longestprefix of the query sequence,hence

maximizestheperformanceof theLPStechnique.

In thissection,wepresentatheoreticalanalysisof

the MR index structurefor the searchtechnique

proposedin Section3.3. We first show that top-

down searchontheMR index structurehasbetter

expectedperformancethanany othertraversalor-

der. Next, we verify that the base-2MR index

structureminimizestheexpectednumberof sub-

queries,henceminimizesthe CPU cost for pre-

processing.

3.4.1 Ordering the MR index rows

One canconsidervarioustraversalstrategieson

theMR index structureby performingsubqueries

in differentorder. Lemma4 provesthatperform-

ing subqueriesin increasinglength order mini-

mizestheexpectedsearchcost.

Lemma 4 The performanceof the MR index

structure is optimizedif it is traversedfrom top

to bottom(i.e. subqueriesareperformedin an in-

creasinglengthorder).

Proof:

Let �ê6 �#2F��N AOAPA bea partitioningof thequeryse-

quence� in increasinglengthorder. Let theinitial

query radiusbe ª , and let the dimensionalityof

the MR index structurebe � . We comparetwo

cases:1) databaseis searchedfirst for �32 andthen

for ��N , and2) databaseis searchedfirst for ��N and

thenfor �32 .
Case1: Let ªp2 denotethe distanceof �32 to an

MBR. As shown in Lemma1, ªp2¡:^ª k ; = >1?@== >(= . Let

´E2 betherefinedradiusafter �32 . Usingtheradius

refinementformulain Lemma3 wehave
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´E2�6 § ª N V ª N 2
6 ; ª N V ª N k = >1?@== >(=6«ªÏk ; Y]V = >@?�== >.=6«ªÏk�; = >(= { = >1?1== >(= A

As a result,thefinal implicit searchradiusfor �¥N
aftertheinitial radiusrefinementby �#2 =

ª]\ ? 6«´E2Ik�; = >(== > � =6ºª±k�; = >(= { = >1?j== >(= k�; = >.== > � =6ºª±k�; = >(= { = >1?j== > � = A
Case2: As in case1, it canbeshown that the

final implicit searchradiusis

ª]\ � 6«ªÏk�; = >(= { = > � == > ? = .

Next, we comparethe implicit searchradii

from cases1 and2. Since � 6 �32F�¥N AOAPA is a par-

titioning of theinitial query, weknow thatè ç.øEè^ è ç � è_� è ç#è
` ��è ç.ø¥è^ è ç � è 	ba��jè ç � è S è ç.ø¥è 	c� è ç#è:a/�jè ç � è S è ç.ø!è 	
` è ç � è � S è ç.ø¥è � � è ç#è:a�è ç � è S è ç#è:a�è ç(ø!è
` è ç#èRa¥è ç ø è S è ç ø è � � è ç#è:a�è ç��è S è ç��¥è �
` è ç ø èda��jè ç#è S è ç ø è 	c� è ç�¥èda/��è ç#è S è ç�¥è 	
` e f�e ghe f � ee f�ie � e f�e gbe f i ee f � e
` jlk �m� jlk i �

Thisimpliesthatthefinal implicit searchradiusis

minimizedif the subqueriesareperformedin an

increasinglengthorder. ©

3.4.2 Expected number of subqueries

TherefinedsearchalgorithmhasadditionalCPU

costdueto multiple in-memorysubqueries.For

example,let � beaquerysequenceof length25. If

abase-2MR index structureis used,then � is par-

titionedinto 3 subqueriesof lengths1, 8, and16.

Thiscorrespondsto the1sin thebase-2represen-

tationof � ��� , ¶on 6 �@YrY5ÛrÛ)Y5"FN . Ontheotherhand,if

a base-3MR index structureis used,then � must

bepartitionedinto 5 subqueriesof lengths1, 3, 3,

9, and9. Thesepartitionscorrespondto thebase-

3 representationof � ��� , ¶pnÍ68�j¶r¶�Y#"Fü . Thenumber

of subqueriesfor abase-T MR index structurecan

becomputedasthesumof thedigitsin base-T rep-

resentationof � . In ourexample, �@YrY5ÛrÛ�Y#"FN results

in 1+1+0+0+1=3subqueriesand �j¶r¶�Y#"Fü resultsin

2+2+1=5subqueries.TheadditionalCPUcostis

minimizedwhenthenumberof subqueriesismin-

imized. Lemma5 provesthat theexpectednum-

berof subqueriesis minimizedif abase-2MR in-

dex structure(i.e. resolutionsof powersof 2) is

used.This lemmais analogousto Lemma2 that

proved the optimality of base-2MR index struc-

turefor performingasinglelongestprefixsearch.
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Lemma 5 If querieswhoselengthsareuniformly

distributedbetween1 and Ô (for somelarge in-

teger Ô ) are performedon the base-T MR index

structure with equalprobability, for T Ò 2, then

theexpectednumberof subqueriesis

Ô�R = � R { 2�� w Ð��Ñ � ßN
Proof:

