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• AlexNet

– 11 layers, bigger convolusion

– ReLu, Dropout, preprocessing


• VGG

– Bigger and deeper AlexNet (repeated VGG blocks)

– VGG-16 and VGG-19


• ResNet

– 50 or 153 layers

– Residual connection
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Recap



Batch Normalization



• Loss occurs at last layer

• Last layers learn quickly


• Data is inserted at first layer

• Input layers change - everything 

changes

• Last layers need to relearn many times

• Slow convergence


• This is like covariate shift

• The distribution of each layer shift 

across over training process
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Batch Normalization
loss

data



• For each layer, compute mean 
and variance 
 
 
 
and adjust it separately


•  and  are learnable parametersγ β
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Batch Normalization
loss

data
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Sergey Ioffe, Christian Szegedy. Batch Normalization: Accelerating Deep Network Training by 
Reducing Internal Covariate Shift. 2015
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This was the original motivation …



• Doesn’t really reduce covariate shift (Lipton et al., 
2018)


• Regularization by noise injection


– Random shift per minibatch

– Random scale per minibatch


• No need to mix with dropout (both are capacity control)

• Ideal minibatch size of 64 to 256
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What Batch Norms really do

xi+1 = γ
xi − ̂μB

̂σB
+ β

Empiric
al mean

Empiric
al 

Random 
offset

Random 
scale



torch.nn.BatchNorm1d(num_features)

  


torch.nn.BatchNorm2d(num_features)

>>> m = nn.BatchNorm2d(100)

>>> input = torch.randn(20, 100, 32, 32)

>>> output = m(input)
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Code



• https://edstem.org/us/courses/16390/
lessons/29420/slides/168304
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Quiz



Learning CNN



• Finding the parameter  to minimize the 
empirical risk over training data 




   


• Update rule: 

θ

D = {(xn, yn)}N
n=1

̂θ ← arg min
θ

L(θ) =
1
N ∑

n

ℓ(yn, f(xn; θ))

θt+1 = θt − η∇L(θt)
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Recap: Learning the Model



learning rate eta.

1.set initial parameter 

2.for epoch = 1 to maxEpoch or until 
converge:


3.  for each data (x, y) in D:

4.    compute forward y_hat = f(x; )


5.    compute gradient  using 
back-propagation


6.    total_g += g

7.  update  =  - eta * total_g / num_sample

θ ← θ0

θ

g =
∂err(yhat, y)

∂θ

θ θ
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Gradient Descent



• Forward: compute the network output for 
each layer


• Backword:

– How to compute the derivatives w.r.t. the 

activation (easy, since element-wise)

– How to compute the derivative w.r.t. input 

 and and conv kernel 

– FFN layers are already covered as previous

𝑌(𝑙 − 1) 𝑤(𝑙)
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Backpropagation for Convolutional 
layers



• Each  affects several  terms

– Affects terms in all th layer  maps

– All of them contribute to the derivative of the divergence w.r.t. 

 

𝑌(𝑙 − 1,𝑚, 𝑥, 𝑦) 𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼)
𝑙  𝑍

𝑦(𝑙 − 1,𝑚, 𝑥, 𝑦)

𝑌(𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)
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Back-Propagation for Convolutional 
layer



• Each  affects several 
 terms

𝑌(𝑙 − 1,𝑚, 𝑥, 𝑦)
𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼)
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BP: Convolutional layer

𝑌(𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)

3 44
4 32
3 42



• Each  affects several  terms

– Affects terms in all th layer  maps

𝑌(𝑙 − 1,𝑚, 𝑥, 𝑦) 𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼)
𝑙  𝑍

𝑌(𝑙 − 1,𝑚)

𝑍(𝑙, 1)

𝑍(𝑙, 2)

𝑍(𝑙, 𝑁)

⋮
N = No. of filters
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BP: Convolutional layer
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BP: Convolutional layer

𝑌(𝑙 − 1,𝑚)

𝑍(𝑙, 1)

𝑍(𝑙, 2)

𝑍(𝑙, 𝑁)

⋮
N = No. of filters

Summing over all Z maps

∂ℓ
∂Y(l − 1,m, x, y)

= ∑
n

∑
x′￼,y′￼

∂ℓ
∂z(l, n, x′￼, y′￼)

∂z(l, n, x′￼, y′￼)
∂Y(l − 1,m, x, y)
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BP: Convolutional layer

𝑌(𝑙 − 1,𝑚)

𝑍(𝑙, 1)

𝑍(𝑙, 2)

𝑍(𝑙, 𝑁)

⋮
N = No. of filters

Summing over all Z maps
What is this?

∂ℓ
∂Y(l − 1,m, x, y)

= ∑
n

∑
x′￼,y′￼

∂ℓ
∂z(l, n, x′￼, y′￼)

∂z(l, n, x′￼, y′￼)
∂Y(l − 1,m, x, y)



How a single  influences 𝑌(𝑙 − 1,𝑚, 𝑥, 𝑦) 𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼)
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• Compute how each  in  influences various 
locations of 

𝑥, 𝑦 𝑌
𝑧

𝑌(𝑙 − 1,𝑚, x, y)
𝑧(𝑙, 𝑛, x′￼, y′￼)

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

(2,2)

0,0 1, 0 2,0

0,1 1, 1 2,1

0,2 1, 2 2,2

⊗

Assuming indexing 
begins at 0



How a single  influences 𝑌(𝑙 − 1,𝑚, 𝑥, 𝑦) 𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼)
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• Note: The coordinates of  and  sum to the coordinates 
of 


𝑧(𝑙, 𝑛) 𝑤𝑙(𝑚, 𝑛)
𝑌(𝑙 − 1,𝑚)

𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼) + = 𝑌 (𝑙 − 1,𝑚, 2,2)𝑤𝑙(𝑚, 𝑛, 2 − 𝑥′￼, 2 − 𝑦′￼)

𝑌(𝑙 − 1,𝑚, x, y)
𝑧(𝑙, 𝑛, x′￼, y′￼)

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

𝑧(𝑙, 𝑛, 0,0) + = 𝑌(𝑙 − 1, 𝑚, 2, 2)𝑤𝑙(𝑚, 𝑛, 2, 2)

(2,2)

0,0 1, 0 2,0

0,1 1, 1 2,1

0,2 1, 2 2,2

0,0

⊗

0,0



How a single  influences 𝑌(𝑙 − 1,𝑚, 𝑥, 𝑦) 𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼)
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• Note: The coordinates of  and  sum to the coordinates 
of 


𝑧(𝑙, 𝑛) 𝑤𝑙(𝑚, 𝑛)
𝑌(𝑙 − 1,𝑚)

𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼) + = 𝑌 (𝑙 − 1,𝑚, 2,2)𝑤𝑙(𝑚, 𝑛, 2 − 𝑥′￼, 2 − 𝑦′￼)

𝑌(𝑙 − 1,𝑚, x, y)
𝑧(𝑙, 𝑛, x′￼, y′￼)

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

(2,2)

0,0 1, 0 2,0

0,1 1, 1 2,1

0,2 1, 2 2,2

0,0 1, 0

⊗

𝑧(𝑙, 𝑛, 1,0) + = 𝑌(𝑙 − 1, 𝑚, 2, 2)𝑤𝑙(𝑚, 𝑛, 1, 2)

1,0



How a single  influences 𝑌(𝑙 − 1,𝑚, 𝑥, 𝑦) 𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼)
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• Note: The coordinates of  and  sum to the coordinates 
of 


𝑧(𝑙, 𝑛) 𝑤𝑙(𝑚, 𝑛)
𝑌(𝑙 − 1,𝑚)

𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼) + = 𝑌 (𝑙 − 1,𝑚, 2,2)𝑤𝑙(𝑚, 𝑛, 2 − 𝑥′￼, 2 − 𝑦′￼)

𝑌(𝑙 − 1,𝑚, x, y)
𝑧(𝑙, 𝑛, x′￼, y′￼)

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

(2,2)

0,0 1, 0 2,0

0,1 1, 1 2,1

0,2 1, 2 2,2

0,0 1, 0 2,0

⊗

𝑧(𝑙, 𝑛, 2,0) + = 𝑌(𝑙 − 1, 𝑚, 2, 2)𝑤𝑙(𝑚, 𝑛, 0, 2)

