
Lecture 2:
Supervised Learning

Instructor: Lei Li, Yu-Xiang Wang
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Announcement

• Thank you for sharing your motivation and goals for
taking the course!
• Please keep providing feedback during the course.

• HW0 due date on Thursday instead.

• Late days policy: 4 late days in total.
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Recap: Last lecture

• Machine learning overview

• Supervised learning: Spam filtering as an example
• Features, feature extraction
• Models, hypothesis class

• Free parameters of a hypothesis class
• Choosing an appropriate hypothesis class
• Performance metric
• Overfitting and generalization

3



Recap: Supervised learning is about
predicting label y using feature x by
learning from labeled examples.Binary Classification
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Recap: Modeling-Learning-inference
in a machine learning workflow
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Modeling

Inference Learning

- Feature engineering
- Specify a family of classifiers

Learning the best performing classifierDeployment to email client



Recap: Mathematically defining
the supervised learning problem
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• Feature space:

• Label space:

• A classifier (hypothesis):

• A hypothesis class:

• Data:

• Learning task:  Find that “works well”. 

X = Rd
<latexit sha1_base64="vGFd0zztJ02qzL84O7UX6Z4DUlA=">AAACB3icbVDLSsNAFL3xWesr6lKQwSK4KokIuhGKblxWsQ9oY5lMJu3QyYOZiVBCdm78FTcuFHHrL7jzb5ykWWjrgYEz59zLvfe4MWdSWda3sbC4tLyyWlmrrm9sbm2bO7ttGSWC0BaJeCS6LpaUs5C2FFOcdmNBceBy2nHHV7nfeaBCsii8U5OYOgEehsxnBCstDcyDfoDViGCedjN0gYqf66a32X3qZQgNzJpVtwqgeWKXpAYlmgPzq+9FJAloqAjHUvZsK1ZOioVihNOs2k8kjTEZ4yHtaRrigEonLe7I0JFWPORHQr9QoUL93ZHiQMpJ4OrKfE856+Xif14vUf65k7IwThQNyXSQn3CkIpSHgjwmKFF8ogkmguldERlhgYnS0VV1CPbsyfOkfVK3Nb85rTUuyzgqsA+HcAw2nEEDrqEJLSDwCM/wCm/Gk/FivBsf09IFo+zZgz8wPn8ARsWY6A==</latexit><latexit sha1_base64="vGFd0zztJ02qzL84O7UX6Z4DUlA=">AAACB3icbVDLSsNAFL3xWesr6lKQwSK4KokIuhGKblxWsQ9oY5lMJu3QyYOZiVBCdm78FTcuFHHrL7jzb5ykWWjrgYEz59zLvfe4MWdSWda3sbC4tLyyWlmrrm9sbm2bO7ttGSWC0BaJeCS6LpaUs5C2FFOcdmNBceBy2nHHV7nfeaBCsii8U5OYOgEehsxnBCstDcyDfoDViGCedjN0gYqf66a32X3qZQgNzJpVtwqgeWKXpAYlmgPzq+9FJAloqAjHUvZsK1ZOioVihNOs2k8kjTEZ4yHtaRrigEonLe7I0JFWPORHQr9QoUL93ZHiQMpJ4OrKfE856+Xif14vUf65k7IwThQNyXSQn3CkIpSHgjwmKFF8ogkmguldERlhgYnS0VV1CPbsyfOkfVK3Nb85rTUuyzgqsA+HcAw2nEEDrqEJLSDwCM/wCm/Gk/FivBsf09IFo+zZgz8wPn8ARsWY6A==</latexit><latexit sha1_base64="vGFd0zztJ02qzL84O7UX6Z4DUlA=">AAACB3icbVDLSsNAFL3xWesr6lKQwSK4KokIuhGKblxWsQ9oY5lMJu3QyYOZiVBCdm78FTcuFHHrL7jzb5ykWWjrgYEz59zLvfe4MWdSWda3sbC4tLyyWlmrrm9sbm2bO7ttGSWC0BaJeCS6LpaUs5C2FFOcdmNBceBy2nHHV7nfeaBCsii8U5OYOgEehsxnBCstDcyDfoDViGCedjN0gYqf66a32X3qZQgNzJpVtwqgeWKXpAYlmgPzq+9FJAloqAjHUvZsK1ZOioVihNOs2k8kjTEZ4yHtaRrigEonLe7I0JFWPORHQr9QoUL93ZHiQMpJ4OrKfE856+Xif14vUf65k7IwThQNyXSQn3CkIpSHgjwmKFF8ogkmguldERlhgYnS0VV1CPbsyfOkfVK3Nb85rTUuyzgqsA+HcAw2nEEDrqEJLSDwCM/wCm/Gk/FivBsf09IFo+zZgz8wPn8ARsWY6A==</latexit><latexit sha1_base64="vGFd0zztJ02qzL84O7UX6Z4DUlA=">AAACB3icbVDLSsNAFL3xWesr6lKQwSK4KokIuhGKblxWsQ9oY5lMJu3QyYOZiVBCdm78FTcuFHHrL7jzb5ykWWjrgYEz59zLvfe4MWdSWda3sbC4tLyyWlmrrm9sbm2bO7ttGSWC0BaJeCS6LpaUs5C2FFOcdmNBceBy2nHHV7nfeaBCsii8U5OYOgEehsxnBCstDcyDfoDViGCedjN0gYqf66a32X3qZQgNzJpVtwqgeWKXpAYlmgPzq+9FJAloqAjHUvZsK1ZOioVihNOs2k8kjTEZ4yHtaRrigEonLe7I0JFWPORHQr9QoUL93ZHiQMpJ4OrKfE856+Xif14vUf65k7IwThQNyXSQn3CkIpSHgjwmKFF8ogkmguldERlhgYnS0VV1CPbsyfOkfVK3Nb85rTUuyzgqsA+HcAw2nEEDrqEJLSDwCM/wCm/Gk/FivBsf09IFo+zZgz8wPn8ARsWY6A==</latexit>

Y = {0, 1} = {non-spam, spam}
<latexit sha1_base64="rM4fhN0gI1dVrZIgxQiuB51xM4o=">AAACInicbZDLSgMxFIYz9VbrbdSlm2ARXNQyI4K6EIpuXFawF+mUkknTNjSTGZIzYhnmWdz4Km5cKOpK8GFMp11o64HAl/+cQ/L/fiS4Bsf5snILi0vLK/nVwtr6xuaWvb1T12GsKKvRUISq6RPNBJesBhwEa0aKkcAXrOEPr8b9xj1TmofyFkYRawekL3mPUwJG6tjnXkBgQIlI7lJ8gb3EKbleijP0gD1AIkN5pCMSpCU8EbKLl3bsolN2ssLz4E6hiKZV7dgfXjekccAkUEG0brlOBO2EKOBUsLTgxZpFhA5Jn7UMShIw3U4yiyk+MEoX90JljgScqb83EhJoPQp8Mzk2pGd7Y/G/XiuG3lk74TKKgUk6eagXCwwhHueFu1wxCmJkgFDFzV8xHRBFKJhUCyYEd9byPNSPy67hm5Ni5XIaRx7toX10iFx0iiroGlVRDVH0iJ7RK3qznqwX6936nIzmrOnOLvpT1vcPqmGjyw==</latexit><latexit sha1_base64="rM4fhN0gI1dVrZIgxQiuB51xM4o=">AAACInicbZDLSgMxFIYz9VbrbdSlm2ARXNQyI4K6EIpuXFawF+mUkknTNjSTGZIzYhnmWdz4Km5cKOpK8GFMp11o64HAl/+cQ/L/fiS4Bsf5snILi0vLK/nVwtr6xuaWvb1T12GsKKvRUISq6RPNBJesBhwEa0aKkcAXrOEPr8b9xj1TmofyFkYRawekL3mPUwJG6tjnXkBgQIlI7lJ8gb3EKbleijP0gD1AIkN5pCMSpCU8EbKLl3bsolN2ssLz4E6hiKZV7dgfXjekccAkUEG0brlOBO2EKOBUsLTgxZpFhA5Jn7UMShIw3U4yiyk+MEoX90JljgScqb83EhJoPQp8Mzk2pGd7Y/G/XiuG3lk74TKKgUk6eagXCwwhHueFu1wxCmJkgFDFzV8xHRBFKJhUCyYEd9byPNSPy67hm5Ni5XIaRx7toX10iFx0iiroGlVRDVH0iJ7RK3qznqwX6936nIzmrOnOLvpT1vcPqmGjyw==</latexit><latexit sha1_base64="rM4fhN0gI1dVrZIgxQiuB51xM4o=">AAACInicbZDLSgMxFIYz9VbrbdSlm2ARXNQyI4K6EIpuXFawF+mUkknTNjSTGZIzYhnmWdz4Km5cKOpK8GFMp11o64HAl/+cQ/L/fiS4Bsf5snILi0vLK/nVwtr6xuaWvb1T12GsKKvRUISq6RPNBJesBhwEa0aKkcAXrOEPr8b9xj1TmofyFkYRawekL3mPUwJG6tjnXkBgQIlI7lJ8gb3EKbleijP0gD1AIkN5pCMSpCU8EbKLl3bsolN2ssLz4E6hiKZV7dgfXjekccAkUEG0brlOBO2EKOBUsLTgxZpFhA5Jn7UMShIw3U4yiyk+MEoX90JljgScqb83EhJoPQp8Mzk2pGd7Y/G/XiuG3lk74TKKgUk6eagXCwwhHueFu1wxCmJkgFDFzV8xHRBFKJhUCyYEd9byPNSPy67hm5Ni5XIaRx7toX10iFx0iiroGlVRDVH0iJ7RK3qznqwX6936nIzmrOnOLvpT1vcPqmGjyw==</latexit><latexit sha1_base64="rM4fhN0gI1dVrZIgxQiuB51xM4o=">AAACInicbZDLSgMxFIYz9VbrbdSlm2ARXNQyI4K6EIpuXFawF+mUkknTNjSTGZIzYhnmWdz4Km5cKOpK8GFMp11o64HAl/+cQ/L/fiS4Bsf5snILi0vLK/nVwtr6xuaWvb1T12GsKKvRUISq6RPNBJesBhwEa0aKkcAXrOEPr8b9xj1TmofyFkYRawekL3mPUwJG6tjnXkBgQIlI7lJ8gb3EKbleijP0gD1AIkN5pCMSpCU8EbKLl3bsolN2ssLz4E6hiKZV7dgfXjekccAkUEG0brlOBO2EKOBUsLTgxZpFhA5Jn7UMShIw3U4yiyk+MEoX90JljgScqb83EhJoPQp8Mzk2pGd7Y/G/XiuG3lk74TKKgUk6eagXCwwhHueFu1wxCmJkgFDFzV8xHRBFKJhUCyYEd9byPNSPy67hm5Ni5XIaRx7toX10iFx0iiroGlVRDVH0iJ7RK3qznqwX6936nIzmrOnOLvpT1vcPqmGjyw==</latexit>

h : X ! Y
<latexit sha1_base64="KMDB/0tIjX/hvkzq5l4hdUXBNos=">AAACEXicbZC7TsMwFIadcivlFmBksaiQOlUJQgIxVbAwFoleUBtVjus0Vh07sh1QFeUVWHgVFgYQYmVj421w2gyl5UiWPv3/OfI5vx8zqrTj/FilldW19Y3yZmVre2d3z94/aCuRSExaWDAhuz5ShFFOWppqRrqxJCjyGen44+vc7zwQqajgd3oSEy9CI04DipE20sCuhZcQ9iOkQ4xY2s1gX9JRqJGU4nHOuM8GdtWpO9OCy+AWUAVFNQf2d38ocBIRrjFDSvVcJ9ZeiqSmmJGs0k8UiREeoxHpGeQoIspLpxdl8MQoQxgIaR7XcKrOT6QoUmoS+aYzX1Etern4n9dLdHDhpZTHiSYczz4KEga1gHk8cEglwZpNDCAsqdkV4hBJhLUJsWJCcBdPXob2ad01fHtWbVwVcZTBETgGNeCCc9AAN6AJWgCDJ/AC3sC79Wy9Wh/W56y1ZBUzh+BPWV+/EtudLw==</latexit><latexit sha1_base64="KMDB/0tIjX/hvkzq5l4hdUXBNos=">AAACEXicbZC7TsMwFIadcivlFmBksaiQOlUJQgIxVbAwFoleUBtVjus0Vh07sh1QFeUVWHgVFgYQYmVj421w2gyl5UiWPv3/OfI5vx8zqrTj/FilldW19Y3yZmVre2d3z94/aCuRSExaWDAhuz5ShFFOWppqRrqxJCjyGen44+vc7zwQqajgd3oSEy9CI04DipE20sCuhZcQ9iOkQ4xY2s1gX9JRqJGU4nHOuM8GdtWpO9OCy+AWUAVFNQf2d38ocBIRrjFDSvVcJ9ZeiqSmmJGs0k8UiREeoxHpGeQoIspLpxdl8MQoQxgIaR7XcKrOT6QoUmoS+aYzX1Etern4n9dLdHDhpZTHiSYczz4KEga1gHk8cEglwZpNDCAsqdkV4hBJhLUJsWJCcBdPXob2ad01fHtWbVwVcZTBETgGNeCCc9AAN6AJWgCDJ/AC3sC79Wy9Wh/W56y1ZBUzh+BPWV+/EtudLw==</latexit><latexit sha1_base64="KMDB/0tIjX/hvkzq5l4hdUXBNos=">AAACEXicbZC7TsMwFIadcivlFmBksaiQOlUJQgIxVbAwFoleUBtVjus0Vh07sh1QFeUVWHgVFgYQYmVj421w2gyl5UiWPv3/OfI5vx8zqrTj/FilldW19Y3yZmVre2d3z94/aCuRSExaWDAhuz5ShFFOWppqRrqxJCjyGen44+vc7zwQqajgd3oSEy9CI04DipE20sCuhZcQ9iOkQ4xY2s1gX9JRqJGU4nHOuM8GdtWpO9OCy+AWUAVFNQf2d38ocBIRrjFDSvVcJ9ZeiqSmmJGs0k8UiREeoxHpGeQoIspLpxdl8MQoQxgIaR7XcKrOT6QoUmoS+aYzX1Etern4n9dLdHDhpZTHiSYczz4KEga1gHk8cEglwZpNDCAsqdkV4hBJhLUJsWJCcBdPXob2ad01fHtWbVwVcZTBETgGNeCCc9AAN6AJWgCDJ/AC3sC79Wy9Wh/W56y1ZBUzh+BPWV+/EtudLw==</latexit><latexit sha1_base64="KMDB/0tIjX/hvkzq5l4hdUXBNos=">AAACEXicbZC7TsMwFIadcivlFmBksaiQOlUJQgIxVbAwFoleUBtVjus0Vh07sh1QFeUVWHgVFgYQYmVj421w2gyl5UiWPv3/OfI5vx8zqrTj/FilldW19Y3yZmVre2d3z94/aCuRSExaWDAhuz5ShFFOWppqRrqxJCjyGen44+vc7zwQqajgd3oSEy9CI04DipE20sCuhZcQ9iOkQ4xY2s1gX9JRqJGU4nHOuM8GdtWpO9OCy+AWUAVFNQf2d38ocBIRrjFDSvVcJ9ZeiqSmmJGs0k8UiREeoxHpGeQoIspLpxdl8MQoQxgIaR7XcKrOT6QoUmoS+aYzX1Etern4n9dLdHDhpZTHiSYczz4KEga1gHk8cEglwZpNDCAsqdkV4hBJhLUJsWJCcBdPXob2ad01fHtWbVwVcZTBETgGNeCCc9AAN6AJWgCDJ/AC3sC79Wy9Wh/W56y1ZBUzh+BPWV+/EtudLw==</latexit>

H
<latexit sha1_base64="4V213gOkzvRhZ90WdkhLrPZlDpo=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl002UF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Pve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9yx+ua427oo4ynME5XIIPN9CAJrSgDRQUPMMrvDnovDjvzsdytOQUO6fwB87nD3rzkV4=</latexit><latexit sha1_base64="4V213gOkzvRhZ90WdkhLrPZlDpo=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl002UF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Pve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9yx+ua427oo4ynME5XIIPN9CAJrSgDRQUPMMrvDnovDjvzsdytOQUO6fwB87nD3rzkV4=</latexit><latexit sha1_base64="4V213gOkzvRhZ90WdkhLrPZlDpo=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl002UF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Pve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9yx+ua427oo4ynME5XIIPN9CAJrSgDRQUPMMrvDnovDjvzsdytOQUO6fwB87nD3rzkV4=</latexit><latexit sha1_base64="4V213gOkzvRhZ90WdkhLrPZlDpo=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl002UF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Pve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9yx+ua427oo4ynME5XIIPN9CAJrSgDRQUPMMrvDnovDjvzsdytOQUO6fwB87nD3rzkV4=</latexit>