Let Ô R representthe average number of sub-

queriesfor base-T MR index structure.The sum

of digitsof thebase-T representationof � ��� is equal

to the numberof subquerieson MR R . DefineÕ 6bÖ�×5Ø3RtÔ . Let q be the setof
Õ

digit, base-T
representationsof all the numbersfrom 1 to Ô .

The numbersin q have a total of Ôäk Õ digits.

Sincenumbers0, 1, ..., TXV«Y occurin q with the

samefrequency, eachof themoccurs
ß w �R times.

Wecanfind theaveragenumberof subqueriesby

dividing the sumof the digits in q by �(qÏ� . As a

result,wehave:

Ô RÞ6 2ß k g R { 2fMh � � A ß w �R6 � R k g R { 2fMh � �
6 � w � R { 2��N
6 � R { 2�� w Ð-jÑ � ßN ©

Lemma5 impliesthatthenumberof subqueries

is minimizedwhenpowersof 2 areusedasreso-

lutionsof theMR index structuresince � R { 2�� w Ð-jÑ � ßN
decreasesas T decreases.

3.5 Nearest neighbor queries

A � -nearestneighbor( � -NN)queryseeksthe �
closestsubsequencesfrom thedatabaseto aquery

string � . Weperforma � -NN queryin two phases.

In thefirst phase,the � closestMBRsin theindex

structurearedeterminedby anin-memorysearch

on the index structureusingthemaximalresolu-

tion in theMR index structure.Oncethe � clos-

estMBRsaredetermined,thealgorithmreadsthe

subsequencescontainedin theseMBRs,andfinds

the � ��� smallestdistanceof thesesubsequencesto

the query sequence.We representthis distance

by ªp2 . Note that, generallya small percentage

of the databaseis processedat this stage. In the

secondphase,we performa rangequeryusing ªp2
as the queryradius. Figure5 presentsthe com-

plete � -NN searchalgorithm.It is guaranteedthat

the � nearestneighborsareretrievedin thesecond

phase.This is because,thedistanceto theactual

� ��� nearestneighboris atmost ªp2 .
Korn,Sidiropoulos,Faloutsos,Siegel,andPro-

topapas[14] proposea similar � -NN search.The

authorsproposea techniquein which � closest
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Algorithm * -NN-SEARCH�Oç��
*r	
s FirstPhase:

1. tu&(� The setof * closestMBRs to the query

ç ø , where ç ø is the longestprefix of ç whose

resolutionappearsin theMR index structure.

2. Readthesequencescontainedin theMBRs in

t .

3. j ø &3� the distanceof ç to the * �<; closestse-

quencein theMBRsin t .

s SecondPhase

1. RANGESEARCH�Oç�� j ø�	
2. Returnthe * closeststringsin theanswerset.

Figure 5. * -nearestneighboralgorithm.

pointsareobtainedin thefirst phaseusinganap-

proximatedistancefunction. Theactualdistance

to thesepoints is computed,and a rangequery

with the greatestactualdistanceis performedin

thesecondphase.SeidlandKriegel [24] propose

an optimal iterative � -nearestneighbor search

technique.They iterateover both thefeatureand

the object spacesto ensurethat no unnecessary

objectsare accessed. Our algorithm is closer

in spirit to the former algorithmexcept that, we

work with MBRsinsteadof datapointsin thefirst

phase.

3.6 Comparison of the methods

The MR index structurealleviates a number

of problemsof the Prefix Searchand Multip-

ieceSearchtechniquesthatarisefrom their fixed

structure. Theseproblemsare mainly the large

amountof redundantcomputationandredundant

diskpagereads.

The Multipiece Searchtechniquecanhave as

muchas � �¥� ¼v �Uµp� subqueries,where �¥� ¼v is the

longestpossiblequery. Ontheotherhand,theup-

per boundon the numberof subqueriesfor our

methodis Ö&×#Ø��M� �¥� ¼�v �D"òV�Ö&×5Ø���� " , where � is the

minimumwindow length.This meansa dramatic

reductionin thenumberof subqueries.Theother

advantageof our techniqueis that disk readsare

performedonly after the last (longest)subquery,

as opposedto the Multipiece Searchtechnique

whichperformsdisk readsaftereachsubquery.