2,0



How a single  influences 𝑌(𝑙 − 1,𝑚, 𝑥, 𝑦) 𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼)
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• Note: The coordinates of  and  sum to the coordinates 
of 


𝑧(𝑙, 𝑛) 𝑤𝑙(𝑚, 𝑛)
𝑌(𝑙 − 1,𝑚)

𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼) + = 𝑌 (𝑙 − 1,𝑚, 2,2)𝑤𝑙(𝑚, 𝑛, 2 − 𝑥′￼, 2 − 𝑦′￼)

𝑌(𝑙 − 1,𝑚, x, y)
𝑧(𝑙, 𝑛, x′￼, y′￼)

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

(2,2)

0,0 1, 0 2,0

0,1 1, 1 2,1

0,2 1, 2 2,2

0,0 1, 0 2,0

0,1⊗

𝑧(𝑙, 𝑛, 0,1) + = 𝑌(𝑙 − 1, 𝑚, 2, 2)𝑤𝑙(𝑚, 𝑛, 2, 1)

0,1



How a single  influences 𝑌(𝑙 − 1,𝑚, 𝑥, 𝑦) 𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼)
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• Note: The coordinates of  and  sum to the coordinates 
of 


𝑧(𝑙, 𝑛) 𝑤𝑙(𝑚, 𝑛)
𝑌(𝑙 − 1,𝑚)

𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼) + = 𝑌 (𝑙 − 1,𝑚, 2,2)𝑤𝑙(𝑚, 𝑛, 2 − 𝑥′￼, 2 − 𝑦′￼)

𝑌(𝑙 − 1,𝑚, x, y)
𝑧(𝑙, 𝑛, x′￼, y′￼)

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

(2,2)

0,0 1, 0 2,0

0,1 1, 1 2,1

0,2 1, 2 2,2

0,0 1, 0 2,0

0,1 1, 1⊗

𝑧(𝑙, 𝑛, 1,1) + = 𝑌(𝑙 − 1, 𝑚, 2, 2)𝑤𝑙(𝑚, 𝑛, 1, 1)

1, 1



How a single  influences 𝑌(𝑙 − 1,𝑚, 𝑥, 𝑦) 𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼)
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• Note: The coordinates of  and  sum to the coordinates 
of 


𝑧(𝑙, 𝑛) 𝑤𝑙(𝑚, 𝑛)
𝑌(𝑙 − 1,𝑚)

𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼) + = 𝑌 (𝑙 − 1,𝑚, 2,2)𝑤𝑙(𝑚, 𝑛, 2 − 𝑥′￼, 2 − 𝑦′￼)

𝑌(𝑙 − 1,𝑚, x, y)
𝑧(𝑙, 𝑛, x′￼, y′￼)

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

(2,2)

0,0 1, 0 2,0

0,1 1, 1 2,1

0,2 1, 2 2,2

0,0 1, 0 2,0

0,1 1, 1 2,1⊗

𝑧(𝑙, 𝑛, 2,1) + = 𝑌(𝑙 − 1, 𝑚, 2, 2)𝑤𝑙(𝑚, 𝑛, 0, 1)

2, 1



How a single  influences 𝑌(𝑙 − 1,𝑚, 𝑥, 𝑦) 𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼)
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• Note: The coordinates of  and  sum to the coordinates 
of 


𝑧(𝑙, 𝑛) 𝑤𝑙(𝑚, 𝑛)
𝑌(𝑙 − 1,𝑚)

𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼) + = 𝑌 (𝑙 − 1,𝑚, 2,2)𝑤𝑙(𝑚, 𝑛, 2 − 𝑥′￼, 2 − 𝑦′￼)

𝑌(𝑙 − 1,𝑚, x, y)
𝑧(𝑙, 𝑛, x′￼, y′￼)

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

(2,2)

0,0 1, 0 2,0

0,1 1, 1 2,1

0,2 1, 2 2,2

0,0 1, 0 2,0

0,1 1, 1 2,1

0,2

⊗

𝑧(𝑙, 𝑛, 0,2) + = 𝑌(𝑙 − 1, 𝑚, 2, 2)𝑤𝑙(𝑚, 𝑛, 2, 0)

0,2



How a single  influences 𝑌(𝑙 − 1,𝑚, 𝑥, 𝑦) 𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼)
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• Note: The coordinates of  and  sum to the coordinates 
of 


𝑧(𝑙, 𝑛) 𝑤𝑙(𝑚, 𝑛)
𝑌(𝑙 − 1,𝑚)

𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼) + = 𝑌 (𝑙 − 1,𝑚, 2,2)𝑤𝑙(𝑚, 𝑛, 2 − 𝑥′￼, 2 − 𝑦′￼)

𝑌(𝑙 − 1,𝑚, x, y)
𝑧(𝑙, 𝑛, x′￼, y′￼)

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

(2,2)

0,0 1, 0 2,0

0,1 1, 1 2,1

0,2 1, 2 2,2

0,0 1, 0 2,0

0,1 1, 1 2,1

0,2 1, 2

⊗

𝑧(𝑙, 𝑛, 1,2) + = 𝑌(𝑙 − 1, 𝑚, 2, 2)𝑤𝑙(𝑚, 𝑛, 2, 1)

1,2



How a single  influences 𝑌(𝑙 − 1,𝑚, 𝑥, 𝑦) 𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼)
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• Note: The coordinates of  and  sum to the coordinates 
of 


𝑧(𝑙, 𝑛) 𝑤𝑙(𝑚, 𝑛)
𝑌(𝑙 − 1,𝑚)

𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼) + = 𝑌 (𝑙 − 1,𝑚, 2,2)𝑤𝑙(𝑚, 𝑛, 2 − 𝑥′￼, 2 − 𝑦′￼)

𝑌(𝑙 − 1,𝑚, x, y)
𝑧(𝑙, 𝑛, x′￼, y′￼)

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

(2,2)

0,0 1, 0 2,0

0,1 1, 1 2,1

0,2 1, 2 2,2

0,0 1, 0 2,0

0,1 1, 1 2,1

0,2 1, 2 2,2

⊗

𝑧(𝑙, 𝑛, 2,2) + = 𝑌(𝑙 − 1, 𝑚, 2, 2)𝑤𝑙(𝑚, 𝑛, 0, 0)



How a single  influences 𝑌(𝑙 − 1,𝑚, 𝑥, 𝑦) 𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼)
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• Note: The coordinates of  and  

sum to the coordinates of 

𝑧(𝑙, 𝑛) 𝑤𝑙(𝑚, 𝑛)
𝑌(𝑙 − 1,𝑚)

𝑌(𝑙 − 1,𝑚, x, y)
𝑧(𝑙, 𝑛, x′￼, y′￼)

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

0,0 1, 0 2,0

0,1 1, 1 2,1

0,2 1, 2 2,2

⊗

𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼) + = 𝑌(𝑙 − 1, 𝑚, 𝑥, 𝑦)𝑤𝑙(𝑚, 𝑛, 𝑥 − 𝑥′￼, 𝑦 − 𝑦′￼)

(𝑥, 𝑦)



How a single  influences 𝑌(𝑙 − 1,𝑚, 𝑥, 𝑦) 𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼)
𝑌(𝑙 − 1,𝑚, x, y)

𝑧(𝑙, 𝑛, x′￼, y′￼)

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

0,0 1, 0 2,0

0,1 1, 1 2,1

0,2 1, 2 2,2
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⊗

𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼) + = 𝑌(𝑙 − 1,𝑚, 𝑥, 𝑦)𝑤𝑙(𝑚, 𝑛, 𝑥 − 𝑥′￼, 𝑦 − 𝑦′￼)

(𝑥, 𝑦)

∂z(l, n, x′￼, y′￼)
∂Y(l − 1,m, x, y)

= wl(m, n, x − x′￼, y − y′￼)



BP: Convolutional layer

𝑌(𝑙 − 1)

𝑍(𝑙, 1)

𝑍(𝑙, 2)

⋮

𝑍(𝑙, 𝑁)
Summing over all Z maps
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∂ℓ
∂Y(l − 1,m, x, y)

= ∑
n

∑
x′￼,y′￼

∂ℓ
∂z(l, n, x′￼, y′￼)

∂z(l, n, x′￼, y′￼)
∂Y(l − 1,m, x, y)



BP: Convolutional layer

𝑌(𝑙 − 1)

𝑍(𝑙, 1)

𝑍(𝑙, 2)

⋮

𝑍(𝑙, 𝑁)
Summing over all Z maps
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∂ℓ
∂Y(l − 1,m, x, y)

= ∑
n

∑
x′￼,y′￼

∂ℓ
∂z(l, n, x′￼, y′￼)

wl(m, n, x − x′￼, y − y′￼)



• The derivatives for every element of every 
map in  by direct implementation 
of the formula:





• But this is actually a convolution!