(x1, y1), ..., (xn, yn) 2 X ⇥ Y
<latexit sha1_base64="j2AfPtNyi6+rzr/GG/I4+F5wCko=">AAACIHicbVBNS8NAEN3Ur1q/oh69LBahhRISEeqx6MVjBfshTQib7bZdutmE3Y1YQn+KF/+KFw+K6E1/jZs2iLY+GHjzZoaZeUHMqFS2/WkUVlbX1jeKm6Wt7Z3dPXP/oC2jRGDSwhGLRDdAkjDKSUtRxUg3FgSFASOdYHyZ1Tt3REga8Rs1iYkXoiGnA4qR0pJv1iv3vlOb+E61ZllWTWdcZ7zqUg7dEKkRRiztTl1FQyJ/hNupb5Zty54BLhMnJ2WQo+mbH24/wklIuMIMSdlz7Fh5KRKKYkamJTeRJEZ4jIakpylHep+Xzh6cwhOt9OEgEjq4gjP190SKQiknYaA7sxPlYi0T/6v1EjU491LK40QRjueLBgmDKoKZW7BPBcGKTTRBWFB9K8QjJBBW2tOSNsFZfHmZtE8tR/Prs3LjIrejCI7AMagAB9RBA1yBJmgBDB7AE3gBr8aj8Wy8Ge/z1oKRzxyCPzC+vgGmNKIn</latexit><latexit sha1_base64="j2AfPtNyi6+rzr/GG/I4+F5wCko=">AAACIHicbVBNS8NAEN3Ur1q/oh69LBahhRISEeqx6MVjBfshTQib7bZdutmE3Y1YQn+KF/+KFw+K6E1/jZs2iLY+GHjzZoaZeUHMqFS2/WkUVlbX1jeKm6Wt7Z3dPXP/oC2jRGDSwhGLRDdAkjDKSUtRxUg3FgSFASOdYHyZ1Tt3REga8Rs1iYkXoiGnA4qR0pJv1iv3vlOb+E61ZllWTWdcZ7zqUg7dEKkRRiztTl1FQyJ/hNupb5Zty54BLhMnJ2WQo+mbH24/wklIuMIMSdlz7Fh5KRKKYkamJTeRJEZ4jIakpylHep+Xzh6cwhOt9OEgEjq4gjP190SKQiknYaA7sxPlYi0T/6v1EjU491LK40QRjueLBgmDKoKZW7BPBcGKTTRBWFB9K8QjJBBW2tOSNsFZfHmZtE8tR/Prs3LjIrejCI7AMagAB9RBA1yBJmgBDB7AE3gBr8aj8Wy8Ge/z1oKRzxyCPzC+vgGmNKIn</latexit><latexit sha1_base64="j2AfPtNyi6+rzr/GG/I4+F5wCko=">AAACIHicbVBNS8NAEN3Ur1q/oh69LBahhRISEeqx6MVjBfshTQib7bZdutmE3Y1YQn+KF/+KFw+K6E1/jZs2iLY+GHjzZoaZeUHMqFS2/WkUVlbX1jeKm6Wt7Z3dPXP/oC2jRGDSwhGLRDdAkjDKSUtRxUg3FgSFASOdYHyZ1Tt3REga8Rs1iYkXoiGnA4qR0pJv1iv3vlOb+E61ZllWTWdcZ7zqUg7dEKkRRiztTl1FQyJ/hNupb5Zty54BLhMnJ2WQo+mbH24/wklIuMIMSdlz7Fh5KRKKYkamJTeRJEZ4jIakpylHep+Xzh6cwhOt9OEgEjq4gjP190SKQiknYaA7sxPlYi0T/6v1EjU491LK40QRjueLBgmDKoKZW7BPBcGKTTRBWFB9K8QjJBBW2tOSNsFZfHmZtE8tR/Prs3LjIrejCI7AMagAB9RBA1yBJmgBDB7AE3gBr8aj8Wy8Ge/z1oKRzxyCPzC+vgGmNKIn</latexit><latexit sha1_base64="j2AfPtNyi6+rzr/GG/I4+F5wCko=">AAACIHicbVBNS8NAEN3Ur1q/oh69LBahhRISEeqx6MVjBfshTQib7bZdutmE3Y1YQn+KF/+KFw+K6E1/jZs2iLY+GHjzZoaZeUHMqFS2/WkUVlbX1jeKm6Wt7Z3dPXP/oC2jRGDSwhGLRDdAkjDKSUtRxUg3FgSFASOdYHyZ1Tt3REga8Rs1iYkXoiGnA4qR0pJv1iv3vlOb+E61ZllWTWdcZ7zqUg7dEKkRRiztTl1FQyJ/hNupb5Zty54BLhMnJ2WQo+mbH24/wklIuMIMSdlz7Fh5KRKKYkamJTeRJEZ4jIakpylHep+Xzh6cwhOt9OEgEjq4gjP190SKQiknYaA7sxPlYi0T/6v1EjU491LK40QRjueLBgmDKoKZW7BPBcGKTTRBWFB9K8QjJBBW2tOSNsFZfHmZtE8tR/Prs3LjIrejCI7AMagAB9RBA1yBJmgBDB7AE3gBr8aj8Wy8Ge/z1oKRzxyCPzC+vgGmNKIn</latexit>

h 2 H
<latexit sha1_base64="ET2iYM2nzD/odip5qB7b8pJ5bvw=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQZdFN11WsA9oQplMJ+3QySTMTIQa+iVuXCji1k9x5984SbPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wu8v9/iOVisXiQc8T6kd4IljICNZGGtn1qceEF2E9JZhn7cXIbjhNpwBaJ25JGlCiM7K/vHFM0ogKTThWaug6ifYzLDUjnC5qXqpogskMT+jQUIEjqvysCL5A50YZozCW5gmNCvX3RoYjpeZRYCbziGrVy8X/vGGqwxs/YyJJNRVkeShMOdIxyltAYyYp0XxuCCaSmayITLHERJuuaqYEd/XL66R32XQNv79qtG7LOqpwCmdwAS5cQwva0IEuEEjhGV7hzXqyXqx362M5WrHKnRP4A+vzBwm+k1I=</latexit><latexit sha1_base64="ET2iYM2nzD/odip5qB7b8pJ5bvw=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQZdFN11WsA9oQplMJ+3QySTMTIQa+iVuXCji1k9x5984SbPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wu8v9/iOVisXiQc8T6kd4IljICNZGGtn1qceEF2E9JZhn7cXIbjhNpwBaJ25JGlCiM7K/vHFM0ogKTThWaug6ifYzLDUjnC5qXqpogskMT+jQUIEjqvysCL5A50YZozCW5gmNCvX3RoYjpeZRYCbziGrVy8X/vGGqwxs/YyJJNRVkeShMOdIxyltAYyYp0XxuCCaSmayITLHERJuuaqYEd/XL66R32XQNv79qtG7LOqpwCmdwAS5cQwva0IEuEEjhGV7hzXqyXqx362M5WrHKnRP4A+vzBwm+k1I=</latexit><latexit sha1_base64="ET2iYM2nzD/odip5qB7b8pJ5bvw=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQZdFN11WsA9oQplMJ+3QySTMTIQa+iVuXCji1k9x5984SbPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wu8v9/iOVisXiQc8T6kd4IljICNZGGtn1qceEF2E9JZhn7cXIbjhNpwBaJ25JGlCiM7K/vHFM0ogKTThWaug6ifYzLDUjnC5qXqpogskMT+jQUIEjqvysCL5A50YZozCW5gmNCvX3RoYjpeZRYCbziGrVy8X/vGGqwxs/YyJJNRVkeShMOdIxyltAYyYp0XxuCCaSmayITLHERJuuaqYEd/XL66R32XQNv79qtG7LOqpwCmdwAS5cQwva0IEuEEjhGV7hzXqyXqx362M5WrHKnRP4A+vzBwm+k1I=</latexit><latexit sha1_base64="ET2iYM2nzD/odip5qB7b8pJ5bvw=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQZdFN11WsA9oQplMJ+3QySTMTIQa+iVuXCji1k9x5984SbPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wu8v9/iOVisXiQc8T6kd4IljICNZGGtn1qceEF2E9JZhn7cXIbjhNpwBaJ25JGlCiM7K/vHFM0ogKTThWaug6ifYzLDUjnC5qXqpogskMT+jQUIEjqvysCL5A50YZozCW5gmNCvX3RoYjpeZRYCbziGrVy8X/vGGqwxs/YyJJNRVkeShMOdIxyltAYyYp0XxuCCaSmayITLHERJuuaqYEd/XL66R32XQNv79qtG7LOqpwCmdwAS5cQwva0IEuEEjhGV7hzXqyXqx362M5WrHKnRP4A+vzBwm+k1I=</latexit>



Recap: The “free parameters” of the 
two hypothesis classes we learned

• Decision trees
• “Which feature to use when branching?”
• “The threshold parameter”
• “Which label to assign at the leaf node”
• …

• Linear classifiers
• “Coefficient vector of the score function”
• a (d+1) dimensional vector.
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Answers for the quiz

• Consider a problem with 4 binary features.
• How many decision trees of 3 layers are there? If each

decision uses only one feature? (you may repeat 
features)

• How many possible feature vectors are there?

• How many classifiers are there (without restrictions)?
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Recap: What do we mean by 
“working well”?
• What’s the “Performance measure” for a classifier 

agent?

• Really the average error rate on new data points.
• But all we have is a training dataset.
• Training error:  (empirical) error rate on  the training 

data.

• When does the learned classifier generalize?
• How to know it if it does not?
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This lecture

• Supervised learning:
• formal notations and problem setup
• Loss function, Risk, Empirical Risk
• Examples

• Theory of supervised learning
• Risk bounds for ‘fixed design’ linear regression model
• Risk bounds for a general supervised learning problem

• Model selection

10



Mathematically defining the 
supervised learning problem

11

• Feature space:

• Label space:

• A classifier (hypothesis):

• A hypothesis class:

• Data:

• Learning task:  Find that “works well”. 

X = Rd
<latexit sha1_base64="vGFd0zztJ02qzL84O7UX6Z4DUlA=">AAACB3icbVDLSsNAFL3xWesr6lKQwSK4KokIuhGKblxWsQ9oY5lMJu3QyYOZiVBCdm78FTcuFHHrL7jzb5ykWWjrgYEz59zLvfe4MWdSWda3sbC4tLyyWlmrrm9sbm2bO7ttGSWC0BaJeCS6LpaUs5C2FFOcdmNBceBy2nHHV7nfeaBCsii8U5OYOgEehsxnBCstDcyDfoDViGCedjN0gYqf66a32X3qZQgNzJpVtwqgeWKXpAYlmgPzq+9FJAloqAjHUvZsK1ZOioVihNOs2k8kjTEZ4yHtaRrigEonLe7I0JFWPORHQr9QoUL93ZHiQMpJ4OrKfE856+Xif14vUf65k7IwThQNyXSQn3CkIpSHgjwmKFF8ogkmguldERlhgYnS0VV1CPbsyfOkfVK3Nb85rTUuyzgqsA+HcAw2nEEDrqEJLSDwCM/wCm/Gk/FivBsf09IFo+zZgz8wPn8ARsWY6A==</latexit><latexit sha1_base64="vGFd0zztJ02qzL84O7UX6Z4DUlA=">AAACB3icbVDLSsNAFL3xWesr6lKQwSK4KokIuhGKblxWsQ9oY5lMJu3QyYOZiVBCdm78FTcuFHHrL7jzb5ykWWjrgYEz59zLvfe4MWdSWda3sbC4tLyyWlmrrm9sbm2bO7ttGSWC0BaJeCS6LpaUs5C2FFOcdmNBceBy2nHHV7nfeaBCsii8U5OYOgEehsxnBCstDcyDfoDViGCedjN0gYqf66a32X3qZQgNzJpVtwqgeWKXpAYlmgPzq+9FJAloqAjHUvZsK1ZOioVihNOs2k8kjTEZ4yHtaRrigEonLe7I0JFWPORHQr9QoUL93ZHiQMpJ4OrKfE856+Xif14vUf65k7IwThQNyXSQn3CkIpSHgjwmKFF8ogkmguldERlhgYnS0VV1CPbsyfOkfVK3Nb85rTUuyzgqsA+HcAw2nEEDrqEJLSDwCM/wCm/Gk/FivBsf09IFo+zZgz8wPn8ARsWY6A==</latexit><latexit sha1_base64="vGFd0zztJ02qzL84O7UX6Z4DUlA=">AAACB3icbVDLSsNAFL3xWesr6lKQwSK4KokIuhGKblxWsQ9oY5lMJu3QyYOZiVBCdm78FTcuFHHrL7jzb5ykWWjrgYEz59zLvfe4MWdSWda3sbC4tLyyWlmrrm9sbm2bO7ttGSWC0BaJeCS6LpaUs5C2FFOcdmNBceBy2nHHV7nfeaBCsii8U5OYOgEehsxnBCstDcyDfoDViGCedjN0gYqf66a32X3qZQgNzJpVtwqgeWKXpAYlmgPzq+9FJAloqAjHUvZsK1ZOioVihNOs2k8kjTEZ4yHtaRrigEonLe7I0JFWPORHQr9QoUL93ZHiQMpJ4OrKfE856+Xif14vUf65k7IwThQNyXSQn3CkIpSHgjwmKFF8ogkmguldERlhgYnS0VV1CPbsyfOkfVK3Nb85rTUuyzgqsA+HcAw2nEEDrqEJLSDwCM/wCm/Gk/FivBsf09IFo+zZgz8wPn8ARsWY6A==</latexit><latexit sha1_base64="vGFd0zztJ02qzL84O7UX6Z4DUlA=">AAACB3icbVDLSsNAFL3xWesr6lKQwSK4KokIuhGKblxWsQ9oY5lMJu3QyYOZiVBCdm78FTcuFHHrL7jzb5ykWWjrgYEz59zLvfe4MWdSWda3sbC4tLyyWlmrrm9sbm2bO7ttGSWC0BaJeCS6LpaUs5C2FFOcdmNBceBy2nHHV7nfeaBCsii8U5OYOgEehsxnBCstDcyDfoDViGCedjN0gYqf66a32X3qZQgNzJpVtwqgeWKXpAYlmgPzq+9FJAloqAjHUvZsK1ZOioVihNOs2k8kjTEZ4yHtaRrigEonLe7I0JFWPORHQr9QoUL93ZHiQMpJ4OrKfE856+Xif14vUf65k7IwThQNyXSQn3CkIpSHgjwmKFF8ogkmguldERlhgYnS0VV1CPbsyfOkfVK3Nb85rTUuyzgqsA+HcAw2nEEDrqEJLSDwCM/wCm/Gk/FivBsf09IFo+zZgz8wPn8ARsWY6A==</latexit>
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h : X ! Y
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(x1, y1), ..., (xn, yn) 2 X ⇥ Y
<latexit sha1_base64="j2AfPtNyi6+rzr/GG/I4+F5wCko=">AAACIHicbVBNS8NAEN3Ur1q/oh69LBahhRISEeqx6MVjBfshTQib7bZdutmE3Y1YQn+KF/+KFw+K6E1/jZs2iLY+GHjzZoaZeUHMqFS2/WkUVlbX1jeKm6Wt7Z3dPXP/oC2jRGDSwhGLRDdAkjDKSUtRxUg3FgSFASOdYHyZ1Tt3REga8Rs1iYkXoiGnA4qR0pJv1iv3vlOb+E61ZllWTWdcZ7zqUg7dEKkRRiztTl1FQyJ/hNupb5Zty54BLhMnJ2WQo+mbH24/wklIuMIMSdlz7Fh5KRKKYkamJTeRJEZ4jIakpylHep+Xzh6cwhOt9OEgEjq4gjP190SKQiknYaA7sxPlYi0T/6v1EjU491LK40QRjueLBgmDKoKZW7BPBcGKTTRBWFB9K8QjJBBW2tOSNsFZfHmZtE8tR/Prs3LjIrejCI7AMagAB9RBA1yBJmgBDB7AE3gBr8aj8Wy8Ge/z1oKRzxyCPzC+vgGmNKIn</latexit><latexit sha1_base64="j2AfPtNyi6+rzr/GG/I4+F5wCko=">AAACIHicbVBNS8NAEN3Ur1q/oh69LBahhRISEeqx6MVjBfshTQib7bZdutmE3Y1YQn+KF/+KFw+K6E1/jZs2iLY+GHjzZoaZeUHMqFS2/WkUVlbX1jeKm6Wt7Z3dPXP/oC2jRGDSwhGLRDdAkjDKSUtRxUg3FgSFASOdYHyZ1Tt3REga8Rs1iYkXoiGnA4qR0pJv1iv3vlOb+E61ZllWTWdcZ7zqUg7dEKkRRiztTl1FQyJ/hNupb5Zty54BLhMnJ2WQo+mbH24/wklIuMIMSdlz7Fh5KRKKYkamJTeRJEZ4jIakpylHep+Xzh6cwhOt9OEgEjq4gjP190SKQiknYaA7sxPlYi0T/6v1EjU491LK40QRjueLBgmDKoKZW7BPBcGKTTRBWFB9K8QjJBBW2tOSNsFZfHmZtE8tR/Prs3LjIrejCI7AMagAB9RBA1yBJmgBDB7AE3gBr8aj8Wy8Ge/z1oKRzxyCPzC+vgGmNKIn</latexit><latexit sha1_base64="j2AfPtNyi6+rzr/GG/I4+F5wCko=">AAACIHicbVBNS8NAEN3Ur1q/oh69LBahhRISEeqx6MVjBfshTQib7bZdutmE3Y1YQn+KF/+KFw+K6E1/jZs2iLY+GHjzZoaZeUHMqFS2/WkUVlbX1jeKm6Wt7Z3dPXP/oC2jRGDSwhGLRDdAkjDKSUtRxUg3FgSFASOdYHyZ1Tt3REga8Rs1iYkXoiGnA4qR0pJv1iv3vlOb+E61ZllWTWdcZ7zqUg7dEKkRRiztTl1FQyJ/hNupb5Zty54BLhMnJ2WQo+mbH24/wklIuMIMSdlz7Fh5KRKKYkamJTeRJEZ4jIakpylHep+Xzh6cwhOt9OEgEjq4gjP190SKQiknYaA7sxPlYi0T/6v1EjU491LK40QRjueLBgmDKoKZW7BPBcGKTTRBWFB9K8QjJBBW2tOSNsFZfHmZtE8tR/Prs3LjIrejCI7AMagAB9RBA1yBJmgBDB7AE3gBr8aj8Wy8Ge/z1oKRzxyCPzC+vgGmNKIn</latexit><latexit sha1_base64="j2AfPtNyi6+rzr/GG/I4+F5wCko=">AAACIHicbVBNS8NAEN3Ur1q/oh69LBahhRISEeqx6MVjBfshTQib7bZdutmE3Y1YQn+KF/+KFw+K6E1/jZs2iLY+GHjzZoaZeUHMqFS2/WkUVlbX1jeKm6Wt7Z3dPXP/oC2jRGDSwhGLRDdAkjDKSUtRxUg3FgSFASOdYHyZ1Tt3REga8Rs1iYkXoiGnA4qR0pJv1iv3vlOb+E61ZllWTWdcZ7zqUg7dEKkRRiztTl1FQyJ/hNupb5Zty54BLhMnJ2WQo+mbH24/wklIuMIMSdlz7Fh5KRKKYkamJTeRJEZ4jIakpylHep+Xzh6cwhOt9OEgEjq4gjP190SKQiknYaA7sxPlYi0T/6v1EjU491LK40QRjueLBgmDKoKZW7BPBcGKTTRBWFB9K8QjJBBW2tOSNsFZfHmZtE8tR/Prs3LjIrejCI7AMagAB9RBA1yBJmgBDB7AE3gBr8aj8Wy8Ge/z1oKRzxyCPzC+vgGmNKIn</latexit>

h 2 H
<latexit sha1_base64="ET2iYM2nzD/odip5qB7b8pJ5bvw=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQZdFN11WsA9oQplMJ+3QySTMTIQa+iVuXCji1k9x5984SbPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wu8v9/iOVisXiQc8T6kd4IljICNZGGtn1qceEF2E9JZhn7cXIbjhNpwBaJ25JGlCiM7K/vHFM0ogKTThWaug6ifYzLDUjnC5qXqpogskMT+jQUIEjqvysCL5A50YZozCW5gmNCvX3RoYjpeZRYCbziGrVy8X/vGGqwxs/YyJJNRVkeShMOdIxyltAYyYp0XxuCCaSmayITLHERJuuaqYEd/XL66R32XQNv79qtG7LOqpwCmdwAS5cQwva0IEuEEjhGV7hzXqyXqx362M5WrHKnRP4A+vzBwm+k1I=</latexit><latexit sha1_base64="ET2iYM2nzD/odip5qB7b8pJ5bvw=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQZdFN11WsA9oQplMJ+3QySTMTIQa+iVuXCji1k9x5984SbPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wu8v9/iOVisXiQc8T6kd4IljICNZGGtn1qceEF2E9JZhn7cXIbjhNpwBaJ25JGlCiM7K/vHFM0ogKTThWaug6ifYzLDUjnC5qXqpogskMT+jQUIEjqvysCL5A50YZozCW5gmNCvX3RoYjpeZRYCbziGrVy8X/vGGqwxs/YyJJNRVkeShMOdIxyltAYyYp0XxuCCaSmayITLHERJuuaqYEd/XL66R32XQNv79qtG7LOqpwCmdwAS5cQwva0IEuEEjhGV7hzXqyXqx362M5WrHKnRP4A+vzBwm+k1I=</latexit><latexit sha1_base64="ET2iYM2nzD/odip5qB7b8pJ5bvw=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQZdFN11WsA9oQplMJ+3QySTMTIQa+iVuXCji1k9x5984SbPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wu8v9/iOVisXiQc8T6kd4IljICNZGGtn1qceEF2E9JZhn7cXIbjhNpwBaJ25JGlCiM7K/vHFM0ogKTThWaug6ifYzLDUjnC5qXqpogskMT+jQUIEjqvysCL5A50YZozCW5gmNCvX3RoYjpeZRYCbziGrVy8X/vGGqwxs/YyJJNRVkeShMOdIxyltAYyYp0XxuCCaSmayITLHERJuuaqYEd/XL66R32XQNv79qtG7LOqpwCmdwAS5cQwva0IEuEEjhGV7hzXqyXqx362M5WrHKnRP4A+vzBwm+k1I=</latexit><latexit sha1_base64="ET2iYM2nzD/odip5qB7b8pJ5bvw=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQZdFN11WsA9oQplMJ+3QySTMTIQa+iVuXCji1k9x5984SbPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wu8v9/iOVisXiQc8T6kd4IljICNZGGtn1qceEF2E9JZhn7cXIbjhNpwBaJ25JGlCiM7K/vHFM0ogKTThWaug6ifYzLDUjnC5qXqpogskMT+jQUIEjqvysCL5A50YZozCW5gmNCvX3RoYjpeZRYCbziGrVy8X/vGGqwxs/YyJJNRVkeShMOdIxyltAYyYp0XxuCCaSmayITLHERJuuaqYEd/XL66R32XQNv79qtG7LOqpwCmdwAS5cQwva0IEuEEjhGV7hzXqyXqx362M5WrHKnRP4A+vzBwm+k1I=</latexit>