Eachsubqueryof the MR index structurere-

fines the radiusof the query. Sincethe search

volumeis proportionalto ´ ° R�� , evensmallrefine-

mentsin the radiuscanprevent large numberof

disk reads. For example, if 10 dimensionsare

usedin theindex, thena npw decreasein theradius

will decreasethesearchvolumeby ö�Ûxw . There-
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fore,thetotalsearchvolume,hencetheamountof

computationanddisk reads,for our techniqueis

muchlower thanthePrefixSearchtechnique.

However, thereis a drawbackof theMR index

structurein thatit usesmorespacethanbothPre-

fix SearchandMultipieceSearch.This is because

it storesindex structuresat variousresolutions.

Sinceall thepreprocessingstepsmustbedonein

memory, theindex structuremustfit into memory.

In Section5, wewill presentseveralmethodsthat

shrinkthesizeof theMR index structurewithout

muchof adropin performance.

4 Experimental results

We carriedout severalexperimentsto compare

different searchtechniques,and to test the im-

pactof usingdifferentparameterson the quality

of our method.We usedthreedatasetsin our ex-

periments.Thefirst datasetis composedof stock

market data taken from chart.yahoo.com. This

datasetcontainsinformation about 556 compa-

niesfor Y5Û�¶pö days. The total sizeof this dataset

is approximately4.3 MB. The seconddatasetis

formedsyntheticallyby addingfour sinesignals

of randomfrequenciesandsomeamountof ran-

domnoise.This datasetis composedof n7ÛrÛ time

seriesdataeachof length Y5Û�¶3ö . Thetotal sizeof

this datasetis approximately4.0 MB. The third

datasetis the high quality Australian Sign Lan-

guage (AUSLAN) dataset.This dataconsistsof

sampleAustralianSign Languagesigns. 27 ex-

amplesof eachof 95 AUSLAN signswerecap-

turedfrom a native signerusinghigh-qualitypo-

sitiontrackersandinstrumentedgloves.Thereare

a total of 2565 signsof various lengthsin this

dataset.We chosethe first 1024entriesof each

time seriesin this dataset.The total sizeof this

datasetis slightly morethan20 MB. This dataset

is publicly availableathttp://kdd.ics.uci.edu.

We normalizedthe entriesof eachof the time

sequencesin bothof thesedatasetsby dividing all

theentriesof eachtimesequenceto themaximum

of theabsolutevaluesof all theentriesof thattime

sequence.We consideredvariablelengthqueries

of lengthsbetween16 and 1024. We assumed

that the lengthsof thequeriesareuniformly dis-

tributed. Eachquery sequenceis generatedby

averagingtwo randomly selectedsubsequences

from thedatabase.Theradii for thesequeriesare

selecteduniformly between0.10 and0.20. The

experimentalresultsarecomputedastheaverage
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of 100 suchqueries.We assumedthat the index

structurefits into memoryandthat the pagesize

was8K for theseexperiments.

In order to obtain data at various resolu-

tions, we had to transform the data to com-

pact the time sequencesand obtain MBRs of

appropriatedimensionality. We experimented

with three transformations,namely DFT, Haar

wavelet [21, 26] andDB2 (Daubechies)wavelet.

We alsorun someof theexperimentsusingother

wavelet basessuchasDB3, DB5, SYM2 (Sym-

let), SYM3, SYM5 andseveral Coeiflets. How-

ever, wedid notgetany improvementswith these

basisfunctions.Haarwaveletperformedslightly

betterthanDFT. DB2 performedpoor for lower

dimensions,but its performancewascomparable

to Haarfor higherdimensions.

Note thatonecanconsiderusingotherdimen-

sionality reductiontechniqueslike PAA [13] in-

steadof DFT or wavelets. However, the experi-

mentsin [18] show thatPAA is worsethanDFT,

Haarwavelets,andDaubechieswavelets.Ourex-

perimentswith string data[8] also confirm that

waveletsperformbetterthanothertechniquesfor

our sliding window basedindex structure.There

is noclearwinneramongdifferentdimensionality

reductiontechniques.Therefore,we will report

all ourexperimentsusingHaarwavelets.

Figure 6 shows the trails for IBM' s closing

pricesfor � = 16, whenit is compressedto two

dimensionsusingDFT, Haar, andDB2 wavelets.