– Let’s see how

𝑌(𝑙 − 1)

∂ℓ
∂Y(l − 1,m, x, y)

= ∑
n

∑
x′￼,y′￼

∂ℓ
∂z(l, n, x′￼, y′￼)

wl(m, n, x − x′￼, y − y′￼)
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Computing derivative for 𝒀(𝒍 − 𝟏, 𝒎, ∗ , ∗ )



How a single  influences 𝑌(𝑙 − 1,𝑚, 𝑥, 𝑦) 𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼)
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𝑧(𝑙, 𝑛, 0, 0) + = 𝑌(𝑙 − 1, 𝑚, 2, 2)𝑤𝑙(𝑚, 𝑛, 2, 2)

𝑌(𝑙 − 1,𝑚, x, y)
𝑧(𝑙, 𝑛, x′￼, y′￼)

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

(2,2)

0,0 1, 0 2,0

0,1 1, 1 2,1

0,2 1, 2 2,2

0,0

⊗

0,0

∂ℓ
∂Y(l − 1,m,2,2)

+ =
∂ℓ

∂z(l, n,0,0)
wl(m, n,2,2)



How a single  influences 𝑌(𝑙 − 1,𝑚, 𝑥, 𝑦) 𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼)

35

𝑌(𝑙 − 1,𝑚, x, y)
𝑧(𝑙, 𝑛, x′￼, y′￼)

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

(2,2)

0,0 1, 0 2,0

0,1 1, 1 2,1

0,2 1, 2 2,2

0,0 1, 0

⊗

𝑧(𝑙, 𝑛, 1,0) + = 𝑌(𝑙 − 1, 𝑚, 2, 2)𝑤𝑙(𝑚, 𝑛, 1, 2)

1,0

∂ℓ
∂Y(l − 1,m,2,2)

+ =
∂ℓ

∂z(l, n,1,0)
wl(m, n,1,2)



How a single  influences 𝑌(𝑙 − 1,𝑚, 𝑥, 𝑦) 𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼)

36

𝑧(𝑙, 𝑛, 2,0) + = 𝑌(𝑙 − 1, 𝑚, 2, 2)𝑤𝑙(𝑚, 𝑛, 0, 2)

𝑌(𝑙 − 1,𝑚, x, y)
𝑧(𝑙, 𝑛, x′￼, y′￼)

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

(2,2)

0,0 1, 0 2,0

0,1 1, 1 2,1

0,2 1, 2 2,2

0,0 1, 0 2,0

⊗

2,0

∂ℓ
∂Y(l − 1,m,2,2)

+ =
∂ℓ

∂z(l, n,2,0)
wl(m, n,0,2)



How a single  influences 𝑌(𝑙 − 1,𝑚, 𝑥, 𝑦) 𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼)

37

𝑧(𝑙, 𝑛, 0,1) + = 𝑌(𝑙 − 1, 𝑚, 2, 2)𝑤𝑙(𝑚, 𝑛, 2, 1)

𝑌(𝑙 − 1,𝑚, x, y)
𝑧(𝑙, 𝑛, x′￼, y′￼)

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

(2,2)

0,0 1, 0 2,0

0,1 1, 1 2,1

0,2 1, 2 2,2

0,0 1, 0 2,0

0,1⊗
0,1

∂ℓ
∂Y(l − 1,m,2,2)

+ =
∂ℓ

∂z(l, n,0,1)
wl(m, n,2,1)



How a single  influences 𝑌(𝑙 − 1,𝑚, 𝑥, 𝑦) 𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼)

38

𝑌(𝑙 − 1,𝑚, x, y)
𝑧(𝑙, 𝑛, x′￼, y′￼)

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

(2,2)

0,0 1, 0 2,0

0,1 1, 1 2,1

0,2 1, 2 2,2

0,0 1, 0 2,0

0,1 1, 1⊗

𝑧(𝑙, 𝑛, 1,1) + = 𝑌(𝑙 − 1, 𝑚, 2, 2)𝑤𝑙(𝑚, 𝑛, 1, 1)

1, 1

∂ℓ
∂Y(l − 1,m,2,2)

+ =
∂ℓ

∂z(l, n,1,1)
wl(m, n,1,1)



How a single  influences 𝑌(𝑙 − 1,𝑚, 𝑥, 𝑦) 𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼)

39

𝑌(𝑙 − 1,𝑚, x, y)
𝑧(𝑙, 𝑛, x′￼, y′￼)

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

(2,2)

0,0 1, 0 2,0

0,1 1, 1 2,1

0,2 1, 2 2,2

0,0 1, 0 2,0

0,1 1, 1 2,1⊗

𝑧(𝑙, 𝑛, 2,1) + = 𝑌(𝑙 − 1, 𝑚, 2, 2)𝑤𝑙(𝑚, 𝑛, 0, 1)

2, 1

∂ℓ
∂Y(l − 1,m,2,2)

+ =
∂ℓ

∂z(l, n,2,1)
wl(m, n,0,1)



How a single  influences 𝑌(𝑙 − 1,𝑚, 𝑥, 𝑦) 𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼)

40

𝑌(𝑙 − 1,𝑚, x, y)
𝑧(𝑙, 𝑛, x′￼, y′￼)

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

(2,2)

0,0 1, 0 2,0

0,1 1, 1 2,1

0,2 1, 2 2,2

0,0 1, 0 2,0

0,1 1, 1 2,1

0,2

⊗

𝑧(𝑙, 𝑛, 0,2) + = 𝑌(𝑙 − 1, 𝑚, 2, 2)𝑤𝑙(𝑚, 𝑛, 2, 0)

0,2

∂ℓ
∂Y(l − 1,m,2,2)

+ =
∂ℓ

∂z(l, n,0,2)
wl(m, n,2,0)



How a single  influences 𝑌(𝑙 − 1,𝑚, 𝑥, 𝑦) 𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼)

41

𝑌(𝑙 − 1,𝑚, x, y)
𝑧(𝑙, 𝑛, x′￼, y′￼)

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

(2,2)

0,0 1, 0 2,0

0,1 1, 1 2,1

0,2 1, 2 2,2

0,0 1, 0 2,0

0,1 1, 1 2,1

0,2 1, 2

⊗

𝑧(𝑙, 𝑛, 1,2) + = 𝑌(𝑙 − 1, 𝑚, 2, 2)𝑤𝑙(𝑚, 𝑛, 2, 1)

1,2

∂ℓ
∂Y(l − 1,m,2,2)

+ =
∂ℓ

∂z(l, n,1,2)
wl(m, n,1,0)



How a single  influences 𝑌(𝑙 − 1,𝑚, 𝑥, 𝑦) 𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼)

42

𝑌(𝑙 − 1,𝑚, x, y)
𝑧(𝑙, 𝑛, x′￼, y′￼)

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

(2,2)

0,0 1, 0 2,0

0,1 1, 1 2,1

0,2 1, 2 2,2

0,0 1, 0 2,0

0,1 1, 1 2,1

0,2 1, 2 2,2

⊗

𝑧(𝑙, 𝑛, 2,2) + = 𝑌(𝑙 − 1, 𝑚, 2, 2)𝑤𝑙(𝑚, 𝑛, 0, 0)

∂ℓ
∂Y(l − 1,m,2,2)

+ =
∂ℓ

∂z(l, n,2,2)
wl(m, n,0,0)



How a single  influences 𝑌(𝑙 − 1,𝑚, 𝑥, 𝑦) 𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼)

43

• The derivative at  is the sum of component-wise product of 
the filter elements and the elements of the derivative at 

𝑌(𝑙 − 1,𝑚, 2,2)
𝑧(𝑙, 𝑚, . , . )