Notations from probability

PD [Event]
<latexit sha1_base64="YHv/IRJZjqhCoY9DfU1lZgbLTfQ=">AAACGnicbZDLSsNAFIYnXmu9RV26CRbBVUlE0GXxAi4r2As0oUymJ+3QyYWZk2IJeQ43voobF4q4Eze+jdM2C209MPDxn8uc8/uJ4Apt+9tYWl5ZXVsvbZQ3t7Z3ds29/aaKU8mgwWIRy7ZPFQgeQQM5CmgnEmjoC2j5w6tJvjUCqXgc3eM4AS+k/YgHnFHUUtd03JDiwPezet7NpsyoyK7z3BUQYMdFeMDsZgQR5q7k/QF6XbNiV+1pWIvgFFAhRdS75qfbi1ka6hlMUKU6jp2gl1GJnAnIy26qIKFsSPvQ0RjREJSXTU/LrWOt9KwglvpFaE3V3x0ZDZUah76unCyv5nMT8b9cJ8Xgwst4lKQIEZt9FKTCwtia+GT1uASGYqyBMsn1rhYbUEkZajfL2gRn/uRFaJ5WHc13Z5XaZWFHiRySI3JCHHJOauSW1EmDMPJInskreTOejBfj3fiYlS4ZRc8B+RPG1w8ar6LE</latexit><latexit sha1_base64="YHv/IRJZjqhCoY9DfU1lZgbLTfQ=">AAACGnicbZDLSsNAFIYnXmu9RV26CRbBVUlE0GXxAi4r2As0oUymJ+3QyYWZk2IJeQ43voobF4q4Eze+jdM2C209MPDxn8uc8/uJ4Apt+9tYWl5ZXVsvbZQ3t7Z3ds29/aaKU8mgwWIRy7ZPFQgeQQM5CmgnEmjoC2j5w6tJvjUCqXgc3eM4AS+k/YgHnFHUUtd03JDiwPezet7NpsyoyK7z3BUQYMdFeMDsZgQR5q7k/QF6XbNiV+1pWIvgFFAhRdS75qfbi1ka6hlMUKU6jp2gl1GJnAnIy26qIKFsSPvQ0RjREJSXTU/LrWOt9KwglvpFaE3V3x0ZDZUah76unCyv5nMT8b9cJ8Xgwst4lKQIEZt9FKTCwtia+GT1uASGYqyBMsn1rhYbUEkZajfL2gRn/uRFaJ5WHc13Z5XaZWFHiRySI3JCHHJOauSW1EmDMPJInskreTOejBfj3fiYlS4ZRc8B+RPG1w8ar6LE</latexit><latexit sha1_base64="YHv/IRJZjqhCoY9DfU1lZgbLTfQ=">AAACGnicbZDLSsNAFIYnXmu9RV26CRbBVUlE0GXxAi4r2As0oUymJ+3QyYWZk2IJeQ43voobF4q4Eze+jdM2C209MPDxn8uc8/uJ4Apt+9tYWl5ZXVsvbZQ3t7Z3ds29/aaKU8mgwWIRy7ZPFQgeQQM5CmgnEmjoC2j5w6tJvjUCqXgc3eM4AS+k/YgHnFHUUtd03JDiwPezet7NpsyoyK7z3BUQYMdFeMDsZgQR5q7k/QF6XbNiV+1pWIvgFFAhRdS75qfbi1ka6hlMUKU6jp2gl1GJnAnIy26qIKFsSPvQ0RjREJSXTU/LrWOt9KwglvpFaE3V3x0ZDZUah76unCyv5nMT8b9cJ8Xgwst4lKQIEZt9FKTCwtia+GT1uASGYqyBMsn1rhYbUEkZajfL2gRn/uRFaJ5WHc13Z5XaZWFHiRySI3JCHHJOauSW1EmDMPJInskreTOejBfj3fiYlS4ZRc8B+RPG1w8ar6LE</latexit><latexit sha1_base64="YHv/IRJZjqhCoY9DfU1lZgbLTfQ=">AAACGnicbZDLSsNAFIYnXmu9RV26CRbBVUlE0GXxAi4r2As0oUymJ+3QyYWZk2IJeQ43voobF4q4Eze+jdM2C209MPDxn8uc8/uJ4Apt+9tYWl5ZXVsvbZQ3t7Z3ds29/aaKU8mgwWIRy7ZPFQgeQQM5CmgnEmjoC2j5w6tJvjUCqXgc3eM4AS+k/YgHnFHUUtd03JDiwPezet7NpsyoyK7z3BUQYMdFeMDsZgQR5q7k/QF6XbNiV+1pWIvgFFAhRdS75qfbi1ka6hlMUKU6jp2gl1GJnAnIy26qIKFsSPvQ0RjREJSXTU/LrWOt9KwglvpFaE3V3x0ZDZUah76unCyv5nMT8b9cJ8Xgwst4lKQIEZt9FKTCwtia+GT1uASGYqyBMsn1rhYbUEkZajfL2gRn/uRFaJ5WHc13Z5XaZWFHiRySI3JCHHJOauSW1EmDMPJInskreTOejBfj3fiYlS4ZRc8B+RPG1w8ar6LE</latexit>

fX⇠D (x)
<latexit sha1_base64="caEqs3eVXXogEQNEF0n2QdxncGk=">AAACDnicbZDLSsNAFIYn9VbrLerSzWAp1E1JRNBlURcuK9gLNCFMppN26OTCzIlYQp/Aja/ixoUibl27822ctFlo6w8DH/85hznn9xPBFVjWt1FaWV1b3yhvVra2d3b3zP2DjopTSVmbxiKWPZ8oJnjE2sBBsF4iGQl9wbr++Cqvd++ZVDyO7mCSMDckw4gHnBLQlmfWAi/rOYqH2AkJjCgR2fV06ggWQB0/YEfy4QhOPLNqNayZ8DLYBVRRoZZnfjmDmKYhi4AKolTfthJwMyKBU8GmFSdVLCF0TIasrzEiIVNuNjtnimvaGeAglvpFgGfu74mMhEpNQl935jurxVpu/lfrpxBcuBmPkhRYROcfBanAEOM8GzzgklEQEw2ESq53xXREJKGgE6zoEOzFk5ehc9qwNd+eVZuXRRxldISOUR3Z6Bw10Q1qoTai6BE9o1f0ZjwZL8a78TFvLRnFzCH6I+PzB9mem/M=</latexit><latexit sha1_base64="caEqs3eVXXogEQNEF0n2QdxncGk=">AAACDnicbZDLSsNAFIYn9VbrLerSzWAp1E1JRNBlURcuK9gLNCFMppN26OTCzIlYQp/Aja/ixoUibl27822ctFlo6w8DH/85hznn9xPBFVjWt1FaWV1b3yhvVra2d3b3zP2DjopTSVmbxiKWPZ8oJnjE2sBBsF4iGQl9wbr++Cqvd++ZVDyO7mCSMDckw4gHnBLQlmfWAi/rOYqH2AkJjCgR2fV06ggWQB0/YEfy4QhOPLNqNayZ8DLYBVRRoZZnfjmDmKYhi4AKolTfthJwMyKBU8GmFSdVLCF0TIasrzEiIVNuNjtnimvaGeAglvpFgGfu74mMhEpNQl935jurxVpu/lfrpxBcuBmPkhRYROcfBanAEOM8GzzgklEQEw2ESq53xXREJKGgE6zoEOzFk5ehc9qwNd+eVZuXRRxldISOUR3Z6Bw10Q1qoTai6BE9o1f0ZjwZL8a78TFvLRnFzCH6I+PzB9mem/M=</latexit><latexit sha1_base64="caEqs3eVXXogEQNEF0n2QdxncGk=">AAACDnicbZDLSsNAFIYn9VbrLerSzWAp1E1JRNBlURcuK9gLNCFMppN26OTCzIlYQp/Aja/ixoUibl27822ctFlo6w8DH/85hznn9xPBFVjWt1FaWV1b3yhvVra2d3b3zP2DjopTSVmbxiKWPZ8oJnjE2sBBsF4iGQl9wbr++Cqvd++ZVDyO7mCSMDckw4gHnBLQlmfWAi/rOYqH2AkJjCgR2fV06ggWQB0/YEfy4QhOPLNqNayZ8DLYBVRRoZZnfjmDmKYhi4AKolTfthJwMyKBU8GmFSdVLCF0TIasrzEiIVNuNjtnimvaGeAglvpFgGfu74mMhEpNQl935jurxVpu/lfrpxBcuBmPkhRYROcfBanAEOM8GzzgklEQEw2ESq53xXREJKGgE6zoEOzFk5ehc9qwNd+eVZuXRRxldISOUR3Z6Bw10Q1qoTai6BE9o1f0ZjwZL8a78TFvLRnFzCH6I+PzB9mem/M=</latexit><latexit sha1_base64="caEqs3eVXXogEQNEF0n2QdxncGk=">AAACDnicbZDLSsNAFIYn9VbrLerSzWAp1E1JRNBlURcuK9gLNCFMppN26OTCzIlYQp/Aja/ixoUibl27822ctFlo6w8DH/85hznn9xPBFVjWt1FaWV1b3yhvVra2d3b3zP2DjopTSVmbxiKWPZ8oJnjE2sBBsF4iGQl9wbr++Cqvd++ZVDyO7mCSMDckw4gHnBLQlmfWAi/rOYqH2AkJjCgR2fV06ggWQB0/YEfy4QhOPLNqNayZ8DLYBVRRoZZnfjmDmKYhi4AKolTfthJwMyKBU8GmFSdVLCF0TIasrzEiIVNuNjtnimvaGeAglvpFgGfu74mMhEpNQl935jurxVpu/lfrpxBcuBmPkhRYROcfBanAEOM8GzzgklEQEw2ESq53xXREJKGgE6zoEOzFk5ehc9qwNd+eVZuXRRxldISOUR3Z6Bw10Q1qoTai6BE9o1f0ZjwZL8a78TFvLRnFzCH6I+PzB9mem/M=</latexit>

FX⇠D (x)
<latexit sha1_base64="xMwEgDuk562Gw3+FOAp+Z3rR9hw=">AAACDnicbZDLSsNAFIYnXmu9RV26GSyFuimJCLosKuKygr1AE8JkOmmHTi7MnIgl9Anc+CpuXCji1rU738ZJm4W2/jDw8Z9zmHN+PxFcgWV9G0vLK6tr66WN8ubW9s6uubffVnEqKWvRWMSy6xPFBI9YCzgI1k0kI6EvWMcfXeb1zj2TisfRHYwT5oZkEPGAUwLa8szqtZd1HcVD7IQEhpSI7GoycQQLoIYfsCP5YAjHnlmx6tZUeBHsAiqoUNMzv5x+TNOQRUAFUapnWwm4GZHAqWCTspMqlhA6IgPW0xiRkCk3m54zwVXt9HEQS/0iwFP390RGQqXGoa87853VfC03/6v1UgjO3YxHSQosorOPglRgiHGeDe5zySiIsQZCJde7YjokklDQCZZ1CPb8yYvQPqnbmm9PK42LIo4SOkRHqIZsdIYa6AY1UQtR9Iie0St6M56MF+Pd+Ji1LhnFzAH6I+PzB6Sem9M=</latexit><latexit sha1_base64="xMwEgDuk562Gw3+FOAp+Z3rR9hw=">AAACDnicbZDLSsNAFIYnXmu9RV26GSyFuimJCLosKuKygr1AE8JkOmmHTi7MnIgl9Anc+CpuXCji1rU738ZJm4W2/jDw8Z9zmHN+PxFcgWV9G0vLK6tr66WN8ubW9s6uubffVnEqKWvRWMSy6xPFBI9YCzgI1k0kI6EvWMcfXeb1zj2TisfRHYwT5oZkEPGAUwLa8szqtZd1HcVD7IQEhpSI7GoycQQLoIYfsCP5YAjHnlmx6tZUeBHsAiqoUNMzv5x+TNOQRUAFUapnWwm4GZHAqWCTspMqlhA6IgPW0xiRkCk3m54zwVXt9HEQS/0iwFP390RGQqXGoa87853VfC03/6v1UgjO3YxHSQosorOPglRgiHGeDe5zySiIsQZCJde7YjokklDQCZZ1CPb8yYvQPqnbmm9PK42LIo4SOkRHqIZsdIYa6AY1UQtR9Iie0St6M56MF+Pd+Ji1LhnFzAH6I+PzB6Sem9M=</latexit><latexit sha1_base64="xMwEgDuk562Gw3+FOAp+Z3rR9hw=">AAACDnicbZDLSsNAFIYnXmu9RV26GSyFuimJCLosKuKygr1AE8JkOmmHTi7MnIgl9Anc+CpuXCji1rU738ZJm4W2/jDw8Z9zmHN+PxFcgWV9G0vLK6tr66WN8ubW9s6uubffVnEqKWvRWMSy6xPFBI9YCzgI1k0kI6EvWMcfXeb1zj2TisfRHYwT5oZkEPGAUwLa8szqtZd1HcVD7IQEhpSI7GoycQQLoIYfsCP5YAjHnlmx6tZUeBHsAiqoUNMzv5x+TNOQRUAFUapnWwm4GZHAqWCTspMqlhA6IgPW0xiRkCk3m54zwVXt9HEQS/0iwFP390RGQqXGoa87853VfC03/6v1UgjO3YxHSQosorOPglRgiHGeDe5zySiIsQZCJde7YjokklDQCZZ1CPb8yYvQPqnbmm9PK42LIo4SOkRHqIZsdIYa6AY1UQtR9Iie0St6M56MF+Pd+Ji1LhnFzAH6I+PzB6Sem9M=</latexit><latexit sha1_base64="xMwEgDuk562Gw3+FOAp+Z3rR9hw=">AAACDnicbZDLSsNAFIYnXmu9RV26GSyFuimJCLosKuKygr1AE8JkOmmHTi7MnIgl9Anc+CpuXCji1rU738ZJm4W2/jDw8Z9zmHN+PxFcgWV9G0vLK6tr66WN8ubW9s6uubffVnEqKWvRWMSy6xPFBI9YCzgI1k0kI6EvWMcfXeb1zj2TisfRHYwT5oZkEPGAUwLa8szqtZd1HcVD7IQEhpSI7GoycQQLoIYfsCP5YAjHnlmx6tZUeBHsAiqoUNMzv5x+TNOQRUAFUapnWwm4GZHAqWCTspMqlhA6IgPW0xiRkCk3m54zwVXt9HEQS/0iwFP390RGQqXGoa87853VfC03/6v1UgjO3YxHSQosorOPglRgiHGeDe5zySiIsQZCJde7YjokklDQCZZ1CPb8yYvQPqnbmm9PK42LIo4SOkRHqIZsdIYa6AY1UQtR9Iie0St6M56MF+Pd+Ji1LhnFzAH6I+PzB6Sem9M=</latexit>

ED [Function of an r.v. X]
<latexit sha1_base64="+G5i8kM3j7+pjmrpLvr5eRxQoFY="></latexit><latexit sha1_base64="+G5i8kM3j7+pjmrpLvr5eRxQoFY="></latexit><latexit sha1_base64="+G5i8kM3j7+pjmrpLvr5eRxQoFY="></latexit><latexit sha1_base64="+G5i8kM3j7+pjmrpLvr5eRxQoFY="></latexit>