Thefigureshows thatthetrailsaresmoothfor all

of them.A smoothtrail impliesthat theresulting

subsequencescanbe indexedefficiently. We ob-

served similar trails for othertime seriesdataas

well.

4.1 Range queries

Our first set of experimentsconsideredrange

queries. We measuredprecision and I/O for

four different techniques:SequentialScan,Pre-

fix Search,LongestPrefixSearch,andMR index.

Theresultsarepresentedin Figures7 and8. The

resultsfor MultipieceSearcharenot presentedas

it wasnotcompetitivewith othermethods:theto-

tal numberof pageaccesseswasevenmorethan

thetotal numberof pagesondisk.

We plot theprecisionandI/O (numberof disk

reads)asa functionof thenumberof dimensions

(coefficients)of thetransformeddataset.We de-

fineprecisionasthenumberof MBRsthatcontain
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Figure 6. Thetrailsof theIBM' sstockfor y = 16,whenit is compressedto two dimensionsusing(a)DFT, (b) Haar,

and(d) DB2.

resultsequencesdividedby thenumberof MBRs

in the candidateset. Note that for Sequential

Scan,thecandidatesetis theentiredatabase.The

performanceof SequentialScanis notaffectedby

thenumberof dimensions.

Accordingto Figures7(a)and7(b), theMR in-

dex and LPS perform better than Prefix Search

andSequentialScanfor all dimensionalities.For

thestockmarket dataset,theprecisionof theMR

index structureis morethanfive timesbetterthan

PrefixSearchandmorethan15 timesbetterthan

SequentialScan. For the syntheticdataset,the

precisionof theMR index structureis threetimes

betterthanPrefixSearchandSequentialScan.As

comparedto LPS, the MR index is about Y]now

betterfor the stockmarket datasetand õxnow bet-

ter for the syntheticdataset. This improvement

is an indication of the performancegain due to

iterative reductionin queryrangeaswe traverse

down the rows of the MR index structure. The

relative differencesin theprecisionlevels for the

twodatasetsaredueto thedifferencesin theirdata

distributions.

Figures8(a)and8(b)comparetheI/O overhead

of the four above mentionedtechniques.For the

stockmarketdataset,thenumberof pagereadsfor

the MR index structureis lessthanone-sixthof

thatfor PrefixSearchandlessthanone-seventhof

thatfor SequentialScan.For thesyntheticdataset,

thenumberof pagereadsfor theMR index struc-
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Figure 7. Precisionfor (a)stockmarket (b) syntheticdatafor differentdimensionalities.
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Figure 8. Numberof disk readsfor (a)stockmarket (b) syntheticdatafor differentdimensionalities.

ture is lessthanone-thirdof that for both Prefix

SearchandSequentialScan.

It shouldalsobenotedfrom theabovefour fig-

uresthattherelativeperformanceof theMR index

structureimprovesasthe numberof dimensions

increases.For example,by using Y�Û dimensions

insteadof ö dimensions,the numberof pageac-

cessesfor the MR index structuredecreasesby

Y5õow , while that for Prefix Searchdecreasesby

lessthan Yrw for both datasets.Similarly, preci-

sionfor theMR index structureincreasesby Y5õow ,

while thatfor PrefixSearchincreasesby only óow
for bothdatasets.

As the numberof dimensionsincreases,the

numberof disk I/Os dropsslowly in Figures8(a)

and8(b). This canbeexplainedasfollows. The
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MR index structurestoresonly two vectorsfor

eachMBR, one for lower coordinatesand one

for higher coordinates,in order to decreasethe

sizeof the index structure.This is becausestor-

ing the points in the MBR increasesthe sizeof

the index structuredramatically. Whentheindex

structurebecomestoolargeto fit intomemory, the

searchtechniqueincursdisk I/Os even in the in-

dex searchphase.Sincethe MR index structure

doesnot store the individual points, it postpro-

cessesall thecandidateMBRs. Hence,although

thenumberof dimensionsincreases,thereis still

animprecisiondueto theuseof MBRsfor all the

pointswithin thatMBR.

Another important observation is that Prefix

Searchreadsalmostall the pages.The expected

length of a query is n�Y#¶ . Since the minimum

query length is Y5ô , the expectedimplicit radius

for aqueryis § n�Y5¶rµ�Y5ô (approximatelyn A ô ) times

largerthantheactualrange.Thismeansthatfor ´
betweenÛ A Y and Û A ¶ , thePrefixSearchtechnique

examinesalmosttheentiresearchspace.