𝑌(𝑙 − 1,𝑚, x, y)
𝑧(𝑙, 𝑛, x′￼, y′￼)

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

(2,2)

0,0 1, 0 2,0

0,1 1, 1 2,1

0,2 1, 2 2,2

0,0 1, 0 2,0

0,1 1, 1 2,1

0,2 1, 2 2,2

⊗

𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼) + = 𝑌(𝑙 − 1, 𝑚, 2, 2)𝑤𝑙(𝑚, 𝑛, 2 − x′￼, 2 − y′￼)
∂ℓ

∂Y(l − 1,m,2,2)
+ = ∑

x′￼,y′￼

∂ℓ
∂z(l, n, x′￼, y′￼)

wl(m, n,2 − x′￼,2 − y′￼)



Derivative at  from a single  map𝑌(𝑙 − 1,𝑚, 𝑥, 𝑦) 𝑍(𝑙, 𝑛)

44
Contribution of the entire th affine map 𝑛 𝑧(𝑙, 𝑛, ∗ , ∗ )

𝑌(𝑙 − 1,𝑚, x, y)
𝑧(𝑙, 𝑛, x′￼, y′￼)

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

0,0 1, 0 2,0

0,1 1, 1 2,1

0,2 1, 2 2,2

⊗

𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼) + = 𝑌(𝑙 − 1,𝑚, 𝑥, 𝑦)𝑤𝑙(𝑚, 𝑛, 𝑥 − 𝑥′￼, 𝑦 − 𝑦′￼)

𝑥 − 2𝑦 − 2𝑥 − 1𝑦 − 2𝑥𝑦 − 2

𝑥 − 2𝑦 − 1𝑥 − 1𝑦 − 1𝑥𝑦 − 1

𝑥 − 2𝑦 𝑥 − 1𝑦
(𝑥, 𝑦)

𝑥, 𝑦

∂ℓ
∂Y(l − 1,m, x, y)

+ = ∑
x′￼,y′￼

∂ℓ
∂z(l, n, x′￼, y′￼)

wl(m, n, x − x′￼, y − y′￼)



𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

=

45

Derivative at  from a single  map𝑌(𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)

∂ℓ
∂z(l, n, x′￼, y′￼)

∂ℓ
∂Y(l − 1,m, x, y)



46

Derivative at  from a single  map𝑌(𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)
𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

=

Zero pad with K-1 rows 
and cols on every side

flip

∂ℓ
∂z(l, n, x′￼, y′￼)

∂ℓ
∂Y(l − 1,m, x, y)



47

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

=

∂ℓ
∂z(l, n, x′￼, y′￼)

∂ℓ
∂Y(l − 1,m, x, y)

Derivative at  from a single  map𝑌(𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)



48

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

=

∂ℓ
∂z(l, n, x′￼, y′￼)

∂ℓ
∂Y(l − 1,m, x, y)

Derivative at  from a single  map𝑌(𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)



49

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

=

∂ℓ
∂z(l, n, x′￼, y′￼)

∂ℓ
∂Y(l − 1,m, x, y)

Derivative at  from a single  map𝑌(𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)



50

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

=

∂ℓ
∂z(l, n, x′￼, y′￼)

∂ℓ
∂Y(l − 1,m, x, y)

Derivative at  from a single  map𝑌(𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)



51

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

=

∂ℓ
∂z(l, n, x′￼, y′￼)

∂ℓ
∂Y(l − 1,m, x, y)

Derivative at  from a single  map𝑌(𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)



𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

=

52

Derivative at  from a single  map𝑌(𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)

∂ℓ
∂z(l, n, x′￼, y′￼)

∂ℓ
∂Y(l − 1,m, x, y)



𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

=

53

Derivative at  from a single  map𝑌(𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)

∂ℓ
∂z(l, n, x′￼, y′￼)

∂ℓ
∂Y(l − 1,m, x, y)



𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

=

54

Derivative at  from a single  map𝑌(𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)

∂ℓ
∂z(l, n, x′￼, y′￼)

∂ℓ
∂Y(l − 1,m, x, y)



55

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

=

∂ℓ
∂z(l, n, x′￼, y′￼)

∂ℓ
∂Y(l − 1,m, x, y)

Derivative at  from a single  map𝑌(𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)



𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

=

56

Derivative at  from a single  map𝑌(𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)

∂ℓ
∂z(l, n, x′￼, y′￼)

∂ℓ
∂Y(l − 1,m, x, y)



𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

=

57

Derivative at  from a single  map𝑌(𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)

∂ℓ
∂z(l, n, x′￼, y′￼)

∂ℓ
∂Y(l − 1,m, x, y)



𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

=

58

Derivative at  from a single  map𝑌(𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)

∂ℓ
∂z(l, n, x′￼, y′￼)

∂ℓ
∂Y(l − 1,m, x, y)



𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

=

59

Derivative at  from a single  map𝑌(𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)

∂ℓ
∂z(l, n, x′￼, y′￼)

∂ℓ
∂Y(l − 1,m, x, y)



𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

=

60

Derivative at  from a single  map𝑌(𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)

∂ℓ
∂z(l, n, x′￼, y′￼)

∂ℓ
∂Y(l − 1,m, x, y)



𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

=

61

Derivative at  from a single  map𝑌(𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)

∂ℓ
∂z(l, n, x′￼, y′￼)

∂ℓ
∂Y(l − 1,m, x, y)



62

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

=

∂ℓ
∂z(l, n, x′￼, y′￼)

∂ℓ
∂Y(l − 1,m, x, y)

Derivative at  from a single  map𝑌(𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)



𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

=

63

Derivative at  from a single  map𝑌(𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)

∂ℓ
∂z(l, n, x′￼, y′￼)

∂ℓ
∂Y(l − 1,m, x, y)



𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

=

64

Derivative at  from a single  map𝑌(𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)

∂ℓ
∂z(l, n, x′￼, y′￼)

∂ℓ
∂Y(l − 1,m, x, y)



𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

=

65

Derivative at  from a single  map𝑌(𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)

∂ℓ
∂z(l, n, x′￼, y′￼)

∂ℓ
∂Y(l − 1,m, x, y)



66

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

=

∂ℓ
∂z(l, n, x′￼, y′￼)

∂ℓ
∂Y(l − 1,m, x, y)

Derivative at  from a single  map𝑌(𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)



𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

=

67

Derivative at  from a single  map𝑌(𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)

∂ℓ
∂z(l, n, x′￼, y′￼)

∂ℓ
∂Y(l − 1,m, x, y)



Derivative at  from a single  map𝑌(𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)
𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

=

68

∂ℓ
∂z(l, n, x′￼, y′￼)

∂ℓ
∂Y(l − 1,m, x, y)



Derivative at  from a single  map𝑌(𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)
𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

=

69

∂ℓ
∂z(l, n, x′￼, y′￼)

∂ℓ
∂Y(l − 1,m, x, y)



Derivative at  from a single  map𝑌(𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)
𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

=

70

∂ℓ
∂z(l, n, x′￼, y′￼)

∂ℓ
∂Y(l − 1,m, x, y)



Derivative at  from a single  map𝑌(𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)

71

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

=

∂ℓ
∂z(l, n, x′￼, y′￼)

∂ℓ
∂Y(l − 1,m, x, y)



BP: Convolutional layer

𝑌(𝑙 − 1)

𝑍(𝑙, 1)

𝑍(𝑙, 2)

⋮

𝑍(𝑙, 𝑁)
Summing over all Z maps

∂ℓ
∂Y(l − 1,m, x, y)

= ∑
n

∑
x′￼,y′￼

∂ℓ
∂z(l, n, x′￼, y′￼)

wl(m, n, x − x′￼, y − y′￼)
72



The actual convolutions

73

• The  affine maps are produced by convolving with  filters


• The th  map always convolves the th plane of the filters


• The derivative for the th  map will invoke the th plane of all the filters

𝐷𝑙 𝐷𝑙

𝑚 𝑌 𝑚
𝑚 𝑌 𝑚

Filter1 Filter 𝐷𝑙

⋮
⋮

=
⨂⋮ ⋮ ⋮

𝑌 (𝑙 − 1,1)

𝑌 (𝑙 − 1,𝑚)

𝑌 (𝑙 − 1,𝐷𝑙−1)