E [Func(X,Y )|Y ]
<latexit sha1_base64="4TEh0Mtv10RpjRL4hT4/PyGrWzk=">AAACFnicbVDJSgNBFOxxjXGLevTSGAQFDTMi6DEoiscIZiMzhJ7Om6RJz0L3GzGM+Qov/ooXD4p4FW/+jZ2Yg1tBQ1H1Hq+r/EQKjbb9YU1Nz8zOzecW8otLyyurhbX1mo5TxaHKYxmrhs80SBFBFQVKaCQKWOhLqPv905FfvwalRRxd4SABL2TdSASCMzRSu7Dvhgx7vp+dDV0JAbaoi3CD2Xka8eFOY6+5S+ktbbpKdHvotQtFu2SPQf8SZ0KKZIJKu/DudmKehhAhl0zrlmMn6GVMoeAShnk31ZAw3mddaBkasRC0l41jDem2UTo0iJV5EdKx+n0jY6HWg9A3k6MQ+rc3Ev/zWikGx14moiRFMDHHh4JUUozpqCPaEQo4yoEhjCth/kp5jynG0TSZNyU4vyP/JbWDkmP45WGxfDKpI0c2yRbZIQ45ImVyQSqkSji5Iw/kiTxb99aj9WK9fo1OWZOdDfID1tsnYJSe1Q==</latexit><latexit sha1_base64="4TEh0Mtv10RpjRL4hT4/PyGrWzk=">AAACFnicbVDJSgNBFOxxjXGLevTSGAQFDTMi6DEoiscIZiMzhJ7Om6RJz0L3GzGM+Qov/ooXD4p4FW/+jZ2Yg1tBQ1H1Hq+r/EQKjbb9YU1Nz8zOzecW8otLyyurhbX1mo5TxaHKYxmrhs80SBFBFQVKaCQKWOhLqPv905FfvwalRRxd4SABL2TdSASCMzRSu7Dvhgx7vp+dDV0JAbaoi3CD2Xka8eFOY6+5S+ktbbpKdHvotQtFu2SPQf8SZ0KKZIJKu/DudmKehhAhl0zrlmMn6GVMoeAShnk31ZAw3mddaBkasRC0l41jDem2UTo0iJV5EdKx+n0jY6HWg9A3k6MQ+rc3Ev/zWikGx14moiRFMDHHh4JUUozpqCPaEQo4yoEhjCth/kp5jynG0TSZNyU4vyP/JbWDkmP45WGxfDKpI0c2yRbZIQ45ImVyQSqkSji5Iw/kiTxb99aj9WK9fo1OWZOdDfID1tsnYJSe1Q==</latexit><latexit sha1_base64="4TEh0Mtv10RpjRL4hT4/PyGrWzk=">AAACFnicbVDJSgNBFOxxjXGLevTSGAQFDTMi6DEoiscIZiMzhJ7Om6RJz0L3GzGM+Qov/ooXD4p4FW/+jZ2Yg1tBQ1H1Hq+r/EQKjbb9YU1Nz8zOzecW8otLyyurhbX1mo5TxaHKYxmrhs80SBFBFQVKaCQKWOhLqPv905FfvwalRRxd4SABL2TdSASCMzRSu7Dvhgx7vp+dDV0JAbaoi3CD2Xka8eFOY6+5S+ktbbpKdHvotQtFu2SPQf8SZ0KKZIJKu/DudmKehhAhl0zrlmMn6GVMoeAShnk31ZAw3mddaBkasRC0l41jDem2UTo0iJV5EdKx+n0jY6HWg9A3k6MQ+rc3Ev/zWikGx14moiRFMDHHh4JUUozpqCPaEQo4yoEhjCth/kp5jynG0TSZNyU4vyP/JbWDkmP45WGxfDKpI0c2yRbZIQ45ImVyQSqkSji5Iw/kiTxb99aj9WK9fo1OWZOdDfID1tsnYJSe1Q==</latexit><latexit sha1_base64="4TEh0Mtv10RpjRL4hT4/PyGrWzk=">AAACFnicbVDJSgNBFOxxjXGLevTSGAQFDTMi6DEoiscIZiMzhJ7Om6RJz0L3GzGM+Qov/ooXD4p4FW/+jZ2Yg1tBQ1H1Hq+r/EQKjbb9YU1Nz8zOzecW8otLyyurhbX1mo5TxaHKYxmrhs80SBFBFQVKaCQKWOhLqPv905FfvwalRRxd4SABL2TdSASCMzRSu7Dvhgx7vp+dDV0JAbaoi3CD2Xka8eFOY6+5S+ktbbpKdHvotQtFu2SPQf8SZ0KKZIJKu/DudmKehhAhl0zrlmMn6GVMoeAShnk31ZAw3mddaBkasRC0l41jDem2UTo0iJV5EdKx+n0jY6HWg9A3k6MQ+rc3Ev/zWikGx14moiRFMDHHh4JUUozpqCPaEQo4yoEhjCth/kp5jynG0TSZNyU4vyP/JbWDkmP45WGxfDKpI0c2yRbZIQ45ImVyQSqkSji5Iw/kiTxb99aj9WK9fo1OWZOdDfID1tsnYJSe1Q==</latexit>

Conditional expectation / conditional probability / density

P [Event of(X,Y )|Y ]
<latexit sha1_base64="VavxCODyBBpYE2mh39QztRJNUKA=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUkDIjgi6LIrisYLXSGUomvdOGZh4kd4pl7He48VfcuFDEnbjxb0xrF9p6IHA4594k5/iJFBpt+8vKzc0vLC7llwsrq2vrG8XNrWsdp4pDnccyVg2faZAigjoKlNBIFLDQl3Dj985G/k0flBZxdIWDBLyQdSIRCM7QSK2i44YMu76f1YauhACb1EW4w+y8DxG6rTgYlhsHt/v0nt66SnS66LWKJbtij0FniTMhJTJBrVX8cNsxT0NzIZdM66ZjJ+hlTKHgEoYFN9WQMN5jHWgaGrEQtJeNow3pnlHaNIiVORHSsfp7I2Oh1oPQN5OjIHraG4n/ec0UgxMvE1GSIkT856EglRRjOuqJtoUCjnJgCONKmL9S3mWKcTRtFkwJznTkWXJ9WHEMvzwqVU8ndeTJDtklZeKQY1IlF6RG6oSTB/JEXsir9Wg9W2/W+89ozprsbJM/sD6/ATd0oO4=</latexit><latexit sha1_base64="VavxCODyBBpYE2mh39QztRJNUKA=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUkDIjgi6LIrisYLXSGUomvdOGZh4kd4pl7He48VfcuFDEnbjxb0xrF9p6IHA4594k5/iJFBpt+8vKzc0vLC7llwsrq2vrG8XNrWsdp4pDnccyVg2faZAigjoKlNBIFLDQl3Dj985G/k0flBZxdIWDBLyQdSIRCM7QSK2i44YMu76f1YauhACb1EW4w+y8DxG6rTgYlhsHt/v0nt66SnS66LWKJbtij0FniTMhJTJBrVX8cNsxT0NzIZdM66ZjJ+hlTKHgEoYFN9WQMN5jHWgaGrEQtJeNow3pnlHaNIiVORHSsfp7I2Oh1oPQN5OjIHraG4n/ec0UgxMvE1GSIkT856EglRRjOuqJtoUCjnJgCONKmL9S3mWKcTRtFkwJznTkWXJ9WHEMvzwqVU8ndeTJDtklZeKQY1IlF6RG6oSTB/JEXsir9Wg9W2/W+89ozprsbJM/sD6/ATd0oO4=</latexit><latexit sha1_base64="VavxCODyBBpYE2mh39QztRJNUKA=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUkDIjgi6LIrisYLXSGUomvdOGZh4kd4pl7He48VfcuFDEnbjxb0xrF9p6IHA4594k5/iJFBpt+8vKzc0vLC7llwsrq2vrG8XNrWsdp4pDnccyVg2faZAigjoKlNBIFLDQl3Dj985G/k0flBZxdIWDBLyQdSIRCM7QSK2i44YMu76f1YauhACb1EW4w+y8DxG6rTgYlhsHt/v0nt66SnS66LWKJbtij0FniTMhJTJBrVX8cNsxT0NzIZdM66ZjJ+hlTKHgEoYFN9WQMN5jHWgaGrEQtJeNow3pnlHaNIiVORHSsfp7I2Oh1oPQN5OjIHraG4n/ec0UgxMvE1GSIkT856EglRRjOuqJtoUCjnJgCONKmL9S3mWKcTRtFkwJznTkWXJ9WHEMvzwqVU8ndeTJDtklZeKQY1IlF6RG6oSTB/JEXsir9Wg9W2/W+89ozprsbJM/sD6/ATd0oO4=</latexit><latexit sha1_base64="VavxCODyBBpYE2mh39QztRJNUKA=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUkDIjgi6LIrisYLXSGUomvdOGZh4kd4pl7He48VfcuFDEnbjxb0xrF9p6IHA4594k5/iJFBpt+8vKzc0vLC7llwsrq2vrG8XNrWsdp4pDnccyVg2faZAigjoKlNBIFLDQl3Dj985G/k0flBZxdIWDBLyQdSIRCM7QSK2i44YMu76f1YauhACb1EW4w+y8DxG6rTgYlhsHt/v0nt66SnS66LWKJbtij0FniTMhJTJBrVX8cNsxT0NzIZdM66ZjJ+hlTKHgEoYFN9WQMN5jHWgaGrEQtJeNow3pnlHaNIiVORHSsfp7I2Oh1oPQN5OjIHraG4n/ec0UgxMvE1GSIkT856EglRRjOuqJtoUCjnJgCONKmL9S3mWKcTRtFkwJznTkWXJ9WHEMvzwqVU8ndeTJDtklZeKQY1IlF6RG6oSTB/JEXsir9Wg9W2/W+89ozprsbJM/sD6/ATd0oO4=</latexit>

f (x|y)
<latexit sha1_base64="93I/OIXsTgh/AQhtTkCWabE+sEI=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaLUDclEUGXRTcuK9gLNKFMppN26GQSZk7EWIuv4saFIm59D3e+jdM2C239YeDjP+dwzvxBIrgGx/m2CkvLK6trxfXSxubW9o69u9fUcaooa9BYxKodEM0El6wBHARrJ4qRKBCsFQyvJvXWHVOax/IWsoT5EelLHnJKwFhd+yD0BAuhgu/xI848xfsDOOnaZafqTIUXwc2hjHLVu/aX14tpGjEJVBCtO66TgD8iCjgVbFzyUs0SQoekzzoGJYmY9kfT68f42Dg9HMbKPAl46v6eGJFI6ywKTGdEYKDnaxPzv1onhfDCH3GZpMAknS0KU4EhxpMocI8rRkFkBghV3NyK6YAoQsEEVjIhuPNfXoTmadU1fHNWrl3mcRTRITpCFeSic1RD16iOGoiiB/SMXtGb9WS9WO/Wx6y1YOUz++iPrM8fTkWUeA==</latexit><latexit sha1_base64="93I/OIXsTgh/AQhtTkCWabE+sEI=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaLUDclEUGXRTcuK9gLNKFMppN26GQSZk7EWIuv4saFIm59D3e+jdM2C239YeDjP+dwzvxBIrgGx/m2CkvLK6trxfXSxubW9o69u9fUcaooa9BYxKodEM0El6wBHARrJ4qRKBCsFQyvJvXWHVOax/IWsoT5EelLHnJKwFhd+yD0BAuhgu/xI848xfsDOOnaZafqTIUXwc2hjHLVu/aX14tpGjEJVBCtO66TgD8iCjgVbFzyUs0SQoekzzoGJYmY9kfT68f42Dg9HMbKPAl46v6eGJFI6ywKTGdEYKDnaxPzv1onhfDCH3GZpMAknS0KU4EhxpMocI8rRkFkBghV3NyK6YAoQsEEVjIhuPNfXoTmadU1fHNWrl3mcRTRITpCFeSic1RD16iOGoiiB/SMXtGb9WS9WO/Wx6y1YOUz++iPrM8fTkWUeA==</latexit><latexit sha1_base64="93I/OIXsTgh/AQhtTkCWabE+sEI=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaLUDclEUGXRTcuK9gLNKFMppN26GQSZk7EWIuv4saFIm59D3e+jdM2C239YeDjP+dwzvxBIrgGx/m2CkvLK6trxfXSxubW9o69u9fUcaooa9BYxKodEM0El6wBHARrJ4qRKBCsFQyvJvXWHVOax/IWsoT5EelLHnJKwFhd+yD0BAuhgu/xI848xfsDOOnaZafqTIUXwc2hjHLVu/aX14tpGjEJVBCtO66TgD8iCjgVbFzyUs0SQoekzzoGJYmY9kfT68f42Dg9HMbKPAl46v6eGJFI6ywKTGdEYKDnaxPzv1onhfDCH3GZpMAknS0KU4EhxpMocI8rRkFkBghV3NyK6YAoQsEEVjIhuPNfXoTmadU1fHNWrl3mcRTRITpCFeSic1RD16iOGoiiB/SMXtGb9WS9WO/Wx6y1YOUz++iPrM8fTkWUeA==</latexit><latexit sha1_base64="93I/OIXsTgh/AQhtTkCWabE+sEI=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaLUDclEUGXRTcuK9gLNKFMppN26GQSZk7EWIuv4saFIm59D3e+jdM2C239YeDjP+dwzvxBIrgGx/m2CkvLK6trxfXSxubW9o69u9fUcaooa9BYxKodEM0El6wBHARrJ4qRKBCsFQyvJvXWHVOax/IWsoT5EelLHnJKwFhd+yD0BAuhgu/xI848xfsDOOnaZafqTIUXwc2hjHLVu/aX14tpGjEJVBCtO66TgD8iCjgVbFzyUs0SQoekzzoGJYmY9kfT68f42Dg9HMbKPAl46v6eGJFI6ywKTGdEYKDnaxPzv1onhfDCH3GZpMAknS0KU4EhxpMocI8rRkFkBghV3NyK6YAoQsEEVjIhuPNfXoTmadU1fHNWrl3mcRTRITpCFeSic1RD16iOGoiiB/SMXtGb9WS9WO/Wx6y1YOUz++iPrM8fTkWUeA==</latexit>

12



Notations from linear algebra
• Matrices and vectors

• Transpose and inverse

• Inner product / dot product

• Norms

22 Linear Algebra

()

2

64
a11 · · · a1n

...
...

am1 · · · amn

3

75

2

64
x1

...
xn

3

75 =

2

64
b1

...
bm

3

75 . (2.10)

In the following, we will have a close look at these matrices and de-
fine computation rules. We will return to solving linear equations in Sec-
tion 2.3.

2.2 Matrices

Matrices play a central role in linear algebra. They can be used to com-
pactly represent systems of linear equations, but they also represent linear
functions (linear mappings) as we will see later in Section 2.7. Before we
discuss some of these interesting topics, let us first define what a matrix
is and what kind of operations we can do with matrices. We will see more
properties of matrices in Chapter 4.

Definition 2.1 (Matrix). With m,n 2 N a real-valued (m,n) matrix A ismatrix

an m·n-tuple of elements aij , i = 1, . . . ,m, j = 1, . . . , n, which is ordered
according to a rectangular scheme consisting of m rows and n columns:

A =

2

6664

a11 a12 · · · a1n

a21 a22 · · · a2n

...
...

...
am1 am2 · · · amn

3

7775 , aij 2 R . (2.11)

By convention (1, n)-matrices are called rows and (m, 1)-matrices are calledrow

columns. These special matrices are also called row/column vectors.column
row vector
column vector
Figure 2.4 By
stacking its
columns, a matrix A
can be represented
as a long vector a.

re-shape

A 2 R4⇥2
a 2 R8

Rm⇥n is the set of all real-valued (m,n)-matrices. A 2 Rm⇥n can be
equivalently represented as a 2 Rmn by stacking all n columns of the
matrix into a long vector; see Figure 2.4.

2.2.1 Matrix Addition and Multiplication

The sum of two matrices A 2 Rm⇥n, B 2 Rm⇥n is defined as the element-
wise sum, i.e.,

A + B :=

2

64
a11 + b11 · · · a1n + b1n

...
...

am1 + bm1 · · · amn + bmn

3

75 2 Rm⇥n
. (2.12)

For matrices A 2 Rm⇥n, B 2 Rn⇥k, the elements cij of the productNote the size of the
matrices. C = AB 2 Rm⇥k are computed as
C =
np.einsum(’il,
lj’, A, B) cij =

nX

l=1

ailblj, i = 1, . . . ,m, j = 1, . . . , k. (2.13)
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be added together, which results in another polynomial; and they can
be multiplied by a scalar � 2 R, and the result is a polynomial as
well. Therefore, polynomials are (rather unusual) instances of vectors.
Note that polynomials are very different from geometric vectors. While
geometric vectors are concrete “drawings”, polynomials are abstract
concepts. However, they are both vectors in the sense previously de-
scribed.

3. Audio signals are vectors. Audio signals are represented as a series of
numbers. We can add audio signals together, and their sum is a new
audio signal. If we scale an audio signal, we also obtain an audio signal.
Therefore, audio signals are a type of vector, too.

4. Elements of Rn (tuples of n real numbers) are vectors. Rn is more
abstract than polynomials, and it is the concept we focus on in this
book. For instance,

a =

2

4
1
2
3

3

5 2 R3 (2.1)

is an example of a triplet of numbers. Adding two vectors a, b 2 Rn

component-wise results in another vector: a + b = c 2 Rn. Moreover,
multiplying a 2 Rn by � 2 R results in a scaled vector �a 2 Rn.
Considering vectors as elements of Rn has an additional benefit thatBe careful to check

whether array
operations actually
perform vector
operations when
implementing on a
computer.

it loosely corresponds to arrays of real numbers on a computer. Many
programming languages support array operations, which allow for con-
venient implementation of algorithms that involve vector operations.

Linear algebra focuses on the similarities between these vector concepts.
We can add them together and multiply them by scalars. We will largelyPavel Grinfeld’s

series on linear
algebra:
http://tinyurl.

com/nahclwm

Gilbert Strang’s
course on linear
algebra:
http://tinyurl.

com/29p5q8j

3Blue1Brown series
on linear algebra:
https://tinyurl.

com/h5g4kps

focus on vectors in Rn since most algorithms in linear algebra are for-
mulated in Rn. We will see in Chapter 8 that we often consider data to
be represented as vectors in Rn. In this book, we will focus on finite-
dimensional vector spaces, in which case there is a 1:1 correspondence
between any kind of vector and Rn. When it is convenient, we will use
intuitions about geometric vectors and consider array-based algorithms.

One major idea in mathematics is the idea of “closure”. This is the ques-
tion: What is the set of all things that can result from my proposed oper-
ations? In the case of vectors: What is the set of vectors that can result by
starting with a small set of vectors, and adding them to each other and
scaling them? This results in a vector space (Section 2.4). The concept of
a vector space and its properties underlie much of machine learning. The
concepts introduced in this chapter are summarized in Figure 2.2.

This chapter is mostly based on the lecture notes and books by Drumm
and Weil (2001), Strang (2003), Hogben (2013), Liesen and Mehrmann
(2015), as well as Pavel Grinfeld’s Linear Algebra series. Other excellent
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Example 3.2 (Euclidean Norm)
The Euclidean norm of x 2 Rn is defined asEuclidean norm

kxk2 :=

vuut
nX

i=1

x
2
i =

p

x>x (3.4)

and computes the Euclidean distance of x from the origin. The right panelEuclidean distance

of Figure 3.3 shows all vectors x 2 R2 with kxk2 = 1. The Euclidean
norm is also called `2 norm.`2 norm

Remark. Throughout this book, we will use the Euclidean norm (3.4) by
default if not stated otherwise. }

3.2 Inner Products

Inner products allow for the introduction of intuitive geometrical con-
cepts, such as the length of a vector and the angle or distance between
two vectors. A major purpose of inner products is to determine whether
vectors are orthogonal to each other.