Thesubqueriesin theMR index structurecor-

respondto binaryrepresentationof theratioof the

lengthof thequerysequenceto theminimumwin-

dow size.Therefore,theexpectednumberof sub-

queriesfor theMR index structureis ��Ö&×5Ø4�@Y5Û�¶pö�"�V
Ö&×5Ø4�@Y5ô�"u".µr¶m6¸õ . In our experiments,theaverage

numberof subquerieswas 3.08, which is pretty

closeto thetheoreticalresults.Ontheotherhand,

for Multipiece Search,the expectednumberof

subqueriesis n�Y5¶rµ�Y5ô 6 õ�¶ , morethan10 times

higher.

4.2 Estimating the total cost

Although Figures7 to 8 give us information

aboutCPUcost(precisiondeterminesthe candi-

datesetsize,whichin turndeterminesthenumber

of arithmeticoperations),andthe I/O cost(num-

ber of disk pagereads),determiningthe overall

costrequiresanestimationof the relative costof

arithmeticoperationsto disk pageaccesses.The

cost of an arithmeticoperationis usually much

lessthanthe costof a disk pageread. However,

thecostof a disk pagereaditself canvary based

on whetherthe readis sequentialor random. In

caseof randomI/O, thereis a highseekandrota-

tionallatency costfor eachpageaccess.However,

for sequentialreads,diskheadis at thestartof the

next pageto beread,thusavoiding theseekcost.

As a result, the cost of readingpagesin a ran-
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dom orderis muchhigherthanthe costof read-

ing themsequentially. We assumethis ratio to be

12 [22, 23]. (Therearealsoseveralotherfactors

likebufferingandprefetchingthataffect thepage

accesscost. However, we do not considerthese

effectsin ouranalysis.)

We normalizeall coststo the numberof se-

quentialdiskpagesread.Thetotalcostof aquery

is thencomputedasfollows:

Total Cost= CPUCost+ I/O Cost, where

CPUCost= CandidateSetSizek È , and

I/O Cost= � k Numberof page reads

TheconstantÈ convertsthe costof computing

thedistancebetweentwo sequencesto thecostof

asequentialdiskpageread.It wasexperimentally

estimatedto bebetween1/300and1/600depend-

ing on thehardwarearchitecture.

The constant � dependson the searchalgo-

rithm: if thepagesareaccessedsequentiallythen

it is 1, if the pagesareaccessedin randomthen

it is 12 [22, 23]. PrefixSearchperformsrandom

pagereads;asaresultthecorrespondingconstant

is 12. In theMR index structure,a candidateset

of databasesequencesis determinedby access-

ing theMBRscorrespondingto thelastsubquery.

Disk accessesarethencarriedout to readthis set

of candidatesequences.Sincethe candidatese-

quencesareaccessedin thediskplacementorder,

theaveragecostof a pagereadis muchlessthan

thecostof a randompageread.We usedthecost

modelproposedin [22] to find thecostof reading

a subsetof pagesin sequentialorder. Typically,

thevalueof � for theMR index structurelies be-

tween ¶ A Û and õ A Û . We alsovalidatedthis experi-

mentallyby readingsubsetsof pagesin sequential

orderfrom arealdisk.

The total cost comparisonscorrespondingto

Figures 7 to 8 are presentedin Figures 9(a)

and9(b). The resultsfor the LPS techniqueare

not presentedhere,becauseat this scalethey be-

comesimilar to theresultsof theMR index struc-

ture.

It canbe seenfrom thesefiguresthat the MR

index structureperforms2 to 4 timesbetterthan

SequentialScan,and more than 20 times better

thanPrefixSearchfor bothdatasets.PrefixSearch

alwayshasthehighestcostamongthethreetech-

niques. This is becausePrefix Searchreadsal-

mostevery disk pagein a randomorder. As a re-

sult, the costof disk readsdominatesCPU time.
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Figure 9. Total costof rangequeriesfor (a)stockmarket (b) syntheticdatafor differentdimensionalities.

Although,PrefixSearchis agoodmethodfor sub-

sequencesearchwhen the query size is prede-

fined,weconcludethatit is notsuitablewhenthe

querysizeis variable.

4.3 Nearest neighbor queries

Our second set of experiments con-

siders arbitrary length � -NN queries on

stock market and synthetic datasets for

�\6 Ä�Yr dn� �Y5Û) �Yrn� !¶7Û� MõrÛ) (örÛ) Rn7Û�Å . Figures10(a)

and 10(b) present the number of disk reads

for SequentialScan, LPS technique, and the

MR index structure. The resultsfor the Prefix

SearchandMultipieceSearchtechniquesarenot

presented,becausethey werenotcompetitive.