𝑍(𝑙, 1)

𝑍(𝑙, 𝑚)

𝑍(𝑙, 𝐷𝑙)



The actual convolutions

74

• The  affine maps are produced by convolving with  filters


• The th  map always convolves the th plane of the filters


• The derivative for the th  map will invoke the th plane of all the filters

𝐷𝑙 𝐷𝑙

𝑚 𝑌 𝑚
𝑚 𝑌 𝑚

Filter1 Filter 𝐷𝑙

⋮
⋮

=
⨂⋮ ⋮ ⋮

𝑌 (𝑙 − 1,1)

𝑌 (𝑙 − 1,𝑚)

𝑌 (𝑙 − 1,𝐷𝑙−1)

𝑍(𝑙, 1)

𝑍(𝑙, 𝑚)

𝑍(𝑙, 𝐷𝑙)



75

=

𝜕𝐷𝑖𝑣
𝜕𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼)𝑤𝑙(𝑚, 𝑛,  𝑥, 𝑦)

⋮ ⋮

In reality, the derivative at each (x,y)

location is obtained from all z maps

𝒏 = 𝟏

𝒏 = 𝟐

𝒏 = 𝑫𝒍

∂ℓ
∂Y(l − 1,m, x, y)



76

=

𝜕𝐷𝑖𝑣
𝜕𝑧(𝑙, 𝑛, 𝑥′￼, 𝑦′￼)

𝑤𝑙(𝑚, 𝑛,  𝑥, 𝑦)

⋮ ⋮

𝑤𝑙(𝑚, 𝑛, 𝐾 + 1 − 𝑥, 𝐾 + 1 − 𝑦)

flip

⋮

In reality, the derivative at each (x,y)

location is obtained from all z maps

𝒏 = 𝟏

𝒏 = 𝟐

𝒏 = 𝑫𝒍

∂ℓ
∂y(l − 1,m, x, y)



=

⋮ ⋮

flip

⋮
⋮

∂ℓ
∂Y(l − 1,m, x, y)

77

𝑤𝑙(𝑚, 𝑛,  𝑥, 𝑦)

𝑤𝑙(𝑚, 𝑛, 𝐾 + 1 − 𝑥, 𝐾 + 1 − 𝑦)

𝒏 = 𝟏

𝒏 = 𝟐

𝒏 = 𝑫𝒍

∂ℓ
∂Y(l − 1,m , x , y)

= ∑
n

∑
x′￼,y′￼

∂ℓ
∂z(l, n , x′￼, y′￼)

wl(m , n , x − x′￼, y − y′￼)



78

=

⋮ ⋮

flip

⋮
⋮

𝑤𝑙(𝑚, 𝑛,  𝑥, 𝑦)

𝑤𝑙(𝑚, 𝑛, 𝐾 + 1 − 𝑥, 𝐾 + 1 − 𝑦)

𝒏 = 𝟏

𝒏 = 𝟐

𝒏 = 𝑫𝒍

∂ℓ
∂Y(l − 1,m, x, y)

∂ℓ
∂Y(l − 1,m , x , y)

= ∑
n

∑
x′￼,y′￼

∂ℓ
∂z(l, n , x′￼, y′￼)

wl(m , n , x − x′￼, y − y′￼)



79

=

⋮ ⋮

flip

⋮
⋮

𝑤𝑙(𝑚, 𝑛,  𝑥, 𝑦)

𝑤𝑙(𝑚, 𝑛, 𝐾 + 1 − 𝑥, 𝐾 + 1 − 𝑦)

𝒏 = 𝟏

𝒏 = 𝟐

𝒏 = 𝑫𝒍

∂ℓ
∂Y(l − 1,m, x, y)

∂ℓ
∂Y(l − 1,m , x , y)

= ∑
n

∑
x′￼,y′￼

∂ℓ
∂z(l, n , x′￼, y′￼)

wl(m , n , x − x′￼, y − y′￼)



=

⋮ ⋮

flip

⋮
⋮

80

𝑤𝑙(𝑚, 𝑛,  𝑥, 𝑦)

𝑤𝑙(𝑚, 𝑛, 𝐾 + 1 − 𝑥, 𝐾 + 1 − 𝑦)

𝒏 = 𝟏

𝒏 = 𝟐

𝒏 = 𝑫𝒍

∂ℓ
∂Y(l − 1,m, x, y)

∂ℓ
∂Y(l − 1,m , x , y)

= ∑
n

∑
x′￼,y′￼

∂ℓ
∂z(l, n , x′￼, y′￼)

wl(m , n , x − x′￼, y − y′￼)



81

=

⋮ ⋮

flip

⋮
⋮

𝑤𝑙(𝑚, 𝑛,  𝑥, 𝑦)

𝑤𝑙(𝑚, 𝑛, 𝐾 + 1 − 𝑥, 𝐾 + 1 − 𝑦)

𝒏 = 𝟏

𝒏 = 𝟐

𝒏 = 𝑫𝒍

∂ℓ
∂Y(l − 1,m, x, y)

∂ℓ
∂Y(l − 1,m , x , y)

= ∑
n

∑
x′￼,y′￼

∂ℓ
∂z(l, n , x′￼, y′￼)

wl(m , n , x − x′￼, y − y′￼)



82

=

⋮ ⋮ ⋮

flip

⋮

𝑤𝑙(𝑚, 𝑛,  𝑥, 𝑦)

𝑤𝑙(𝑚, 𝑛, 𝐾 + 1 − 𝑥, 𝐾 + 1 − 𝑦)

𝒏 = 𝟏

𝒏 = 𝟐

𝒏 = 𝑫𝒍

∂ℓ
∂Y(l − 1,m, x, y)

∂ℓ
∂Y(l − 1,m , x , y)

= ∑
n

∑
x′￼,y′￼

∂ℓ
∂z(l, n , x′￼, y′￼)

wl(m , n , x − x′￼, y − y′￼)



=

⋮ ⋮ ⋮

flip

⋮

83

𝑤𝑙(𝑚, 𝑛,  𝑥, 𝑦)

𝑤𝑙(𝑚, 𝑛, 𝐾 + 1 − 𝑥, 𝐾 + 1 − 𝑦)

𝒏 = 𝟏

𝒏 = 𝟐

𝒏 = 𝑫𝒍

∂ℓ
∂Y(l − 1,m, x, y)

∂ℓ
∂Y(l − 1,m , x , y)

= ∑
n

∑
x′￼,y′￼

∂ℓ
∂z(l, n , x′￼, y′￼)

wl(m , n , x − x′￼, y − y′￼)



=

⋮ ⋮ ⋮

flip

⋮

84

𝑤𝑙(𝑚, 𝑛,  𝑥, 𝑦)

𝑤𝑙(𝑚, 𝑛, 𝐾 + 1 − 𝑥, 𝐾 + 1 − 𝑦)

𝒏 = 𝟏

𝒏 = 𝟐

𝒏 = 𝑫𝒍

∂ℓ
∂Y(l − 1,m, x, y)

∂ℓ
∂Y(l − 1,m , x , y)

= ∑
n

∑
x′￼,y′￼

∂ℓ
∂z(l, n , x′￼, y′￼)

wl(m , n , x − x′￼, y − y′￼)



=

⋮ ⋮ ⋮

flip

⋮

85

𝑤𝑙(𝑚, 𝑛,  𝑥, 𝑦)

𝑤𝑙(𝑚, 𝑛, 𝐾 + 1 − 𝑥, 𝐾 + 1 − 𝑦)

𝒏 = 𝟏

𝒏 = 𝟐

𝒏 = 𝑫𝒍



=

⋮ ⋮ ⋮

flip

⋮

86

𝑤𝑙(𝑚, 𝑛,  𝑥, 𝑦)

𝑤𝑙(𝑚, 𝑛, 𝐾 + 1 − 𝑥, 𝐾 + 1 − 𝑦)

𝒏 = 𝟏

𝒏 = 𝟐

𝒏 = 𝑫𝒍

∂ℓ
∂Y(l − 1,m, x, y)

∂ℓ
∂Y(l − 1,m , x , y)

= ∑
n

∑
x′￼,y′￼

∂ℓ
∂z(l, n , x′￼, y′￼)

wl(m , n , x − x′￼, y − y′￼)