3.2.1 Dot Product

We may already be familiar with a particular type of inner product, the
scalar product/dot product in Rn, which is given byscalar product

dot product

x
>
y =

nX

i=1

xiyi . (3.5)

We will refer to this particular inner product as the dot product in this
book. However, inner products are more general concepts with specific
properties, which we will now introduce.

3.2.2 General Inner Products

Recall the linear mapping from Section 2.7, where we can rearrange the
mapping with respect to addition and multiplication with a scalar. A bi-bilinear mapping

linear mapping ⌦ is a mapping with two arguments, and it is linear in
each argument, i.e., when we look at a vector space V then it holds that
for all x,y, z 2 V, �, 2 R that

⌦(�x +  y, z) = �⌦(x, z) +  ⌦(y, z) (3.6)
⌦(x,�y +  z) = �⌦(x,y) +  ⌦(x, z) . (3.7)

Here, (3.6) asserts that ⌦ is linear in the first argument, and (3.7) asserts
that ⌦ is linear in the second argument (see also (2.87)).
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AT 2 Rn⇥m
<latexit sha1_base64="rpCLD6OzZiEm+RIAVS/VmnMcoUo=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclUQEXVbduKzSFzRpmUwn7dCZSZiZCCVk58ZfceNCEbf+gjv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+pKJGYNHHEItkJkCKMCtLUVDPSiSVBPGCkHYxvcr/9QKSikWjoSUx8joaChhQjbaS+fXTVa0CPCuhxpEdBkN5nvVR4mnKiIM/6dsWpOlPAReIWpAIK1Pv2lzeIcMKJ0JghpbquE2s/RVJTzEhW9hJFYoTHaEi6hgpk9vjp9I8MnhhlAMNImhIaTtXfEyniSk14YDrza9W8l4v/ed1Eh5d+SkWcaCLwbFGYMKgjmIcCB1QSrNnEEIQlNbdCPEISYW2iK5sQ3PmXF0nrrOoafndeqV0XcZTAITgGp8AFF6AGbkEdNAEGj+AZvII368l6sd6tj1nrklXMHIA/sD5/AJHqmSA=</latexit><latexit sha1_base64="rpCLD6OzZiEm+RIAVS/VmnMcoUo=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclUQEXVbduKzSFzRpmUwn7dCZSZiZCCVk58ZfceNCEbf+gjv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+pKJGYNHHEItkJkCKMCtLUVDPSiSVBPGCkHYxvcr/9QKSikWjoSUx8joaChhQjbaS+fXTVa0CPCuhxpEdBkN5nvVR4mnKiIM/6dsWpOlPAReIWpAIK1Pv2lzeIcMKJ0JghpbquE2s/RVJTzEhW9hJFYoTHaEi6hgpk9vjp9I8MnhhlAMNImhIaTtXfEyniSk14YDrza9W8l4v/ed1Eh5d+SkWcaCLwbFGYMKgjmIcCB1QSrNnEEIQlNbdCPEISYW2iK5sQ3PmXF0nrrOoafndeqV0XcZTAITgGp8AFF6AGbkEdNAEGj+AZvII368l6sd6tj1nrklXMHIA/sD5/AJHqmSA=</latexit><latexit sha1_base64="rpCLD6OzZiEm+RIAVS/VmnMcoUo=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclUQEXVbduKzSFzRpmUwn7dCZSZiZCCVk58ZfceNCEbf+gjv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+pKJGYNHHEItkJkCKMCtLUVDPSiSVBPGCkHYxvcr/9QKSikWjoSUx8joaChhQjbaS+fXTVa0CPCuhxpEdBkN5nvVR4mnKiIM/6dsWpOlPAReIWpAIK1Pv2lzeIcMKJ0JghpbquE2s/RVJTzEhW9hJFYoTHaEi6hgpk9vjp9I8MnhhlAMNImhIaTtXfEyniSk14YDrza9W8l4v/ed1Eh5d+SkWcaCLwbFGYMKgjmIcCB1QSrNnEEIQlNbdCPEISYW2iK5sQ3PmXF0nrrOoafndeqV0XcZTAITgGp8AFF6AGbkEdNAEGj+AZvII368l6sd6tj1nrklXMHIA/sD5/AJHqmSA=</latexit><latexit sha1_base64="rpCLD6OzZiEm+RIAVS/VmnMcoUo=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclUQEXVbduKzSFzRpmUwn7dCZSZiZCCVk58ZfceNCEbf+gjv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+pKJGYNHHEItkJkCKMCtLUVDPSiSVBPGCkHYxvcr/9QKSikWjoSUx8joaChhQjbaS+fXTVa0CPCuhxpEdBkN5nvVR4mnKiIM/6dsWpOlPAReIWpAIK1Pv2lzeIcMKJ0JghpbquE2s/RVJTzEhW9hJFYoTHaEi6hgpk9vjp9I8MnhhlAMNImhIaTtXfEyniSk14YDrza9W8l4v/ed1Eh5d+SkWcaCLwbFGYMKgjmIcCB1QSrNnEEIQlNbdCPEISYW2iK5sQ3PmXF0nrrOoafndeqV0XcZTAITgGp8AFF6AGbkEdNAEGj+AZvII368l6sd6tj1nrklXMHIA/sD5/AJHqmSA=</latexit>

A�1A = I
<latexit sha1_base64="kNdEIXI+IlY5EQVhz0oTeODZ/II=">AAAB83icbZDLSgMxFIbPeK31VnXpJlgEN5YZEXQjtLrRXQV7gXYsmfRMG5rJDElGKENfw40LRdz6Mu58G9PLQlt/CHz85xzOyR8kgmvjut/O0vLK6tp6biO/ubW9s1vY26/rOFUMaywWsWoGVKPgEmuGG4HNRCGNAoGNYHAzrjeeUGkeywczTNCPaE/ykDNqrNWuPGan3ohUyBW56xSKbsmdiCyCN4MizFTtFL7a3ZilEUrDBNW65bmJ8TOqDGcCR/l2qjGhbEB72LIoaYTazyY3j8ixdbokjJV90pCJ+3sio5HWwyiwnRE1fT1fG5v/1VqpCS/9jMskNSjZdFGYCmJiMg6AdLlCZsTQAmWK21sJ61NFmbEx5W0I3vyXF6F+VvIs358Xy9ezOHJwCEdwAh5cQBluoQo1YJDAM7zCm5M6L8678zFtXXJmMwfwR87nD5B0kA4=</latexit><latexit sha1_base64="kNdEIXI+IlY5EQVhz0oTeODZ/II=">AAAB83icbZDLSgMxFIbPeK31VnXpJlgEN5YZEXQjtLrRXQV7gXYsmfRMG5rJDElGKENfw40LRdz6Mu58G9PLQlt/CHz85xzOyR8kgmvjut/O0vLK6tp6biO/ubW9s1vY26/rOFUMaywWsWoGVKPgEmuGG4HNRCGNAoGNYHAzrjeeUGkeywczTNCPaE/ykDNqrNWuPGan3ohUyBW56xSKbsmdiCyCN4MizFTtFL7a3ZilEUrDBNW65bmJ8TOqDGcCR/l2qjGhbEB72LIoaYTazyY3j8ixdbokjJV90pCJ+3sio5HWwyiwnRE1fT1fG5v/1VqpCS/9jMskNSjZdFGYCmJiMg6AdLlCZsTQAmWK21sJ61NFmbEx5W0I3vyXF6F+VvIs358Xy9ezOHJwCEdwAh5cQBluoQo1YJDAM7zCm5M6L8678zFtXXJmMwfwR87nD5B0kA4=</latexit><latexit sha1_base64="kNdEIXI+IlY5EQVhz0oTeODZ/II=">AAAB83icbZDLSgMxFIbPeK31VnXpJlgEN5YZEXQjtLrRXQV7gXYsmfRMG5rJDElGKENfw40LRdz6Mu58G9PLQlt/CHz85xzOyR8kgmvjut/O0vLK6tp6biO/ubW9s1vY26/rOFUMaywWsWoGVKPgEmuGG4HNRCGNAoGNYHAzrjeeUGkeywczTNCPaE/ykDNqrNWuPGan3ohUyBW56xSKbsmdiCyCN4MizFTtFL7a3ZilEUrDBNW65bmJ8TOqDGcCR/l2qjGhbEB72LIoaYTazyY3j8ixdbokjJV90pCJ+3sio5HWwyiwnRE1fT1fG5v/1VqpCS/9jMskNSjZdFGYCmJiMg6AdLlCZsTQAmWK21sJ61NFmbEx5W0I3vyXF6F+VvIs358Xy9ezOHJwCEdwAh5cQBluoQo1YJDAM7zCm5M6L8678zFtXXJmMwfwR87nD5B0kA4=</latexit><latexit sha1_base64="kNdEIXI+IlY5EQVhz0oTeODZ/II=">AAAB83icbZDLSgMxFIbPeK31VnXpJlgEN5YZEXQjtLrRXQV7gXYsmfRMG5rJDElGKENfw40LRdz6Mu58G9PLQlt/CHz85xzOyR8kgmvjut/O0vLK6tp6biO/ubW9s1vY26/rOFUMaywWsWoGVKPgEmuGG4HNRCGNAoGNYHAzrjeeUGkeywczTNCPaE/ykDNqrNWuPGan3ohUyBW56xSKbsmdiCyCN4MizFTtFL7a3ZilEUrDBNW65bmJ8TOqDGcCR/l2qjGhbEB72LIoaYTazyY3j8ixdbokjJV90pCJ+3sio5HWwyiwnRE1fT1fG5v/1VqpCS/9jMskNSjZdFGYCmJiMg6AdLlCZsTQAmWK21sJ61NFmbEx5W0I3vyXF6F+VvIs358Xy9ezOHJwCEdwAh5cQBluoQo1YJDAM7zCm5M6L8678zFtXXJmMwfwR87nD5B0kA4=</latexit>
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kxk :=

sX

i

x2
i

<latexit sha1_base64="CwVrfGyQhMWa3Yxee5JTbIkDjkI=">AAACC3icbZDLSsNAFIYnXmu9RV26GVoEVyUpgiIIRTcuK9gLNDFMppN26GQSZybSkmbvxldx40IRt76AO9/GaZuFtv4w8PGfczhzfj9mVCrL+jaWlldW19YLG8XNre2dXXNvvymjRGDSwBGLRNtHkjDKSUNRxUg7FgSFPiMtf3A1qbceiJA04rdqFBM3RD1OA4qR0pZnlpzx0BlDeH4BHXkvVOrIJPRSmsGhR++qMIPQM8tWxZoKLoKdQxnkqnvml9ONcBISrjBDUnZsK1ZuioSimJGs6CSSxAgPUI90NHIUEumm01syeKSdLgwioR9XcOr+nkhRKOUo9HVniFRfztcm5n+1TqKCMzelPE4U4Xi2KEgYVBGcBAO7VBCs2EgDwoLqv0LcRwJhpeMr6hDs+ZMXoVmt2JpvTsq1yzyOAjgEJXAMbHAKauAa1EEDYPAInsEreDOejBfj3fiYtS4Z+cwB+CPj8wc355nd</latexit><latexit sha1_base64="CwVrfGyQhMWa3Yxee5JTbIkDjkI=">AAACC3icbZDLSsNAFIYnXmu9RV26GVoEVyUpgiIIRTcuK9gLNDFMppN26GQSZybSkmbvxldx40IRt76AO9/GaZuFtv4w8PGfczhzfj9mVCrL+jaWlldW19YLG8XNre2dXXNvvymjRGDSwBGLRNtHkjDKSUNRxUg7FgSFPiMtf3A1qbceiJA04rdqFBM3RD1OA4qR0pZnlpzx0BlDeH4BHXkvVOrIJPRSmsGhR++qMIPQM8tWxZoKLoKdQxnkqnvml9ONcBISrjBDUnZsK1ZuioSimJGs6CSSxAgPUI90NHIUEumm01syeKSdLgwioR9XcOr+nkhRKOUo9HVniFRfztcm5n+1TqKCMzelPE4U4Xi2KEgYVBGcBAO7VBCs2EgDwoLqv0LcRwJhpeMr6hDs+ZMXoVmt2JpvTsq1yzyOAjgEJXAMbHAKauAa1EEDYPAInsEreDOejBfj3fiYtS4Z+cwB+CPj8wc355nd</latexit><latexit sha1_base64="CwVrfGyQhMWa3Yxee5JTbIkDjkI=">AAACC3icbZDLSsNAFIYnXmu9RV26GVoEVyUpgiIIRTcuK9gLNDFMppN26GQSZybSkmbvxldx40IRt76AO9/GaZuFtv4w8PGfczhzfj9mVCrL+jaWlldW19YLG8XNre2dXXNvvymjRGDSwBGLRNtHkjDKSUNRxUg7FgSFPiMtf3A1qbceiJA04rdqFBM3RD1OA4qR0pZnlpzx0BlDeH4BHXkvVOrIJPRSmsGhR++qMIPQM8tWxZoKLoKdQxnkqnvml9ONcBISrjBDUnZsK1ZuioSimJGs6CSSxAgPUI90NHIUEumm01syeKSdLgwioR9XcOr+nkhRKOUo9HVniFRfztcm5n+1TqKCMzelPE4U4Xi2KEgYVBGcBAO7VBCs2EgDwoLqv0LcRwJhpeMr6hDs+ZMXoVmt2JpvTsq1yzyOAjgEJXAMbHAKauAa1EEDYPAInsEreDOejBfj3fiYtS4Z+cwB+CPj8wc355nd</latexit><latexit sha1_base64="CwVrfGyQhMWa3Yxee5JTbIkDjkI=">AAACC3icbZDLSsNAFIYnXmu9RV26GVoEVyUpgiIIRTcuK9gLNDFMppN26GQSZybSkmbvxldx40IRt76AO9/GaZuFtv4w8PGfczhzfj9mVCrL+jaWlldW19YLG8XNre2dXXNvvymjRGDSwBGLRNtHkjDKSUNRxUg7FgSFPiMtf3A1qbceiJA04rdqFBM3RD1OA4qR0pZnlpzx0BlDeH4BHXkvVOrIJPRSmsGhR++qMIPQM8tWxZoKLoKdQxnkqnvml9ONcBISrjBDUnZsK1ZuioSimJGs6CSSxAgPUI90NHIUEumm01syeKSdLgwioR9XcOr+nkhRKOUo9HVniFRfztcm5n+1TqKCMzelPE4U4Xi2KEgYVBGcBAO7VBCs2EgDwoLqv0LcRwJhpeMr6hDs+ZMXoVmt2JpvTsq1yzyOAjgEJXAMbHAKauAa1EEDYPAInsEreDOejBfj3fiYtS4Z+cwB+CPj8wc355nd</latexit>

kxkp :=

 
X

i

xp
i

!1/p

<latexit sha1_base64="HY33uBwgxqxSl9DfHOOpJwYh2yw=">AAACFnicbZDLSsNAFIYn9VbrLerSzWAR6sKaiKAIgujGpYK9QNOGyXTSDp0kw8yJtMQ+hRtfxY0LRdyKO9/Gae1Cqz8MfPznHM6cP5CCa3CcTys3Mzs3v5BfLCwtr6yu2esbVZ2kirIKTUSi6gHRTPCYVYCDYHWpGIkCwWpB72JUr90ypXkS38BAsmZEOjEPOSVgLN/e8+763p0vMT45xZ5gIZQ8nUZ+xoe47/OW9BTvdGG3lbn7cujbRafsjIX/gjuBIproyrc/vHZC04jFQAXRuuE6EpoZUcCpYMOCl2omCe2RDmsYjEnEdDMbnzXEO8Zp4zBR5sWAx+7PiYxEWg+iwHRGBLp6ujYy/6s1UgiPmxmPZQospt+LwlRgSPAoI9zmilEQAwOEKm7+immXKELBJFkwIbjTJ/+F6kHZNXx9WDw7n8SRR1toG5WQi47QGbpEV6iCKLpHj+gZvVgP1pP1ar19t+asycwm+iXr/QtIo57S</latexit><latexit sha1_base64="HY33uBwgxqxSl9DfHOOpJwYh2yw=">AAACFnicbZDLSsNAFIYn9VbrLerSzWAR6sKaiKAIgujGpYK9QNOGyXTSDp0kw8yJtMQ+hRtfxY0LRdyKO9/Gae1Cqz8MfPznHM6cP5CCa3CcTys3Mzs3v5BfLCwtr6yu2esbVZ2kirIKTUSi6gHRTPCYVYCDYHWpGIkCwWpB72JUr90ypXkS38BAsmZEOjEPOSVgLN/e8+763p0vMT45xZ5gIZQ8nUZ+xoe47/OW9BTvdGG3lbn7cujbRafsjIX/gjuBIproyrc/vHZC04jFQAXRuuE6EpoZUcCpYMOCl2omCe2RDmsYjEnEdDMbnzXEO8Zp4zBR5sWAx+7PiYxEWg+iwHRGBLp6ujYy/6s1UgiPmxmPZQospt+LwlRgSPAoI9zmilEQAwOEKm7+immXKELBJFkwIbjTJ/+F6kHZNXx9WDw7n8SRR1toG5WQi47QGbpEV6iCKLpHj+gZvVgP1pP1ar19t+asycwm+iXr/QtIo57S</latexit><latexit sha1_base64="HY33uBwgxqxSl9DfHOOpJwYh2yw=">AAACFnicbZDLSsNAFIYn9VbrLerSzWAR6sKaiKAIgujGpYK9QNOGyXTSDp0kw8yJtMQ+hRtfxY0LRdyKO9/Gae1Cqz8MfPznHM6cP5CCa3CcTys3Mzs3v5BfLCwtr6yu2esbVZ2kirIKTUSi6gHRTPCYVYCDYHWpGIkCwWpB72JUr90ypXkS38BAsmZEOjEPOSVgLN/e8+763p0vMT45xZ5gIZQ8nUZ+xoe47/OW9BTvdGG3lbn7cujbRafsjIX/gjuBIproyrc/vHZC04jFQAXRuuE6EpoZUcCpYMOCl2omCe2RDmsYjEnEdDMbnzXEO8Zp4zBR5sWAx+7PiYxEWg+iwHRGBLp6ujYy/6s1UgiPmxmPZQospt+LwlRgSPAoI9zmilEQAwOEKm7+immXKELBJFkwIbjTJ/+F6kHZNXx9WDw7n8SRR1toG5WQi47QGbpEV6iCKLpHj+gZvVgP1pP1ar19t+asycwm+iXr/QtIo57S</latexit><latexit sha1_base64="HY33uBwgxqxSl9DfHOOpJwYh2yw=">AAACFnicbZDLSsNAFIYn9VbrLerSzWAR6sKaiKAIgujGpYK9QNOGyXTSDp0kw8yJtMQ+hRtfxY0LRdyKO9/Gae1Cqz8MfPznHM6cP5CCa3CcTys3Mzs3v5BfLCwtr6yu2esbVZ2kirIKTUSi6gHRTPCYVYCDYHWpGIkCwWpB72JUr90ypXkS38BAsmZEOjEPOSVgLN/e8+763p0vMT45xZ5gIZQ8nUZ+xoe47/OW9BTvdGG3lbn7cujbRafsjIX/gjuBIproyrc/vHZC04jFQAXRuuE6EpoZUcCpYMOCl2omCe2RDmsYjEnEdDMbnzXEO8Zp4zBR5sWAx+7PiYxEWg+iwHRGBLp6ujYy/6s1UgiPmxmPZQospt+LwlRgSPAoI9zmilEQAwOEKm7+immXKELBJFkwIbjTJ/+F6kHZNXx9WDw7n8SRR1toG5WQi47QGbpEV6iCKLpHj+gZvVgP1pP1ar19t+asycwm+iXr/QtIo57S</latexit>