Accordingto our experimentalresults,theMR

index structurerunsmorethan3 timesfasterthan

sequentialscan,and2 timesfasterthanthe LPS

techniquefor both datasets.The other point to

note is that the numberof disk readsdoesnot

increasesignificantlywith thenumberof nearest

neighbors.

4.4 Effect of query length

We inspectthe effect of query length on the

performanceof the MR index structure,Prefix

Search,andSequentialScan.Weusedresolutions

�«6\Ä�Y5ô� Mõ�¶� Môpö/ �Y#¶7ó� !¶on7ô) dn�Y#¶�Å for theMR index

structurefor this experimentand � = 16 for Pre-

fix Search.Thenumberof dimensionsfor thisex-

perimentis reducedto four usingHaarwavelets.

In this experimentwe performedrangequeries

for ´ randomlyselectedbetween0.1 and0.2 for

� ���/6²Ä�Y5ô) Mõ�¶� Mô7ö/ �Y5¶7ó) !¶onpô) Rn�Y#¶�Å . Theaverageof
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Figure 10. Numberof disk readsfor NN queriesfor (a)stockmarket (b) syntheticdata.
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Figure 11. (a)Numberof disk reads(b) Total costfor rangequeriesonstockmarketdatafor differentquerylengths.

100queriesis reportedfor eachquerylength,.

Figure11(a)displaysthe numberof disk I/Os

performedfor stockmarketdataset.In thisfigure,

anadditionalcurve,calledOracle, is plotted.We

assumethat Oracleknows which pagescontain

resultsubsequencesin advanceandaccessesonly

thosepages.Thecurvefor Oracleshowsthemin-

imumnumberof disk I/Os requiredto answerthe

specifiedquery. PrefixSearchperformsthesame

astheMR index structurefor � ��� = 16. This is be-

causethe prefix of length16 of a queryis equal

to thewholequerywhen � ��� = 16. TheMR index

structureaccessessmallernumberof pagescom-

paredto bothSequentialScanandPrefixSearch.

The numberof disk I/O for the MR index struc-

ture decreasesas � ��� increases.This is because,
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the answersetgetssmallerfor large � ��� , andthe

MR index structurecancapturethis sinceit uses

all the informationwithin � ��� . Unlike othercom-

petingtechniques,thenumberof disk I/O for the

MR index structurechangesin parallelwith Ora-

cle. ThisshowsthattheMR index structurescales

well with respectto thequerylength.Thegapbe-

tweenOracleandthe MR index structurecorre-

spondsto informationlost dueto dimensionality

reductionandtheuseof anMBR to approximate

asetof subsequences.

Figure 11(b) plots the total cost in terms of

numberof sequentialpagetransfersfor stockmar-

ket dataset.The MR index structurealwayshas

the lowestcostandPrefixSearchalwayshasthe

highestcost. The performanceof the MR index

structureis similar to thatof SequentialScanfor

� ��� = 16. This is becausetheresultsetis so large

thatalmostall thedisk pagescontainat leastone

resultsequence(seethe graphfor Oraclein Fig-

ure11(a).).

Figure12(a)andFigure12(b) show the num-

ber of disk I/Os performedandthe total costfor

thesyntheticdataset.TheMR index structureac-

cessesthe smallestnumberof disk pages. Pre-

fix Searchreadsalmostall thepagesfor this data

set. The total costof the MR index structureis

lessthanbothPrefixSearchandSequentialScan.

For shortqueries,theperformanceof theMR in-

dex structureis similar to thatof SequentialScan.

This is becausealmost all the disk pagescon-

tainsat leastoneanswersequence(seethegraph

for Oraclein Figure12(a).). As querylengthin-

creases,thesizeof theanswersetdecreases.The

decreasingcost graph for the MR index struc-

tureshowsthattheMR index structureprunesthe

searchspacemuch better than Prefix Searchas

querybecomeslonger.

4.5 Effect of database size

We usedtheAUSLANdatasetto testtheeffect

databasesizeon SequentialScan,Prefix Search,

and the MR index structure. In order to carry

out thisexperiment,wesplit theAUSLANdataset

into nine equal sized datasets
,2 , 
lN , ..., 
{z .
Later, we formeddatasets
 ú 2 , 
 úN , ..., 
 úz of var-

ioussizesby merging thesmallerdatasetscumu-

latively (i.e. 
 ú 2 = 
,2 , and 
 úR = | R¿uh92 
 ¿ , for 2

Z_T	Z 9, where| is theunionoperator.). Weper-

formedrangequeriesof randomlengthsbetween

16 and1024on thesedatasets.Thequeryradius
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Figure 12. (a)Numberof disk reads(b) Total costfor rangequeriesonsyntheticdatafor differentquerylengths.

is alsoselectedrandomlybetween0.1and0.2.