=

⋮ ⋮ ⋮

flip

⋮

87

𝑤𝑙(𝑚, 𝑛,  𝑥, 𝑦)

𝑤𝑙(𝑚, 𝑛, 𝐾 + 1 − 𝑥, 𝐾 + 1 − 𝑦)

𝒏 = 𝟏

𝒏 = 𝟐

𝒏 = 𝑫𝒍

∂ℓ
∂Y(l − 1,m, x, y)

∂ℓ
∂Y(l − 1,m , x , y)

= ∑
n

∑
x′￼,y′￼

∂ℓ
∂z(l, n , x′￼, y′￼)

wl(m , n , x − x′￼, y − y′￼)



=

⋮ ⋮ ⋮

flip

⋮

88

𝑤𝑙(𝑚, 𝑛,  𝑥, 𝑦)

𝑤𝑙(𝑚, 𝑛, 𝐾 + 1 − 𝑥, 𝐾 + 1 − 𝑦)

𝒏 = 𝟏

𝒏 = 𝟐

𝒏 = 𝑫𝒍

∂ℓ
∂Y(l − 1,m, x, y)

∂ℓ
∂Y(l − 1,m , x , y)

= ∑
n

∑
x′￼,y′￼

∂ℓ
∂z(l, n , x′￼, y′￼)

wl(m , n , x − x′￼, y − y′￼)



=

⋮ ⋮ ⋮

flip

⋮

89

𝑤𝑙(𝑚, 𝑛,  𝑥, 𝑦)

𝑤𝑙(𝑚, 𝑛, 𝐾 + 1 − 𝑥, 𝐾 + 1 − 𝑦)

𝒏 = 𝟏

𝒏 = 𝟐

𝒏 = 𝑫𝒍

∂ℓ
∂Y(l − 1,m, x, y)

∂ℓ
∂Y(l − 1,m , x , y)

= ∑
n

∑
x′￼,y′￼

∂ℓ
∂z(l, n , x′￼, y′￼)

wl(m , n , x − x′￼, y − y′￼)



90

=

⋮ ⋮ ⋮

flip

⋮

𝑤𝑙(𝑚, 𝑛,  𝑥, 𝑦)

𝑤𝑙(𝑚, 𝑛, 𝐾 + 1 − 𝑥, 𝐾 + 1 − 𝑦)

𝒏 = 𝟏

𝒏 = 𝟐

𝒏 = 𝑫𝒍

∂ℓ
∂Y(l − 1,m, x, y)

∂ℓ
∂Y(l − 1,m , x , y)

= ∑
n

∑
x′￼,y′￼

∂ℓ
∂z(l, n , x′￼, y′￼)

wl(m , n , x − x′￼, y − y′￼)



91

=

⋮ ⋮ ⋮

flip

⋮

𝑤𝑙(𝑚, 𝑛,  𝑥, 𝑦)

𝑤𝑙(𝑚, 𝑛, 𝐾 + 1 − 𝑥, 𝐾 + 1 − 𝑦)

𝒏 = 𝟏

𝒏 = 𝟐

𝒏 = 𝑫𝒍

∂ℓ
∂Y(l − 1,m, x, y)

∂ℓ
∂Y(l − 1,m , x , y)

= ∑
n

∑
x′￼,y′￼

∂ℓ
∂z(l, n , x′￼, y′￼)

wl(m , n , x − x′￼, y − y′￼)



=

⋮ ⋮ ⋮

flip

⋮

92

𝑤𝑙(𝑚, 𝑛,  𝑥, 𝑦)

𝑤𝑙(𝑚, 𝑛, 𝐾 + 1 − 𝑥, 𝐾 + 1 − 𝑦)

𝒏 = 𝟏

𝒏 = 𝟐

𝒏 = 𝑫𝒍

∂ℓ
∂Y(l − 1,m, x, y)

∂ℓ
∂Y(l − 1,m , x , y)

= ∑
n

∑
x′￼,y′￼

∂ℓ
∂z(l, n , x′￼, y′￼)

wl(m , n , x − x′￼, y − y′￼)



93

=

⋮ ⋮ ⋮

flip

⋮

𝑤𝑙(𝑚, 𝑛,  𝑥, 𝑦)

𝑤𝑙(𝑚, 𝑛, 𝐾 + 1 − 𝑥, 𝐾 + 1 − 𝑦)

𝒏 = 𝟏

𝒏 = 𝟐

𝒏 = 𝑫𝒍

∂ℓ
∂Y(l − 1,m, x, y)

∂ℓ
∂Y(l − 1,m , x , y)

= ∑
n

∑
x′￼,y′￼

∂ℓ
∂z(l, n , x′￼, y′￼)

wl(m , n , x − x′￼, y − y′￼)



=

⋮ ⋮ ⋮

flip

⋮

94

𝑤𝑙(𝑚, 𝑛,  𝑥, 𝑦)

𝑤𝑙(𝑚, 𝑛, 𝐾 + 1 − 𝑥, 𝐾 + 1 − 𝑦)

𝒏 = 𝟏

𝒏 = 𝟐

𝒏 = 𝑫𝒍

∂ℓ
∂Y(l − 1,m, x, y)

∂ℓ
∂Y(l − 1,m , x , y)

= ∑
n

∑
x′￼,y′￼

∂ℓ
∂z(l, n , x′￼, y′￼)

wl(m , n , x − x′￼, y − y′￼)



=

⋮ ⋮ ⋮

flip

⋮

95

𝑤𝑙(𝑚, 𝑛,  𝑥, 𝑦)

𝑤𝑙(𝑚, 𝑛, 𝐾 + 1 − 𝑥, 𝐾 + 1 − 𝑦)

𝒏 = 𝟏

𝒏 = 𝟐

𝒏 = 𝑫𝒍

∂ℓ
∂Y(l − 1,m, x, y)

∂ℓ
∂Y(l − 1,m , x , y)

= ∑
n

∑
x′￼,y′￼

∂ℓ
∂z(l, n , x′￼, y′￼)

wl(m , n , x − x′￼, y − y′￼)



=

⋮ ⋮ ⋮

flip

⋮

96

𝑤𝑙(𝑚, 𝑛,  𝑥, 𝑦)

𝑤𝑙(𝑚, 𝑛, 𝐾 + 1 − 𝑥, 𝐾 + 1 − 𝑦)

𝒏 = 𝟏

𝒏 = 𝟐

𝒏 = 𝑫𝒍

∂ℓ
∂Y(l − 1,m, x, y)

∂ℓ
∂Y(l − 1,m , x , y)

= ∑
n

∑
x′￼,y′￼

∂ℓ
∂z(l, n , x′￼, y′￼)

wl(m , n , x − x′￼, y − y′￼)



=

⋮ ⋮ ⋮

flip

⋮

97

𝑤𝑙(𝑚, 𝑛,  𝑥, 𝑦)

𝑤𝑙(𝑚, 𝑛, 𝐾 + 1 − 𝑥, 𝐾 + 1 − 𝑦)

𝒏 = 𝟏

𝒏 = 𝟐

𝒏 = 𝑫𝒍

∂ℓ
∂Y(l − 1,m, x, y)

∂ℓ
∂Y(l − 1,m , x , y)

= ∑
n

∑
x′￼,y′￼

∂ℓ
∂z(l, n , x′￼, y′￼)

wl(m , n , x − x′￼, y − y′￼)



98

=

⋮ ⋮ ⋮

flip

⋮

𝑤𝑙(𝑚, 𝑛,  𝑥, 𝑦)

𝑤𝑙(𝑚, 𝑛, 𝐾 + 1 − 𝑥, 𝐾 + 1 − 𝑦)

𝒏 = 𝟏

𝒏 = 𝟐

𝒏 = 𝑫𝒍

∂ℓ
∂Y(l − 1,m, x, y)

∂ℓ
∂Y(l − 1,m , x , y)

= ∑
n

∑
x′￼,y′￼

∂ℓ
∂z(l, n , x′￼, y′￼)

wl(m , n , x − x′￼, y − y′￼)



=

⋮ ⋮ ⋮

flip

⋮

99

𝑤𝑙(𝑚, 𝑛,  𝑥, 𝑦)