hx,yi =
<latexit sha1_base64="1s3s3NnCNGnb69y4ERbTl/NeYXQ=">AAACF3icbVBNS8MwGE79nPOr6tFLcAgeZLQi6EUYevE4wX3AWkaapltYmpQkFUvZv/DiX/HiQRGvevPfmG49zM0HQp487/OS932ChFGlHefHWlpeWV1br2xUN7e2d3btvf22EqnEpIUFE7IbIEUY5aSlqWakm0iC4oCRTjC6KeqdByIVFfxeZwnxYzTgNKIYaSP17brHEB8wAr1AsFBlsbnyx/Hp7DMbe3JquurbNafuTAAXiVuSGijR7NvfXihwGhOuMUNK9Vwn0X6OpKaYkXHVSxVJEB6hAekZylFMlJ9P9hrDY6OEMBLSHK7hRJ3tyFGsihmNM0Z6qOZrhfhfrZfq6NLPKU9STTiefhSlDGoBi5BgSCXBmmWGICypmRXiIZIIaxNl1YTgzq+8SNpnddfwu/Na47qMowIOwRE4AS64AA1wC5qgBTB4Ai/gDbxbz9ar9WF9Tq1LVtlzAP7A+voFl1ugyw==</latexit><latexit sha1_base64="1s3s3NnCNGnb69y4ERbTl/NeYXQ=">AAACF3icbVBNS8MwGE79nPOr6tFLcAgeZLQi6EUYevE4wX3AWkaapltYmpQkFUvZv/DiX/HiQRGvevPfmG49zM0HQp487/OS932ChFGlHefHWlpeWV1br2xUN7e2d3btvf22EqnEpIUFE7IbIEUY5aSlqWakm0iC4oCRTjC6KeqdByIVFfxeZwnxYzTgNKIYaSP17brHEB8wAr1AsFBlsbnyx/Hp7DMbe3JquurbNafuTAAXiVuSGijR7NvfXihwGhOuMUNK9Vwn0X6OpKaYkXHVSxVJEB6hAekZylFMlJ9P9hrDY6OEMBLSHK7hRJ3tyFGsihmNM0Z6qOZrhfhfrZfq6NLPKU9STTiefhSlDGoBi5BgSCXBmmWGICypmRXiIZIIaxNl1YTgzq+8SNpnddfwu/Na47qMowIOwRE4AS64AA1wC5qgBTB4Ai/gDbxbz9ar9WF9Tq1LVtlzAP7A+voFl1ugyw==</latexit><latexit sha1_base64="1s3s3NnCNGnb69y4ERbTl/NeYXQ=">AAACF3icbVBNS8MwGE79nPOr6tFLcAgeZLQi6EUYevE4wX3AWkaapltYmpQkFUvZv/DiX/HiQRGvevPfmG49zM0HQp487/OS932ChFGlHefHWlpeWV1br2xUN7e2d3btvf22EqnEpIUFE7IbIEUY5aSlqWakm0iC4oCRTjC6KeqdByIVFfxeZwnxYzTgNKIYaSP17brHEB8wAr1AsFBlsbnyx/Hp7DMbe3JquurbNafuTAAXiVuSGijR7NvfXihwGhOuMUNK9Vwn0X6OpKaYkXHVSxVJEB6hAekZylFMlJ9P9hrDY6OEMBLSHK7hRJ3tyFGsihmNM0Z6qOZrhfhfrZfq6NLPKU9STTiefhSlDGoBi5BgSCXBmmWGICypmRXiIZIIaxNl1YTgzq+8SNpnddfwu/Na47qMowIOwRE4AS64AA1wC5qgBTB4Ai/gDbxbz9ar9WF9Tq1LVtlzAP7A+voFl1ugyw==</latexit><latexit sha1_base64="1s3s3NnCNGnb69y4ERbTl/NeYXQ=">AAACF3icbVBNS8MwGE79nPOr6tFLcAgeZLQi6EUYevE4wX3AWkaapltYmpQkFUvZv/DiX/HiQRGvevPfmG49zM0HQp487/OS932ChFGlHefHWlpeWV1br2xUN7e2d3btvf22EqnEpIUFE7IbIEUY5aSlqWakm0iC4oCRTjC6KeqdByIVFfxeZwnxYzTgNKIYaSP17brHEB8wAr1AsFBlsbnyx/Hp7DMbe3JquurbNafuTAAXiVuSGijR7NvfXihwGhOuMUNK9Vwn0X6OpKaYkXHVSxVJEB6hAekZylFMlJ9P9hrDY6OEMBLSHK7hRJ3tyFGsihmNM0Z6qOZrhfhfrZfq6NLPKU9STTiefhSlDGoBi5BgSCXBmmWGICypmRXiIZIIaxNl1YTgzq+8SNpnddfwu/Na47qMowIOwRE4AS64AA1wC5qgBTB4Ai/gDbxbz9ar9WF9Tq1LVtlzAP7A+voFl1ugyw==</latexit>



Other useful notationsA Appendix

A.1 Notation

In general, we will not be religious about using uppercase letters to denote random variables
or bold letters to denote vectors or matrices. The type of the variable should hopefully be
clear from context.

• Basic definitions

– [n] = {1, . . . , n}

– For a sequence v1, . . . , vn:

⇤ Let vi:j = (vi, vi+1, . . . , vj�1, vj) be the subsequence from i to j inclusive.

⇤ Let v<i = v1:i�1.

– rf : gradient of a di↵erentiable function f

– @f(v): set of subgradients of a convex function f

– Indicator (one-zero) function:

I[condition] def
=

(
1 if condition is true

0 otherwise.
(694)

– Probability simplex:

�d

def
=

(
w 2 Rd : w ⌫ 0 and

dX

i=1

wi = 1

)
. (695)

– Euclidean projection:

⇧S(w)
def
= argmin

u2S

ku� wk2 (696)

is the closest point (measured using Euclidean distance) to w that’s in S.

• We will try to stick with the following conventions:

– x: input

– y: output

– z: input-output pair

– d: dimensionality

– n: number of examples

– t: iteration number
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[n] := {1, 2, 3, ..., n}
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6 Foreword

Table of Symbols

Symbol Typical meaning
a, b, c,↵,�, � Scalars are lowercase
x,y, z Vectors are bold lowercase
A,B,C Matrices are bold uppercase
x

>
,A

> Transpose of a vector or matrix
A

�1 Inverse of a matrix
hx,yi Inner product of x and y

x
>
y Dot product of x and y

B = (b1, b2, b3) (Ordered) tuple
B = [b1, b2, b3] Matrix of column vectors stacked horizontally
B = {b1, b2, b3} Set of vectors (unordered)
Z,N Integers and natural numbers, respectively
R,C Real and complex numbers, respectively
Rn

n-dimensional vector space of real numbers
8x Universal quantifier: for all x
9x Existential quantifier: there exists x
a := b a is defined as b
a =: b b is defined as a
a / b a is proportional to b, i.e., a = constant · b

g � f Function composition: “g after f”
() If and only if
=) Implies
A, C Sets
a 2 A a is an element of set A

; Empty set
A\B A without B: the set of elements in A but not in B

D Number of dimensions; indexed by d = 1, . . . , D
N Number of data points; indexed by n = 1, . . . , N
Im Identity matrix of size m ⇥ m

0m,n Matrix of zeros of size m ⇥ n

1m,n Matrix of ones of size m ⇥ n

ei Standard/canonical vector (where i is the component that is 1)
dim Dimensionality of vector space
rk(A) Rank of matrix A

Im(�) Image of linear mapping �
ker(�) Kernel (null space) of a linear mapping �
span[b1] Span (generating set) of b1

tr(A) Trace of A

det(A) Determinant of A

| · | Absolute value or determinant (depending on context)
k·k Norm; Euclidean, unless specified
� Eigenvalue or Lagrange multiplier
E� Eigenspace corresponding to eigenvalue �
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A Appendix

A.1 Notation

In general, we will not be religious about using uppercase letters to denote random variables
or bold letters to denote vectors or matrices. The type of the variable should hopefully be
clear from context.

• Basic definitions

– [n] = {1, . . . , n}

– For a sequence v1, . . . , vn:

⇤ Let vi:j = (vi, vi+1, . . . , vj�1, vj) be the subsequence from i to j inclusive.

⇤ Let v<i = v1:i�1.

– rf : gradient of a di↵erentiable function f

– @f(v): set of subgradients of a convex function f

– Indicator (one-zero) function:

I[condition] def
=

(
1 if condition is true

0 otherwise.
(694)

– Probability simplex:

�d

def
=

(
w 2 Rd : w ⌫ 0 and

dX

i=1

wi = 1

)
. (695)

– Euclidean projection:

⇧S(w)
def
= argmin

u2S

ku� wk2 (696)

is the closest point (measured using Euclidean distance) to w that’s in S.

• We will try to stick with the following conventions:

– x: input

– y: output

– z: input-output pair

– d: dimensionality

– n: number of examples

– t: iteration number
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|S| — cardinality of a set S
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ĥ, f̂ , ✓̂, Ê
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The “hat” notation, e.g.: 

The “star” notation, e.g.,: h⇤, f⇤, ✓⇤, p⇤, R⇤
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associated with being “optimal”

associated with being an estimate, 
computed as a function of the data
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Loss, Risk, Empirical Risk: What do
we mean by working well?
• Loss function

• Risk function

• Empirical risk

`(h, (x, y))
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R̂(h,Data) =
1

n

nX

i=1

`(h, (xi, yi))]
<latexit sha1_base64="JgkSKBvzHuVOFU6h3sdBaVeq/ds="></latexit><latexit sha1_base64="JgkSKBvzHuVOFU6h3sdBaVeq/ds="></latexit><latexit sha1_base64="JgkSKBvzHuVOFU6h3sdBaVeq/ds="></latexit><latexit sha1_base64="JgkSKBvzHuVOFU6h3sdBaVeq/ds="></latexit>

R(h,D) = ED[`(h, (xi, yi))]
<latexit sha1_base64="ZBXkmOh2CBemDqJdp5Msao0F1zg="></latexit><latexit sha1_base64="ZBXkmOh2CBemDqJdp5Msao0F1zg="></latexit><latexit sha1_base64="ZBXkmOh2CBemDqJdp5Msao0F1zg="></latexit><latexit sha1_base64="ZBXkmOh2CBemDqJdp5Msao0F1zg="></latexit>
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Example 1: Regression

• What are the feature space, label space?

• What is a reasonable hypothesis class to use and its
free-parameter?

4 1. INTRODUCTION

Figure 1.2 Plot of a training data set of N =
10 points, shown as blue circles,
each comprising an observation
of the input variable x along with
the corresponding target variable
t. The green curve shows the
function sin(2πx) used to gener-
ate the data. Our goal is to pre-
dict the value of t for some new
value of x, without knowledge of
the green curve.

x

t

0 1

−1

0

1

detailed treatment lies beyond the scope of this book.
Although each of these tasks needs its own tools and techniques, many of the

key ideas that underpin them are common to all such problems. One of the main
goals of this chapter is to introduce, in a relatively informal way, several of the most
important of these concepts and to illustrate them using simple examples. Later in
the book we shall see these same ideas re-emerge in the context of more sophisti-
cated models that are applicable to real-world pattern recognition applications. This
chapter also provides a self-contained introduction to three important tools that will
be used throughout the book, namely probability theory, decision theory, and infor-
mation theory. Although these might sound like daunting topics, they are in fact
straightforward, and a clear understanding of them is essential if machine learning
techniques are to be used to best effect in practical applications.

1.1. Example: Polynomial Curve Fitting

We begin by introducing a simple regression problem, which we shall use as a run-
ning example throughout this chapter to motivate a number of key concepts. Sup-
pose we observe a real-valued input variable x and we wish to use this observation to
predict the value of a real-valued target variable t. For the present purposes, it is in-
structive to consider an artificial example using synthetically generated data because
we then know the precise process that generated the data for comparison against any
learned model. The data for this example is generated from the function sin(2πx)
with random noise included in the target values, as described in detail in Appendix A.

Now suppose that we are given a training set comprising N observations of x,
written x ≡ (x1, . . . , xN )T, together with corresponding observations of the values
of t, denoted t ≡ (t1, . . . , tN )T. Figure 1.2 shows a plot of a training set comprising
N = 10 data points. The input data set x in Figure 1.2 was generated by choos-
ing values of xn, for n = 1, . . . , N , spaced uniformly in range [0, 1], and the target
data set t was obtained by first computing the corresponding values of the function
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Examples of hypothesis classes for
this problem
• Polynomials

• Sine function

• Anything else?

1.1. Example: Polynomial Curve Fitting 5

sin(2πx) and then adding a small level of random noise having a Gaussian distri-
bution (the Gaussian distribution is discussed in Section 1.2.4) to each such point in
order to obtain the corresponding value tn. By generating data in this way, we are
capturing a property of many real data sets, namely that they possess an underlying
regularity, which we wish to learn, but that individual observations are corrupted by
random noise. This noise might arise from intrinsically stochastic (i.e. random) pro-
cesses such as radioactive decay but more typically is due to there being sources of
variability that are themselves unobserved.

Our goal is to exploit this training set in order to make predictions of the value
t̂ of the target variable for some new value x̂ of the input variable. As we shall see
later, this involves implicitly trying to discover the underlying function sin(2πx).
This is intrinsically a difficult problem as we have to generalize from a finite data
set. Furthermore the observed data are corrupted with noise, and so for a given x̂
there is uncertainty as to the appropriate value for t̂. Probability theory, discussed
in Section 1.2, provides a framework for expressing such uncertainty in a precise
and quantitative manner, and decision theory, discussed in Section 1.5, allows us to
exploit this probabilistic representation in order to make predictions that are optimal
according to appropriate criteria.

For the moment, however, we shall proceed rather informally and consider a
simple approach based on curve fitting. In particular, we shall fit the data using a
polynomial function of the form

y(x,w) = w0 + w1x + w2x
2 + . . . + wMxM =

M∑

j=0

wjx
j (1.1)

where M is the order of the polynomial, and xj denotes x raised to the power of j.
The polynomial coefficients w0, . . . , wM are collectively denoted by the vector w.
Note that, although the polynomial function y(x,w) is a nonlinear function of x, it
is a linear function of the coefficients w. Functions, such as the polynomial, which
are linear in the unknown parameters have important properties and are called linear
models and will be discussed extensively in Chapters 3 and 4.

The values of the coefficients will be determined by fitting the polynomial to the
training data. This can be done by minimizing an error function that measures the
misfit between the function y(x,w), for any given value of w, and the training set
data points. One simple choice of error function, which is widely used, is given by
the sum of the squares of the errors between the predictions y(xn,w) for each data
point xn and the corresponding target values tn, so that we minimize

E(w) =
1
2

N∑

n=1

{y(xn,w) − tn}2 (1.2)

where the factor of 1/2 is included for later convenience. We shall discuss the mo-
tivation for this choice of error function later in this chapter. For the moment we
simply note that it is a nonnegative quantity that would be zero if, and only if, the

h(x,w)
<latexit sha1_base64="Iff46+P1odbCJPTKxVqvKm7h4c0=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEXRZdOOygn1AG8pkOmmHTiZhZqLW0C9x40IRt36KO//GSZuFth4YOJxzL/fM8WPOlHacb6uwsrq2vlHcLG1t7+yW7b39looSSWiTRDySHR8rypmgTc00p51YUhz6nLb98XXmt++pVCwSd3oSUy/EQ8ECRrA2Ut8uj6qPp70Q65EfpA/Tk75dcWrODGiZuDmpQI5G3/7qDSKShFRowrFSXdeJtZdiqRnhdFrqJYrGmIzxkHYNFTikyktnwafo2CgDFETSPKHRTP29keJQqUnom8ksolr0MvE/r5vo4NJLmYgTTQWZHwoSjnSEshbQgElKNJ8YgolkJisiIywx0aarkinBXfzyMmmd1VzDb88r9au8jiIcwhFUwYULqMMNNKAJBBJ4hld4s56sF+vd+piPFqx85wD+wPr8AVD2kts=</latexit><latexit sha1_base64="Iff46+P1odbCJPTKxVqvKm7h4c0=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEXRZdOOygn1AG8pkOmmHTiZhZqLW0C9x40IRt36KO//GSZuFth4YOJxzL/fM8WPOlHacb6uwsrq2vlHcLG1t7+yW7b39looSSWiTRDySHR8rypmgTc00p51YUhz6nLb98XXmt++pVCwSd3oSUy/EQ8ECRrA2Ut8uj6qPp70Q65EfpA/Tk75dcWrODGiZuDmpQI5G3/7qDSKShFRowrFSXdeJtZdiqRnhdFrqJYrGmIzxkHYNFTikyktnwafo2CgDFETSPKHRTP29keJQqUnom8ksolr0MvE/r5vo4NJLmYgTTQWZHwoSjnSEshbQgElKNJ8YgolkJisiIywx0aarkinBXfzyMmmd1VzDb88r9au8jiIcwhFUwYULqMMNNKAJBBJ4hld4s56sF+vd+piPFqx85wD+wPr8AVD2kts=</latexit><latexit sha1_base64="Iff46+P1odbCJPTKxVqvKm7h4c0=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEXRZdOOygn1AG8pkOmmHTiZhZqLW0C9x40IRt36KO//GSZuFth4YOJxzL/fM8WPOlHacb6uwsrq2vlHcLG1t7+yW7b39looSSWiTRDySHR8rypmgTc00p51YUhz6nLb98XXmt++pVCwSd3oSUy/EQ8ECRrA2Ut8uj6qPp70Q65EfpA/Tk75dcWrODGiZuDmpQI5G3/7qDSKShFRowrFSXdeJtZdiqRnhdFrqJYrGmIzxkHYNFTikyktnwafo2CgDFETSPKHRTP29keJQqUnom8ksolr0MvE/r5vo4NJLmYgTTQWZHwoSjnSEshbQgElKNJ8YgolkJisiIywx0aarkinBXfzyMmmd1VzDb88r9au8jiIcwhFUwYULqMMNNKAJBBJ4hld4s56sF+vd+piPFqx85wD+wPr8AVD2kts=</latexit><latexit sha1_base64="Iff46+P1odbCJPTKxVqvKm7h4c0=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEXRZdOOygn1AG8pkOmmHTiZhZqLW0C9x40IRt36KO//GSZuFth4YOJxzL/fM8WPOlHacb6uwsrq2vlHcLG1t7+yW7b39looSSWiTRDySHR8rypmgTc00p51YUhz6nLb98XXmt++pVCwSd3oSUy/EQ8ECRrA2Ut8uj6qPp70Q65EfpA/Tk75dcWrODGiZuDmpQI5G3/7qDSKShFRowrFSXdeJtZdiqRnhdFrqJYrGmIzxkHYNFTikyktnwafo2CgDFETSPKHRTP29keJQqUnom8ksolr0MvE/r5vo4NJLmYgTTQWZHwoSjnSEshbQgElKNJ8YgolkJisiIywx0aarkinBXfzyMmmd1VzDb88r9au8jiIcwhFUwYULqMMNNKAJBBJ4hld4s56sF+vd+piPFqx85wD+wPr8AVD2kts=</latexit>

h(x, t) = sin(2⇡t)
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What are some reasonable loss
functions for regression problems?
• Square error loss function