Figure 13 displaysthe total cost for Sequen-

tial Scan,PrefixSearch,andtheMR index struc-

ture.TheMR index structurealwayshasthelow-

estcost.Thetotal costof theMR index structure

increaseslinearly with the databasesizeaswell

asotherdiscussedtechniques.This is becauseof

thegrid structureof theMR index: theMBRs at

differentcolumnsof the MR index structureare

prunedindependently. Increasingthe sizeof the

databaseincreasesthenumberof columns.Since

the probability of pruninga column is indepen-

dentof the numberof columnsthe total costof

theMR index structureincreaseslinearlywith the

numberof columns.WeconcludethattheMR in-

dex structurescaleswell with respectto database

2 4 6 8 10 12 14 16 18 20 22
0

1000

2000

3000

4000

5000

6000

7000

Database Size (Mb)

T
ot

al
 C

os
t

Sequential Scan
Prefix Search  
MR−index       

Figure 13. Total cost of range queries in terms

of numberof sequentialpagetransfersfor different

databasesizes.

size.

5 Index compression

The MR index structureperformsbetter than

all theothertechniquesdiscussedin this paperin

termsof precision,numberof pageaccesses,and

total cost. However, the methodkeepsinforma-
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tion about the dataat more than one resolution

in the index structure. Therefore,the MR index

structureusesmorespacethanotherindex struc-

tureslike the I-adaptive index that maintainin-

formationat a singlegranularitylevel. In order

to performthe preprocessingstepsof the search

in memory, theindex structuremustfit into mem-

ory. If the index structuredoesnot fit into mem-

ory, then the methodwill incur disk pagereads

for accessingthe index. Therefore,the perfor-

manceof the MR index structurecould degrade

if enoughmemoryis not available. In this sec-

tion, we considerindex compressiontechniques

with which memoryrequirementsof the MR in-

dex structurecanbemadesimilar to theotherin-

dex structures.

5.1 Compression methods

We experimentedwith two index compression

methodsfor the MR index to shrink the sizeof

the index: FixedCompressionandGreedyCom-

pression. Thesemethodsmergeasetof MBRs to

createanextendedMBR (EMBR) of thesamedi-

mensionalitythat tightly coversandreplacesthe

constituentMBRs. The MR index assumesthat

anindex nodecontainssubsequencesthatstartat

consecutiveoffsets.In ordertopreservethisprop-

erty, only consecutive MBRs canbemergedinto

anEMBR.Eachmergeoperationincreasestheto-

tal volume coveredby the index structure. As

the total volumeincreases,the probability that a

rangequeryaccessesoneor moreof theseMBRs

increases.This increasesthe size of the candi-

datesets. Therefore,we would like to merge as

many MBRs as possibleinto an EMBR, while

minimizing the increasein volume. We consider

two strategies for merging MBRs. Let ª be the

desiredcompressionrate.

1) Fixed Compressionis basedon the obser-

vation that in real applicationsconsecutive sub-

sequencesare similar. As a result, this method

mergesthefirst ª MBRsinto anEMBR, secondª
MBRs into anotherEMBR, andso on. This is a

very fastmethod.However, if consecutiveMBRs

arenot similar, theperformancedropsquickly.

2) GreedyCompressiontries to minimize the

increasein the total volume occupied by the

MBRs at eachmerge operation. The algorithm

choosesthetwo consecutiveindex nodesthatlead

toaminimalvolumeincreaseateachstepuntil the

numberof index nodesis decreasedby thegiven
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ratio ª . This methodadaptsto the layout of the

index nodesat eachmerge operation. However,

sincethetwo MBRsto bemergedaredetermined

independentlyat eachstep,someof the EMBRs

cancontainmany moresubsequencesthanothers,

leadingto an unbalancedpartitioning. This has

thedrawbackthatanaccessto oneof theheavily

populatedindex nodeswill incur theoverheadof

readinglargenumberof candidatesubsequences.

Thisdecreasestheprecisionof theindex.

5.2 Experimental results

Weranseveralexperimentsusingrangequeries

to testtheperformanceof thecompressionheuris-

tics on the stockmarket dataset.In theseexper-

iments,we varied the compressionrate from 1

(implying no compression)to 5 (maximumcom-

pression).Theresultsareshown in Figure14. As

evidentfrom thefigure,theGreedyheuristichasa

lowercostthantheFixedCompressiontechnique

for all compressionrates.Weobtainedsimilar re-

sultsfor otherdatasetsaswell.

Figures15(a)and15(b)comparethetotal cost

of rangequeriesfor SequentialScanandMR in-

dex with GreedyCompression.We did not plot

the resultsfor Prefix Searchsince it performed

worsethansequentialresults.Whenthecompres-

sionrateis 5, thetotalcostof theMR index struc-

tureis still 4 timesbetterthanthecostof Sequen-

tial Scan,andmorethan15 timesbetterthanthat

of PrefixSearchfor thestockmarketdataset.The

total costof the MR index structureis 20w less

thanthatof SequentialScanfor thesyntheticdata

setwhenthecompressionrateis 5.

In Figures9(a) and 9(b), we alreadyshowed

that SequentialScanis betterthanPrefix Search

when the MBRs of the I-adaptive index are not

compressed.Since, the compressedMR index

structurehaslowercostthanSequentialScan,we

concludethatthecompressedMR index structure

is alsobetterthanPrefixSearchof equalsizein-

dex structure.

Compressionhas anotheradvantage. It in-

creasesthenumberof rowsof theMR index struc-

ture,andasaresultmakestheindex structureeffi-

cientlyapplicableto longerquerysequences.For

example,compressingtheMR index to one-fifth,

the numberof rows of the MR index canbe in-

creased5 timeswhile keepingthestoragecostin-

variant.
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Figure 15. Totalcostof rangequeriesfor (a)stockmarket (b) syntheticdatafor differentcompressionrates.
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index compressiontechniquesonstockmarketdata.

6 Discussion

In this paper, we consideredthe problem of

variablelengthqueriesfor subsequencematching

for time sequences.This is themostgeneralver-

sion of the Euclideandistancebasedtime series

similarity problemsincenorestrictionis imposed

on the lengthof the sequences.We proposeda

new indexingmethodcalledMR index, thatstores

informationaboutthedataatdifferentresolutions.

This index structureovercomesthelimitationsof

thecurrentsearchtechniques.We provedthesu-

periority of this multi-resolutionindex structure

oversingle-resolutionindex structures.

We first proposeda naive rangesearchtech-

nique called LongestPrefix Search. This tech-

niqueperformsaprefixsearchon thelargestpos-

sibleresolutionavailablein thein index structure.

Basedon this technique,we proved that using

powersof two in theindex resolutionsmaximizes

theaccuracy of theMR index structure.

Later, we presentedimproved algorithmsfor

both rangequeriesandnearestneighborqueries.

Therangequeryalgorithmsplits thegivenquery

32



sequenceof arbitrary length into several sub-

queriescorrespondingto theresolutionsavailable

in the index structure. The rangesof the sub-

queriesaresuccessively refined,andonly thelast

subqueryperformsdisk reads.We proved that a

top-down searchof theindex structuremaximizes

theefficiency of thesearchtechnique.As a result

of theseoptimizations,theMR index performed4

to 20 timesbetterthantheothermethodsinclud-

ing SequentialScanfor rangequeries.

The � -nearestneighboralgorithmruns in two

phases.In thefirst phase,thedistanceof thequery

to theMBRsarecomputed,andthedistanceto the

����� closestsubsequencein the � closestMBRs is

usedas the radiusfor a rangequery in the sec-

ondphase.This algorithmperformedthreetimes

betterthanSequentialScanonourdatasets.

SincetheMR index storesinformationat mul-

tiple resolutions,thesizeof theMR index struc-

tureis largerthanindex structuresbasedonasin-

gleresolution.Weproposedtwo methodsto com-

presstheindex structurewithout losingmuchin-

formation:FixedCompressionandGreedyCom-

pression. Thesemethodscompressthe index

structureby merging someof theMBRs. Greedy

Compressionhasbetterresultssinceit minimizes

the information loss (increasein volume). The

MR index performed3 to 15 times better than

othertechniquesevenaftercompressingtheindex

to one-fifth.

Thesimplegrid structureof our index provides

a good opportunityfor parallel implementation.

The index structurecanbe partitionedinto sub-

setsof columnsandeachsubsetcanbemappedto

a separateprocessorwith its own disk. No com-

municationwould be neededamongthe proces-

sors,exceptto mergetheresultsat theend.
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