• Absolute deviation loss function

• Huber loss function

• epsilon-sensitive loss function
• aka support vector regression
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Learning is often achieved by solving 
the Empirical Risk Minimization

• Sometimes with an additional regularization
functional (also known as a penalty term)

ĥ = argmin
h2H

R̂(h, {(xi, yi)|i 2 [n]})
<latexit sha1_base64="Nw87O+aqbqZZLCFu9gZM4M1/gdI="></latexit><latexit sha1_base64="Nw87O+aqbqZZLCFu9gZM4M1/gdI="></latexit><latexit sha1_base64="Nw87O+aqbqZZLCFu9gZM4M1/gdI="></latexit><latexit sha1_base64="Nw87O+aqbqZZLCFu9gZM4M1/gdI="></latexit>

ĥ = argmin
h2H

R̂(h,Data) + g(h)
<latexit sha1_base64="8CGZgJ22AYSp0P/RzVV2grPWg5I="></latexit><latexit sha1_base64="8CGZgJ22AYSp0P/RzVV2grPWg5I="></latexit><latexit sha1_base64="8CGZgJ22AYSp0P/RzVV2grPWg5I="></latexit><latexit sha1_base64="8CGZgJ22AYSp0P/RzVV2grPWg5I="></latexit>
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Polynomial regression under 
square loss 1.1. Example: Polynomial Curve Fitting 7
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Figure 1.4 Plots of polynomials having various orders M , shown as red curves, fitted to the data set shown in
Figure 1.2.

(RMS) error defined by
ERMS =

√
2E(w!)/N (1.3)

in which the division by N allows us to compare different sizes of data sets on
an equal footing, and the square root ensures that ERMS is measured on the same
scale (and in the same units) as the target variable t. Graphs of the training and
test set RMS errors are shown, for various values of M , in Figure 1.5. The test
set error is a measure of how well we are doing in predicting the values of t for
new data observations of x. We note from Figure 1.5 that small values of M give
relatively large values of the test set error, and this can be attributed to the fact that
the corresponding polynomials are rather inflexible and are incapable of capturing
the oscillations in the function sin(2πx). Values of M in the range 3 ! M ! 8
give small values for the test set error, and these also give reasonable representations
of the generating function sin(2πx), as can be seen, for the case of M = 3, from
Figure 1.4.
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Appropriately regularized fit of a
9th order polynomial.

32 1. INTRODUCTION

Figure 1.17 The predictive distribution result-
ing from a Bayesian treatment of
polynomial curve fitting using an
M = 9 polynomial, with the fixed
parameters α = 5× 10−3 and β =
11.1 (corresponding to the known
noise variance), in which the red
curve denotes the mean of the
predictive distribution and the red
region corresponds to ±1 stan-
dard deviation around the mean.
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1.3. Model Selection

In our example of polynomial curve fitting using least squares, we saw that there was
an optimal order of polynomial that gave the best generalization. The order of the
polynomial controls the number of free parameters in the model and thereby governs
the model complexity. With regularized least squares, the regularization coefficient
λ also controls the effective complexity of the model, whereas for more complex
models, such as mixture distributions or neural networks there may be multiple pa-
rameters governing complexity. In a practical application, we need to determine
the values of such parameters, and the principal objective in doing so is usually to
achieve the best predictive performance on new data. Furthermore, as well as find-
ing the appropriate values for complexity parameters within a given model, we may
wish to consider a range of different types of model in order to find the best one for
our particular application.

We have already seen that, in the maximum likelihood approach, the perfor-
mance on the training set is not a good indicator of predictive performance on un-
seen data due to the problem of over-fitting. If data is plentiful, then one approach is
simply to use some of the available data to train a range of models, or a given model
with a range of values for its complexity parameters, and then to compare them on
independent data, sometimes called a validation set, and select the one having the
best predictive performance. If the model design is iterated many times using a lim-
ited size data set, then some over-fitting to the validation data can occur and so it may
be necessary to keep aside a third test set on which the performance of the selected
model is finally evaluated.

In many applications, however, the supply of data for training and testing will be
limited, and in order to build good models, we wish to use as much of the available
data as possible for training. However, if the validation set is small, it will give a
relatively noisy estimate of predictive performance. One solution to this dilemma is
to use cross-validation, which is illustrated in Figure 1.18. This allows a proportion
(S − 1)/S of the available data to be used for training while making use of all of the

Regularization prevents overfitting!
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Example 2: Linear regression

• Feature space

• Label space

• Hypothesis space

• Loss function

23



Quiz 1: Can we reformulate Example 
1 as a linear regression task?
• Q1:  When hypothesis class is polynomial?

• Q2: When the hypothesis class is sine function with 
parameter t?
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Empirical risk minimization for linear
regression under square loss

• aka: Ordinary Least square (OLS),  MLE under Gaussian noise

• A convenient form using linear algebra

✓̂ = argmin
✓

1

n

X

i2[n]

(xT
i ✓ � yi)

2
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Regularization helps to reduce
overfitting and induce structures in
the solution.
• Example: p-norm regularized least square

• when p=2, this is called “Ridge Regression”
• when p=1, this is called “Lasso”
• when p=0, this is called “Best subset selection”

✓̂ = argmin
✓

1

n
kX✓ � yk22 + �k✓kpp
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Regularization helps to reduce
overfitting and induce structures in
the solution.
• Ridge regression induces solutions that are small but dense.
• Lasso induces solutions that are “sparse”.

146 3. LINEAR MODELS FOR REGRESSION

Figure 3.4 Plot of the contours
of the unregularized error function
(blue) along with the constraint re-
gion (3.30) for the quadratic regular-
izer q = 2 on the left and the lasso
regularizer q = 1 on the right, in
which the optimum value for the pa-
rameter vector w is denoted by w!.
The lasso gives a sparse solution in
which w!

1 = 0.
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For the remainder of this chapter we shall focus on the quadratic regularizer
(3.27) both for its practical importance and its analytical tractability.

3.1.5 Multiple outputs
So far, we have considered the case of a single target variable t. In some applica-

tions, we may wish to predict K > 1 target variables, which we denote collectively
by the target vector t. This could be done by introducing a different set of basis func-
tions for each component of t, leading to multiple, independent regression problems.
However, a more interesting, and more common, approach is to use the same set of
basis functions to model all of the components of the target vector so that

y(x,w) = WTφ(x) (3.31)

where y is a K-dimensional column vector, W is an M × K matrix of parameters,
and φ(x) is an M -dimensional column vector with elements φj(x), with φ0(x) = 1
as before. Suppose we take the conditional distribution of the target vector to be an
isotropic Gaussian of the form

p(t|x,W, β) = N (t|WTφ(x), β−1I). (3.32)

If we have a set of observations t1, . . . , tN , we can combine these into a matrix T
of size N × K such that the nth row is given by tT

n . Similarly, we can combine the
input vectors x1, . . . ,xN into a matrix X. The log likelihood function is then given
by

ln p(T|X,W, β) =
N∑

n=1

lnN (tn|WTφ(xn), β−1I)

=
NK

2
ln

(
β

2π

)
− β

2

N∑

n=1

∥∥tn − WTφ(xn)
∥∥2

. (3.33)

27



Example 3: Multi-class classification

• What are the feature space, label space?

2 1. INTRODUCTION

Figure 1.1 Examples of hand-written dig-
its taken from US zip codes.

tackled using handcrafted rules or heuristics for distinguishing the digits based on
the shapes of the strokes, but in practice such an approach leads to a proliferation of
rules and of exceptions to the rules and so on, and invariably gives poor results.

Far better results can be obtained by adopting a machine learning approach in
which a large set of N digits {x1, . . . ,xN} called a training set is used to tune the
parameters of an adaptive model. The categories of the digits in the training set
are known in advance, typically by inspecting them individually and hand-labelling
them. We can express the category of a digit using target vector t, which represents
the identity of the corresponding digit. Suitable techniques for representing cate-
gories in terms of vectors will be discussed later. Note that there is one such target
vector t for each digit image x.

The result of running the machine learning algorithm can be expressed as a
function y(x) which takes a new digit image x as input and that generates an output
vector y, encoded in the same way as the target vectors. The precise form of the
function y(x) is determined during the training phase, also known as the learning
phase, on the basis of the training data. Once the model is trained it can then de-
termine the identity of new digit images, which are said to comprise a test set. The
ability to categorize correctly new examples that differ from those used for train-
ing is known as generalization. In practical applications, the variability of the input
vectors will be such that the training data can comprise only a tiny fraction of all
possible input vectors, and so generalization is a central goal in pattern recognition.

For most practical applications, the original input variables are typically prepro-
cessed to transform them into some new space of variables where, it is hoped, the
pattern recognition problem will be easier to solve. For instance, in the digit recogni-
tion problem, the images of the digits are typically translated and scaled so that each
digit is contained within a box of a fixed size. This greatly reduces the variability
within each digit class, because the location and scale of all the digits are now the
same, which makes it much easier for a subsequent pattern recognition algorithm
to distinguish between the different classes. This pre-processing stage is sometimes
also called feature extraction. Note that new test data must be pre-processed using
the same steps as the training data.

Pre-processing might also be performed in order to speed up computation. For
example, if the goal is real-time face detection in a high-resolution video stream,
the computer must handle huge numbers of pixels per second, and presenting these
directly to a complex pattern recognition algorithm may be computationally infeasi-
ble. Instead, the aim is to find useful features that are fast to compute, and yet that
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Hypothesis class for multi-class 
classification problems
• Decision trees

• Linear classifier
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Illustration of the decision boundary 
in multi-class linear classificationMulticlass Classification

map image x to digit y
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Loss functions for classification tasks 
when the predictions are discrete
• 0-1 loss

• Cost-sensitive loss
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Soft-(arg)max transform helps to 
convert real-valued predictions to a 
probability distribution
• Softmax function

• Soft-argmax transform

If she knows the answer, she puts down the correct answer with probability 0.99, whereas if
she guesses, the probability of his putting down the correct result is 1/k (k choices to the
answer). Find the conditional probability that the candidate knew the answer to a question,
given that she has made the correct answer.

(d) (Likelihood and maximum likelihood) Consider a biased coin with the probability of turn-
ing up head 0 < p < 1. We flip the coin 10 times and get a sequence of outcomes:
{T,H,H, T, T,H,H,H, T,H}. We know that the probability (likelihood) of observing this
sequence

L(p) := (1� p) · p · p · (1� p) · (1� p) · p · p · p · (1� p) · p = p6(1� p)4

Calculate the value of p that maximizes the likelihood L(p).

(Hint: you may wish to consider maximizing logL(p) instead. Why does it preserve the
argmax — the p⇤ that maximizes L(p)?)

(e) (Calculus, gradients) Let w 2 Rd be a column vector. Let x1, x2, . . . ., xn 2 Rd be column
vectors of the same dimension d and y1, . . . , yn 2 R be scalars. Let � 2 R be a non-negative
scalar value. Consider function F (w) =

Pn
i=1(x

T
i w�yi)2+�

Pd
i=1w

2
i . Calculate the gradient

of F . Recall that the gradient with respect to a vector of variables is the vector of partial
derivatives with respect to each variable wi:

rf(w) =


@F (w)

@w1
, . . . ,

@F (w)

@wd

�T
2 Rd.

(Hint: It is easier to work out the partial derivatives one at a time, then concatenate the
partial derivatives into a gradient by applying the definition above. The same hint also
applies to other instances where you need to calculate the gradient.)

(f) (Chain-rule and softmax function) Let x1, . . . , xn be real values. Let

f(x1, . . . , xn) = log
nX

i=1

exp(xi).

This is called the softmax function or the log-sum-exp function1 Calculate the gradient of f
w.r.t. vector x = (x1, . . . , xn)T .

(g) (Simple mathematical proof) For the soft-max function in part (f). Prove that maxi xi 
f(x1, . . . , xn)  maxi(xi) + log n.

(Hint: A good practice when writing proof is to write a sequence of inequalities and explain
every line in the following form:

“f(x1, . . . , xn) = log
Pn

i=1 exp(xi)  ...  ...  maxi(xi) + log n. The first inequality is by
definition, the second inequality is because ..., the third inequality is because ... ” )

1Note that this softmax function is a scalar function Rn ! R and it is di↵erent from the “softmax” transformation
typically used in machine learning to convert any score vector to a probability vector, i.e., a vector valued function
from Rn ! Rn. The latter is a misnomer but has a wide-spread misuse to the point that it becomes a convention. We
will refer to the softmax transform, i.e., F (x1, . . . , xn) =

[ex1 ,...,exn ]Pn
i=1 exi , by soft-argmax, because it returns a probability

distribution vector that approximates the one-hot representation of an argmax output.

3

(You should’ve seen from HW0 for why 
this is soft-max)

(Compare this to argmax in One-Hot 
representation)

If she knows the answer, she puts down the correct answer with probability 0.99, whereas if
she guesses, the probability of his putting down the correct result is 1/k (k choices to the
answer). Find the conditional probability that the candidate knew the answer to a question,
given that she has made the correct answer.

(d) (Likelihood and maximum likelihood) Consider a biased coin with the probability of turn-
ing up head 0 < p < 1. We flip the coin 10 times and get a sequence of outcomes:
{T,H,H, T, T,H,H,H, T,H}. We know that the probability (likelihood) of observing this
sequence

L(p) := (1� p) · p · p · (1� p) · (1� p) · p · p · p · (1� p) · p = p6(1� p)4

Calculate the value of p that maximizes the likelihood L(p).

(Hint: you may wish to consider maximizing logL(p) instead. Why does it preserve the
argmax — the p⇤ that maximizes L(p)?)

(e) (Calculus, gradients) Let w 2 Rd be a column vector. Let x1, x2, . . . ., xn 2 Rd be column
vectors of the same dimension d and y1, . . . , yn 2 R be scalars. Let � 2 R be a non-negative
scalar value. Consider function F (w) =

Pn
i=1(x

T
i w�yi)2+�

Pd
i=1w

2
i . Calculate the gradient

of F . Recall that the gradient with respect to a vector of variables is the vector of partial
derivatives with respect to each variable wi:

rf(w) =


@F (w)

@w1
, . . . ,
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�T
2 Rd.

(Hint: It is easier to work out the partial derivatives one at a time, then concatenate the
partial derivatives into a gradient by applying the definition above. The same hint also
applies to other instances where you need to calculate the gradient.)

(f) (Chain-rule and softmax function) Let x1, . . . , xn be real values. Let

f(x1, . . . , xn) = log
nX

i=1

exp(xi).

This is called the softmax function or the log-sum-exp function1 Calculate the gradient of f
w.r.t. vector x = (x1, . . . , xn)T .

(g) (Simple mathematical proof) For the soft-max function in part (f). Prove that maxi xi 
f(x1, . . . , xn)  maxi(xi) + log n.

(Hint: A good practice when writing proof is to write a sequence of inequalities and explain
every line in the following form:

“f(x1, . . . , xn) = log
Pn

i=1 exp(xi)  ...  ...  maxi(xi) + log n. The first inequality is by
definition, the second inequality is because ..., the third inequality is because ... ” )

1Note that this softmax function is a scalar function Rn ! R and it is di↵erent from the “softmax” transformation
typically used in machine learning to convert any score vector to a probability vector, i.e., a vector valued function
from Rn ! Rn. The latter is a misnomer but has a wide-spread misuse to the point that it becomes a convention. We
will refer to the softmax transform, i.e., F (x1, . . . , xn) =

[ex1 ,...,exn ]Pn
i=1 exi , by soft-argmax, because it returns a probability

distribution vector that approximates the one-hot representation of an argmax output.
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Loss functions for classification 
tasks for soft-predictions
• log-loss

• Cross entropy loss

• Logistic loss in the binary case

• Hinge loss
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Visualization of the loss functions 
for classification

10.6 Loss Functions and Robustness 347
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FIGURE 10.4. Loss functions for two-class classification. The response is
y = ±1; the prediction is f , with class prediction sign(f). The losses are
misclassification: I(sign(f) != y); exponential: exp(−yf); binomial deviance:
log(1 + exp(−2yf)); squared error: (y − f)2; and support vector: (1 − yf)+ (see
Section 12.3). Each function has been scaled so that it passes through the point
(0, 1).

f(x) = 0. The goal of the classification algorithm is to produce positive
margins as frequently as possible. Any loss criterion used for classification
should penalize negative margins more heavily than positive ones since
positive margin observations are already correctly classified.

Figure 10.4 shows both the exponential (10.8) and binomial deviance
criteria as a function of the margin y · f(x). Also shown is misclassification
loss L(y, f(x)) = I(y ·f(x) < 0), which gives unit penalty for negative mar-
gin values, and no penalty at all for positive ones. Both the exponential
and deviance loss can be viewed as monotone continuous approximations
to misclassification loss. They continuously penalize increasingly negative
margin values more heavily than they reward increasingly positive ones.
The difference between them is in degree. The penalty associated with bi-
nomial deviance increases linearly for large increasingly negative margin,
whereas the exponential criterion increases the influence of such observa-
tions exponentially.

At any point in the training process the exponential criterion concen-
trates much more influence on observations with large negative margins.
Binomial deviance concentrates relatively less influence on such observa-

(Section 10.4 of ”Elements of Statistical Learning”)

** “Binomial deviance” 
is the “logistic loss” 
from the previous slide.
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Empirical risk minimization for 
multi-class classification

ĥ = argmin
h2H

R̂(h, {(xi, yi)|i 2 [n]})
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Computation-approximation 
tradeoff in choosing loss functions

0-1 loss  / cost-sensitive 
loss Log loss / cross-entropy loss

Computation NP-hard in general More efficient

Approximation No approximation Used as a surrogate

Also, depends on the choice of hypothesis class.
We will see more of this tradeoff later.
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Loss function is often domain-
specific. It is often part of the design 
of an ML workflow
• Discussion: Loss function for stock price prediction

• Square loss?

• 0-1 loss?
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Checkpoint:  Supervised learning

• Formal problem setup
• Feature space, label space, hypothesis class, loss 

function,  risk function

• Examples:
• Regression, Linear regression,  multi-class classification
• Regularization

• Choices of loss functions
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Remainder of this lecture

• Supervised learning:
• formal notations and problem setup
• Loss function, Risk, Empirical Risk
• Examples

• Theory of supervised learning
• Risk bounds for ‘fixed design’ linear regression model
• Risk bounds for a general supervised learning problem

• Model selection
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Theory of linear regression

• What are the assumptions?
• A1. Linear model + iid noise

• A2. Fixed design matrix with full rank

• Risk function in this case

graphical models (Chaganty and Liang, 2014), neural networks (Janzamin et al., 2015),
and others. An active area of research is to extend these techniques to yet other model
families.

2.7 Fixed design linear regression (Lecture 3)

• So far, we have considered parameter estimation of ✓⇤ given data x(1), . . . , x(n) drawn
i.i.d. from p✓⇤ . We will now move towards the prediction setting, where we are trying
to learn a function from an input x to an output y. Of course, we could still study
parameter estimation in this context, but we will use the opportunity to segue into
prediction.

• Setup

– Our goal is to predict a real-valued output (response) y 2 R given an input
(covariates/features) x 2 Rd.

– The fixed design setting means that we have a fixed set of n inputs x1, . . . , xn,
which are treated as constants. As an example, imagine that x1, . . . , xn as the
50 states in America, and y1, . . . , yn represent their demographics, weather, etc.
Fixed design makes sense here because the states isn’t random or growing–they’re
just fixed. In general, one can think of the fixed design setting as performing
signal reconstruction, where the xi’s correspond to fixed locations, and yi is a
noisy sensor reading.

– We assume that there is a true underlying parameter vector ✓⇤ 2 Rd, which
governs the outputs. For each i = 1, . . . , n:

yi = xi · ✓
⇤ + ✏i, (64)

where we assume that the noise terms ✏i are i.i.d. with mean E[✏i] = 0 and
variance Var[✏i] = �2. Note that ✏1, . . . , ✏n are the only source of randomness in
the problem.

– FIGURE: [linear regression line over x1, . . . , xn]

– At training time, we observe one realization of y1, . . . , yn. For convenience, let’s
put the data into matrices:

⇤ X = [x1, . . . , xn]> 2 Rn⇥d

⇤ ✏ = [✏1, . . . , ✏n]> 2 Rd

⇤ Y = [y1, . . . , yn]> 2 Rd

⇤ ⌃ = 1
n
X>X 2 Rd⇥d (second moment matrix)

– FIGURE: [matrices X, ✓, Y ]
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⇤ Y = [y1, . . . , yn]> 2 Rd

⇤ ⌃ = 1
n
X>X 2 Rd⇥d (second moment matrix)

– FIGURE: [matrices X, ✓, Y ]

30

R(✓) =
<latexit sha1_base64="q0siKUO33wusniYHdnYof1qSC7M=">AAAB83icbZBNS8NAEIY3ftb6VfXoZbEI9VISEfQiFL14rGI/oAlls520SzebsDsRSunf8OJBEa/+GW/+G7dtDtr6wsLDOzPM7BumUhh03W9nZXVtfWOzsFXc3tnd2y8dHDZNkmkODZ7IRLdDZkAKBQ0UKKGdamBxKKEVDm+n9dYTaCMS9YijFIKY9ZWIBGdoLf+h4uMAkJ3Ra9otld2qOxNdBi+HMslV75a+/F7CsxgUcsmM6XhuisGYaRRcwqToZwZSxoesDx2LisVggvHs5gk9tU6PRom2TyGdub8nxiw2ZhSHtjNmODCLtan5X62TYXQVjIVKMwTF54uiTFJM6DQA2hMaOMqRBca1sLdSPmCacbQxFW0I3uKXl6F5XvUs31+Uazd5HAVyTE5IhXjkktTIHamTBuEkJc/klbw5mfPivDsf89YVJ585In/kfP4ARi6QhA==</latexit><latexit sha1_base64="q0siKUO33wusniYHdnYof1qSC7M=">AAAB83icbZBNS8NAEIY3ftb6VfXoZbEI9VISEfQiFL14rGI/oAlls520SzebsDsRSunf8OJBEa/+GW/+G7dtDtr6wsLDOzPM7BumUhh03W9nZXVtfWOzsFXc3tnd2y8dHDZNkmkODZ7IRLdDZkAKBQ0UKKGdamBxKKEVDm+n9dYTaCMS9YijFIKY9ZWIBGdoLf+h4uMAkJ3Ra9otld2qOxNdBi+HMslV75a+/F7CsxgUcsmM6XhuisGYaRRcwqToZwZSxoesDx2LisVggvHs5gk9tU6PRom2TyGdub8nxiw2ZhSHtjNmODCLtan5X62TYXQVjIVKMwTF54uiTFJM6DQA2hMaOMqRBca1sLdSPmCacbQxFW0I3uKXl6F5XvUs31+Uazd5HAVyTE5IhXjkktTIHamTBuEkJc/klbw5mfPivDsf89YVJ585In/kfP4ARi6QhA==</latexit><latexit sha1_base64="q0siKUO33wusniYHdnYof1qSC7M=">AAAB83icbZBNS8NAEIY3ftb6VfXoZbEI9VISEfQiFL14rGI/oAlls520SzebsDsRSunf8OJBEa/+GW/+G7dtDtr6wsLDOzPM7BumUhh03W9nZXVtfWOzsFXc3tnd2y8dHDZNkmkODZ7IRLdDZkAKBQ0UKKGdamBxKKEVDm+n9dYTaCMS9YijFIKY9ZWIBGdoLf+h4uMAkJ3Ra9otld2qOxNdBi+HMslV75a+/F7CsxgUcsmM6XhuisGYaRRcwqToZwZSxoesDx2LisVggvHs5gk9tU6PRom2TyGdub8nxiw2ZhSHtjNmODCLtan5X62TYXQVjIVKMwTF54uiTFJM6DQA2hMaOMqRBca1sLdSPmCacbQxFW0I3uKXl6F5XvUs31+Uazd5HAVyTE5IhXjkktTIHamTBuEkJc/klbw5mfPivDsf89YVJ585In/kfP4ARi6QhA==</latexit><latexit sha1_base64="q0siKUO33wusniYHdnYof1qSC7M=">AAAB83icbZBNS8NAEIY3ftb6VfXoZbEI9VISEfQiFL14rGI/oAlls520SzebsDsRSunf8OJBEa/+GW/+G7dtDtr6wsLDOzPM7BumUhh03W9nZXVtfWOzsFXc3tnd2y8dHDZNkmkODZ7IRLdDZkAKBQ0UKKGdamBxKKEVDm+n9dYTaCMS9YijFIKY9ZWIBGdoLf+h4uMAkJ3Ra9otld2qOxNdBi+HMslV75a+/F7CsxgUcsmM6XhuisGYaRRcwqToZwZSxoesDx2LisVggvHs5gk9tU6PRom2TyGdub8nxiw2ZhSHtjNmODCLtan5X62TYXQVjIVKMwTF54uiTFJM6DQA2hMaOMqRBca1sLdSPmCacbQxFW0I3uKXl6F5XvUs31+Uazd5HAVyTE5IhXjkktTIHamTBuEkJc/klbw5mfPivDsf89YVJ585In/kfP4ARi6QhA==</latexit>

40



What are we hoping to achieve?

• Excess risk --- the difference between the the 
performance of the learner and that of the oracle.
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Recall the empirical risk minimizer 
here for this problem.

• aka: Ordinary Least square (OLS),  MLE under Gaussian noise

• A convenient form using linear algebra

• A closed-form solution

✓̂ = argmin
✓

1

n

X

i2[n]

(xT
i ✓ � yi)

2
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Deriving an expected excess risk 
bound for the ERM estimator
1. Working out the excess risk

2. Take expectation
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Theorem for (fixed design) linear 
regression

Theorem:  Assume (A1) and (A2), the ordinary least square 
estimator for linear regression satisfies:

E[R(✓̂)]�R(✓⇤)  d�2

n
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The result relies on strong assumptions
on how the data is generated
• e.g., it does NOT apply to the case for fitting a 

polynomial to a noisy sine function we gave earlier!

• The statistical learning problem:
• Assumption B1: iid samples

• Assumption B2: Bounded loss function

• Assumption B3: Finite hypothesis class
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The goal again is to bound the
excess risk . This time we want a
high probability bound.
• With probability at least

• Parameterize as a function of
• Number of data points
• Size of the hypothesis class
• Boundedness of the loss
• Failure probability
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Introducing two powerful “hammers”:
Hammer 1. Hoeffding’s inequality

438 Appendix D Concentration Inequalities

where ↵ denotes �a
b�a . Note that �(0) = �

0(0) = 0 and that �
00(t) = u(1 � u)(b � a)2 where

u = ↵
[(1�↵)e�t(b�a)+↵]

. Since u is in [0, 1], u(1�u) is upper bounded by 1/4 and �
00(t)  (b�a)2

4 .

Thus, by the second order expansion of function �, there exists ✓ 2 [0, t] such that:

�(t) = �(0) + t�
0(0) +

t
2

2
�
00(✓)  t

2 (b� a)2

8
, (D.3)

which completes the proof. ⇤
The lemma can be used to prove the following result known as Hoe↵ding’s inequality.

Theorem D.2 (Hoeffding’s inequality) Let X1, . . . , Xm be independent random variables with
Xi taking values in [ai, bi] for all i 2 [m]. Then, for any ✏ > 0, the following inequalities hold for
Sm =

Pm
i=1 Xi:

P[Sm � E[Sm] � ✏]  e
�2✏2/

Pm
i=1(bi�ai)

2
(D.4)

P[Sm � E[Sm]  �✏]  e
�2✏2/

Pm
i=1(bi�ai)

2
. (D.5)

Proof: Using the Cherno↵ bounding technique and lemma D.1, we can write:

P[Sm � E[Sm] � ✏]  e
�t✏

E[et(Sm�E[Sm])]

= e
�t✏⇧m

i=1 E[e
t(Xi�E[Xi])] (independence of Xis)

 e
�t✏⇧m

i=1e
t2(bi�ai)

2/8 (lemma D.1)

= e
�t✏

e
t2

Pm
i=1(bi�ai)

2/8

 e
�2✏2/

Pm
i=1(bi�ai)

2
,

where we chose t = 4✏/
Pm

i=1(bi � ai)2 to minimize the upper bound. This proves the first
statement of the theorem, and the second statement is shown in a similar way. ⇤
When the variance �

2
Xi

of each random variable Xi is known and the �
2
Xi

s are relatively small,
better concentration bounds can be derived (see Bennett’s and Bernstein’s inequalities proven in
exercise D.6).

D.2 Sanov’s theorem

Here, we present a finer upper bound than Hoe↵ding’s inequality expressed in terms of the binary
relative entropy.

Theorem D.3 (Sanov’s theorem) Let X1, . . . , Xm be independent random variables drawn ac-
cording to some distribution D with mean p and support included in [0, 1]. Then, for any q 2 [0, 1],
the following inequality holds for bp = 1

m

Pm
i=1 Xi:

P[bp � q]  e
�mD(qkp)

,

where D(qkp) = q log q
p + (1� q) log 1�q

1�p is the binary relative entropy of p and q.

(see Appendix D.1 of FML textbook for a proof)

Roughly saying that the empirical averages of independent random
variable converges to the mean at a O(1/sqrt(n)) rate, with high probability.
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Introducing two powerful “hammers”:
Hammer 2. Union bound

Lemma (Union bound): For any probability distribution and
any event E1, E2:

P[E1 [ E2]  P[E1] + P[E2]
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Now let’s apply these two hammers
to solve statistical learning
1. For each hypothesis h, apply Hoeffding

2. Union bound over all hypothesis
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Now let’s apply these two hammers
to solve statistical learning

Theorem:  Assume (B1),(B2) and (B3), with probability at least
(over the distribution of the data), ERM satisfies1� �
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Quiz 2: Application to decision
tree classifier
• d-dimensional discrete feature ( L-levels for each)
• H-layer decision tree, binary decision in one layer
• K Labels

• Upper bound of the size of hypothesis class?
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Quiz 3: Application to generic
classification (no restriction on the
hypothesis class)
• d-dimensional discrete feature ( L-levels for each)
• K labels
• Total number of unique classifiers?
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model Linear learners Neural networks

Computation Depends on how 
complex p* is Efficient Not efficient in the 

worst case, but…

Approximation No approximation Large approx. error Small approx. error

Statistical 
efficiency

Depends on how 
complex p* is Need less data Need more data

Computation-approximation tradeoff 
in the choice of hypothesis class

p⇤(y|x)
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“All models are wrong, but some are useful.”

54

George Box
(1919 - 2013)



Checkpoint: Theory of supervised
learning
• Risk bounds for linear regression model

• Risk bounds for a general supervised learning

• Observations:
• Not directly comparable for several reasons
• Strong assumption => Strong results
• Weak assumption => Weak results

E[R(✓̂)]�R(✓⇤)  d�2

n
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Remainder of this lecture

• Supervised learning:
• formal notations and problem setup
• Loss function, Risk, Empirical Risk
• Examples

• Theory of supervised learning
• Risk bounds for ‘fixed design’ linear regression model
• Risk bounds for a general supervised learning problem

• Model selection
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Typical problems in model
selection
• Choosing hypothesis class
• Decision tree? Linear classifier? Or neural networks?

• Choose hyperparameters
• Depth of decision tree
• Regularization weights for Ridge / Lasso

• Choose which set of features of include
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Model selection is challenging
because we do not observe the
actual risk!
• Empirical risk is often a poor surrogate due to the

optimization bias
• Example: 1-Nearest Neighbor classifier

• Two ideas for estimating the risk
• Calculate or bound the actual risk in theory

• Simulate the actual risk on a dataset not used for
training.
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Empirically measuring the Risk by 
splitting the data into:  Training, Test, 
and Validation Sets

Validation set is used for model-selection: 
- choosing decision tree vs. linear classifier
- Select features, tune hyperparameters

Test set is used only once to report the final 
results.
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Cross-validation

• Pros:
• No assumption on the data generating distributions, except iid.
• Do not waste data, comparing to holdout.

• Cons:
• It evaluates the model applying to (S-1)/S fraction of the data
• Computation cost = O(S * number of models to select from)

1.4. The Curse of Dimensionality 33

Figure 1.18 The technique of S-fold cross-validation, illus-
trated here for the case of S = 4, involves tak-
ing the available data and partitioning it into S
groups (in the simplest case these are of equal
size). Then S − 1 of the groups are used to train
a set of models that are then evaluated on the re-
maining group. This procedure is then repeated
for all S possible choices for the held-out group,
indicated here by the red blocks, and the perfor-
mance scores from the S runs are then averaged.

run 1

run 2

run 3

run 4

data to assess performance. When data is particularly scarce, it may be appropriate
to consider the case S = N , where N is the total number of data points, which gives
the leave-one-out technique.

One major drawback of cross-validation is that the number of training runs that
must be performed is increased by a factor of S, and this can prove problematic for
models in which the training is itself computationally expensive. A further problem
with techniques such as cross-validation that use separate data to assess performance
is that we might have multiple complexity parameters for a single model (for in-
stance, there might be several regularization parameters). Exploring combinations
of settings for such parameters could, in the worst case, require a number of training
runs that is exponential in the number of parameters. Clearly, we need a better ap-
proach. Ideally, this should rely only on the training data and should allow multiple
hyperparameters and model types to be compared in a single training run. We there-
fore need to find a measure of performance which depends only on the training data
and which does not suffer from bias due to over-fitting.

Historically various ‘information criteria’ have been proposed that attempt to
correct for the bias of maximum likelihood by the addition of a penalty term to
compensate for the over-fitting of more complex models. For example, the Akaike
information criterion, or AIC (Akaike, 1974), chooses the model for which the quan-
tity

ln p(D|wML) − M (1.73)

is largest. Here p(D|wML) is the best-fit log likelihood, and M is the number of
adjustable parameters in the model. A variant of this quantity, called the Bayesian
information criterion, or BIC, will be discussed in Section 4.4.1. Such criteria do
not take account of the uncertainty in the model parameters, however, and in practice
they tend to favour overly simple models. We therefore turn in Section 3.4 to a fully
Bayesian approach where we shall see how complexity penalties arise in a natural
and principled way.

1.4. The Curse of Dimensionality

In the polynomial curve fitting example we had just one input variable x. For prac-
tical applications of pattern recognition, however, we will have to deal with spaces
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Other approaches for model
selection
• AIC (Akaike Information Criteria) / BIC (Bayesian

information criteria)
• (see PRML Section 1.3 and 4.4.1)

• Effective degree of freedom
• Measuring the effective number of parameters
• For fixed-design regression with square loss + Gaussian

noise, any estimator:

R(ĥ)� E[R̂(ĥ)] =
2�2

n
df(ĥ)
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So if one can estimate df, then can use it for model selection 61



Effective degree of freedom for
Regularized Linear Regression
• Ridge regression

• Number of parameters, if no regularization
• Independent to data y, can be computed ahead of time

• Lasso

• Expected number of non-zero weights -- Sparsity.
• This is truly remarkable that we get this via L1-

regularization

df(X ✓̂) = tr(X(XTX + �I)�1XT )
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df(X ✓̂) = E

2

4
X

j2[d]

I(✓̂j 6= 0)

3

5
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See e.g. : https://www.stat.cmu.edu/~ryantibs/papers/lassodf.pdf
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Checkpoint: model selection

• Three approaches for model selection

• Holdout
• Cross validation
• Penalize information criteria

• Cross validation is what is most commonly used in
practice.
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Next two lectures

• Unsupervised learning
• Thursday

• Optimization methods for machine learning
• Next Tuesday
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