𝑤𝑙(𝑚, 𝑛, 𝐾 + 1 − 𝑥, 𝐾 + 1 − 𝑦)

𝒏 = 𝟏

𝒏 = 𝟐

𝒏 = 𝑫𝒍

∂ℓ
∂Y(l − 1,m, x, y)

∂ℓ
∂Y(l − 1,m , x , y)

= ∑
n

∑
x′￼,y′￼

∂ℓ
∂z(l, n , x′￼, y′￼)

wl(m , n , x − x′￼, y − y′￼)



=

⋮ ⋮ ⋮

flip

⋮

100

𝑤𝑙(𝑚, 𝑛,  𝑥, 𝑦)

𝑤𝑙(𝑚, 𝑛, 𝐾 + 1 − 𝑥, 𝐾 + 1 − 𝑦)

𝒏 = 𝟏

𝒏 = 𝟐

𝒏 = 𝑫𝒍

∂ℓ
∂Y(l − 1,m, x, y)

∂ℓ
∂Y(l − 1,m , x , y)

= ∑
n

∑
x′￼,y′￼

∂ℓ
∂z(l, n , x′￼, y′￼)

wl(m , n , x − x′￼, y − y′￼)



101

=

⋮ ⋮ ⋮

flip

⋮

𝑤𝑙(𝑚, 𝑛,  𝑥, 𝑦)

𝑤𝑙(𝑚, 𝑛, 𝐾 + 1 − 𝑥, 𝐾 + 1 − 𝑦)

𝒏 = 𝟏

𝒏 = 𝟐

𝒏 = 𝑫𝒍

∂ℓ
∂Y(l − 1,m, x, y)

∂ℓ
∂Y(l − 1,m , x , y)

= ∑
n

∑
x′￼,y′￼

∂ℓ
∂z(l, n , x′￼, y′￼)

wl(m , n , x − x′￼, y − y′￼)



Computing the derivative for 𝑌(𝑙 − 1,𝑚)

102

• This is just a convolution of the zero-padded 

 maps by the transposed and flipped filter


– After zero padding it first with  zeros on every side

∂ℓ
∂z(l, n, x′￼, y′￼)

𝐾 − 1

𝑤𝑙(𝑚, 𝑛,  𝑥, 𝑦)

𝑤𝑙(𝑚, 𝑛, 𝐾 + 1 − 𝑥, 𝐾 + 1 − 𝑦)



The size of the Y-derivative map

103

• We continue to compute elements for the derivative  map as long as the 
(flipped) filter has at least one element in the (unpadded) derivative Zmap

– I.e. so long as the  derivative is non-zero


• The size of the  derivative map will be 


–  and  are heidght and width of the Zmap

• This will be the size of the actual  map that was originally convolved

𝑌

𝑌

𝑌 (𝐻 + 𝐾 − 1) × (𝑊 + 𝐾 − 1)
𝐻 𝑊

𝑌

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

=

∂ℓ
∂z(l, n , x′￼, y′￼)

∂ℓ
∂Y (l − 1,m , x , y)



The size of the Y-derivative map

104

• If the  map was zero-padded in the forward pass, 
the derivative map will be the size of the zero-
padded map

– The zero padding regions must be deleted before further 

backprop

𝑌

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

=

∂ℓ
∂z(l, n , x′￼, y′￼)

∂ℓ
∂Y (l − 1,m , x , y)



Stride greater than 1

• Observation: Convolving with a stride  greater than 1 is the same 
as convolving with stride 1 and “dropping”  out of every  
rows, and  of every  columns

– Downsampling by 

– E.g. for stride 2, it is the same as convolving with stride 1 and dropping 

every 2nd entry

𝑆
𝑆 − 1 𝑆

𝑆 − 1 𝑆
𝑺

0

1 1 1 0 0

0 1 1 1 0

1 1 10

0 0 01 1

0 1 01 0

1 0 1
0 1 0

11 0
Filter

4 4

2 4

3 44
4 32
3 42

𝑆 = 1
×
×
×

× ×

𝑆 = 2



Derivatives with Stride greater than 1

• Derivatives: Backprop gives us the derivatives 
of the divergence with respect to the elements 
of the downsampled (strided)  map 𝑍

0

1 1 1 0 0

0 1 1 1 0

1 1 10

0 0 01 1

0 1 01 0

1 0 1
0 1 0

11 0
Filter

∂ℓ
z(0,0)

∂ℓ
z(1,0)

∂ℓ
z(0,1)

∂ℓ
z(1,1)



Derivatives with Stride greater than 1

• Derivatives: Backprop gives us the derivatives of the divergence with 
respect to the elements of the downsampled (strided)  map 


• We can place these derivative values back into their original 
locations of the full-sized  map

𝑍

𝑍

0

1 1 1 0 0

0 1 1 1 0

1 1 10

0 0 01 1

0 1 01 0

1 0 1
0 1 0

11 0
Filter 𝑆 = 2

∂ℓ
z(0,0)

∂ℓ
z(1,0)

∂ℓ
z(0,1)

∂ℓ
z(1,1)

∂ℓ
z(0,0)

∂ℓ
z(1,0)

∂ℓ
z(0,1)

∂ℓ
z(1,1)



Derivatives with Stride greater than 1

• Derivatives: Backprop gives us the derivatives of the divergence with respect to the 
elements of the downsampled (strided)  map 


• We can place these values back into their original locations of the full-sized  map


• The remaining entries of the  map do not affect the divergence

– Since they get dropped out


• The derivative of the divergence w.r.t. these values is 0

𝑍
𝑍

𝑍

0

1 1 1 0 0

0 1 1 1 0

1 1 10

0 0 01 1

0 1 01 0

1 0 1
0 1 0

11 0
Filter

0
0 00
0

𝑆 = 2

∂ℓ
z(0,0)

∂ℓ
z(1,0)

∂ℓ
z(0,1)

∂ℓ
z(1,1)

∂ℓ
z(0,0)

∂ℓ
z(1,0)

∂ℓ
z(0,1)

∂ℓ
z(1,1)



Computing derivatives with Stride > 1

• Upsampling derivative map: 

– Upsample the downsampled derivatives

– Insert zeros into the “empty” slots


– This gives us the derivatives w.r.t. all the entries of a full-sized (stride 1)  map


• We can compute the derivatives for , using the full map

𝑍

𝑌

0

1 1 1 0 0

0 1 1 1 0

1 1 10

0 0 01 1

0 1 01 0

1 0 1
0 1 0

11 0
Filter

0
0 00
0

𝑏𝑎𝑐𝑘𝑝𝑟𝑜𝑝

𝑆 = 2

∂ℓ
z(0,0)

∂ℓ
z(1,0)

∂ℓ
z(0,1)

∂ℓ
z(1,1)

∂ℓ
z(0,0)

∂ℓ
z(1,0)

∂ℓ
z(0,1)

∂ℓ
z(1,1)
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Computing ∂ℓ
∂wl(m, n, x, y)



• Each weight  affects several 

 

– Consider the contribution of one filter components: 

 (e.g. )

𝑤𝑙(𝑚, 𝑛, 𝑥′￼, 𝑦′￼)
𝑧(𝑙, 𝑛, 𝑥, 𝑦)

𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗) 𝑤𝑙(𝑚, 𝑛, 1,2) 111

The derivatives for the weights

𝑧(𝑙, 𝑛, 𝑥, 𝑦) = ∑
𝑚

∑
𝑥′￼,𝑦′￼

𝑤𝑙(𝑚, 𝑛, 𝑥′￼, 𝑦′￼)𝑦(𝑙 − 1,𝑚, 𝑥 + 𝑥′￼, 𝑦 + 𝑦′￼) + 𝑏𝑙(𝑛)

𝑌(𝑙 − 1,𝑚) ⊗ 𝑤𝑙(𝑚, 𝑛) 𝑍(𝑙, 𝑛)



• Each affine output is computed from multiple input maps simultaneously


• Each weight  affects several  𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗) 𝑧(𝑙, 𝑛, 𝑥, 𝑦) 112

Convolutional 

layer

Previous 
layer

⋮

𝑧(𝑙, 𝑛, 𝑥, 𝑦) = ∑
𝑚

2

∑
𝑥′￼=0

2

∑
𝑦′￼=0

𝑤𝑙(𝑚, 𝑛, 𝑥′￼, 𝑦′￼)𝑦(𝑙 − 1,𝑚, 𝑥 + 𝑥′￼, 𝑦 + 𝑥′￼) + 𝑏𝑙(𝑛)

Convolution: the contribution of a single weight



• Each weight  affects several  


– Consider the contribution of one filter components: e.g. 

𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗) 𝑧(𝑙, 𝑛, 𝑥, 𝑦)
𝑤𝑙(𝑚, 𝑛, 1,2) 113

Convolutional 

layer

Previous 
layer

⋮

𝑧(𝑙, 𝑛, 0,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  1,2) + …

𝑌 (𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)

𝑧(𝑙, 𝑛, 𝑥, 𝑦) = ∑
𝑚

2

∑
𝑥′￼=0

2

∑
𝑦′￼=0

𝑤𝑙(𝑚, 𝑛, 𝑥′￼, 𝑦′￼)𝑦(𝑙 − 1,𝑚, 𝑥 + 𝑥′￼, 𝑦 + 𝑥′￼) + 𝑏𝑙(𝑛)

Convolution: the contribution of a single weight



• Each weight  affects several  


– Consider the contribution of one filter components: e.g. 

𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗) 𝑧(𝑙, 𝑛, 𝑥, 𝑦)
𝑤𝑙(𝑚, 𝑛, 1,2) 114

Convolutional 

layer

Previous 
layer

⋮

𝑧(𝑙, 𝑛, 0,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  1,2) + …
𝑧(𝑙, 𝑛, 1,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  2,2) + …

𝑌 (𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)

𝑧(𝑙, 𝑛, 𝑥, 𝑦) = ∑
𝑚

2

∑
𝑥′￼=0

2

∑
𝑦′￼=0

𝑤𝑙(𝑚, 𝑛, 𝑥′￼, 𝑦′￼)𝑦(𝑙 − 1,𝑚, 𝑥 + 𝑥′￼, 𝑦 + 𝑥′￼) + 𝑏𝑙(𝑛)

Convolution: the contribution of a single weight



• Each weight  affects several  


– Consider the contribution of one filter components: e.g. 

𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗) 𝑧(𝑙, 𝑛, 𝑥, 𝑦)
𝑤𝑙(𝑚, 𝑛, 1,2) 115

Convolutional 

layer

Previous 
layer

⋮

𝑧(𝑙, 𝑛, 0,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  1,2) + …
𝑧(𝑙, 𝑛, 1,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  2,2) + …
𝑧(𝑙, 𝑛, 2,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  3,2) + …

𝑌 (𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)

𝑧(𝑙, 𝑛, 𝑥, 𝑦) = ∑
𝑚

2

∑
𝑥′￼=0

2

∑
𝑦′￼=0

𝑤𝑙(𝑚, 𝑛, 𝑥′￼, 𝑦′￼)𝑦(𝑙 − 1,𝑚, 𝑥 + 𝑥′￼, 𝑦 + 𝑥′￼) + 𝑏𝑙(𝑛)

Convolution: the contribution of  
a single weight



• Each weight  affects several  


– Consider the contribution of one filter components: e.g. 

𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗) 𝑧(𝑙, 𝑛, 𝑥, 𝑦)
𝑤𝑙(𝑚, 𝑛, 1,2) 116

Convolutional 

layer

Previous 
layer

⋮

𝑧(𝑙, 𝑛, 0,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  1,2) + …
𝑧(𝑙, 𝑛, 1,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  2,2) + …
𝑧(𝑙, 𝑛, 2,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  3,2) + …
𝑧(𝑙, 𝑛, 0,1) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  1,3) + …

𝑌 (𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)

𝑧(𝑙, 𝑛, 𝑥, 𝑦) = ∑
𝑚

2

∑
𝑥′￼=0

2

∑
𝑦′￼=0

𝑤𝑙(𝑚, 𝑛, 𝑥′￼, 𝑦′￼)𝑦(𝑙 − 1,𝑚, 𝑥 + 𝑥′￼, 𝑦 + 𝑥′￼) + 𝑏𝑙(𝑛)

Convolution: the contribution of  
a single weight



• Each weight  affects several  


– Consider the contribution of one filter components: e.g. 

𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗) 𝑧(𝑙, 𝑛, 𝑥, 𝑦)
𝑤𝑙(𝑚, 𝑛, 1,2)

Convolutional 

layer

Previous 
layer

117

⋮

𝑧(𝑙, 𝑛, 0,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  1,2) + …
𝑧(𝑙, 𝑛, 1,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  2,2) + …
𝑧(𝑙, 𝑛, 2,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  3,2) + …
𝑧(𝑙, 𝑛, 0,1) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  1,3) + …
𝑧(𝑙, 𝑛, 1,1) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  2,3) + …

𝑌 (𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)

𝑧(𝑙, 𝑛, 𝑥, 𝑦) = ∑
𝑚

2

∑
𝑥′￼=0

2

∑
𝑦′￼=0

𝑤𝑙(𝑚, 𝑛, 𝑥′￼, 𝑦′￼)𝑦(𝑙 − 1,𝑚, 𝑥 + 𝑥′￼, 𝑦 + 𝑥′￼) + 𝑏𝑙(𝑛)

Convolution: the contribution of  
a single weight



• Each weight  affects several  


– Consider the contribution of one filter components: e.g. 

𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗) 𝑧(𝑙, 𝑛, 𝑥, 𝑦)
𝑤𝑙(𝑚, 𝑛, 1,2)

Convolutional 

layer

Previous 
layer

118

⋮

𝑧(𝑙, 𝑛, 0,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  1,2) + …
𝑧(𝑙, 𝑛, 1,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  2,2) + …
𝑧(𝑙, 𝑛, 2,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  3,2) + …
𝑧(𝑙, 𝑛, 0,1) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  1,3) + …
𝑧(𝑙, 𝑛, 1,1) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  2,3) + …
𝑧(𝑙, 𝑛, 2,1) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  3,3) + …

𝑌 (𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)

𝑧(𝑙, 𝑛, 𝑥, 𝑦) = ∑
𝑚

2

∑
𝑥′￼=0

2

∑
𝑦′￼=0

𝑤𝑙(𝑚, 𝑛, 𝑥′￼, 𝑦′￼)𝑦(𝑙 − 1,𝑚, 𝑥 + 𝑥′￼, 𝑦 + 𝑥′￼) + 𝑏𝑙(𝑛)

Convolution: the contribution of  
a single weight



• Each weight  affects several  


– Consider the contribution of one filter components: e.g. 

𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗) 𝑧(𝑙, 𝑛, 𝑥, 𝑦)
𝑤𝑙(𝑚, 𝑛, 1,2) 119

Convolutional 

layer

Previous 
layer

⋮

𝑧(𝑙, 𝑛, 0,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  1,2) + …
𝑧(𝑙, 𝑛, 1,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  2,2) + …
𝑧(𝑙, 𝑛, 2,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  3,2) + …
𝑧(𝑙, 𝑛, 0,1) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  1,3) + …
𝑧(𝑙, 𝑛, 1,1) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  2,3) + …
𝑧(𝑙, 𝑛, 2,1) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  3,3) + …
𝑧(𝑙, 𝑛, 0,2) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  1,4) + …

𝑌 (𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)

𝑧(𝑙, 𝑛, 𝑥, 𝑦) = ∑
𝑚

2

∑
𝑥′￼=0

2

∑
𝑦′￼=0

𝑤𝑙(𝑚, 𝑛, 𝑥′￼, 𝑦′￼)𝑦(𝑙 − 1,𝑚, 𝑥 + 𝑥′￼, 𝑦 + 𝑥′￼) + 𝑏𝑙(𝑛)

Convolution: the contribution of  
a single weight



• Each weight  affects several  


– Consider the contribution of one filter components: e.g. 

𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗) 𝑧(𝑙, 𝑛, 𝑥, 𝑦)
𝑤𝑙(𝑚, 𝑛, 1,2)

Convolutional 

layer

Previous 
layer

120

⋮

𝑧(𝑙, 𝑛, 0,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  1,2) + …
𝑧(𝑙, 𝑛, 1,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  2,2) + …
𝑧(𝑙, 𝑛, 2,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  3,2) + …
𝑧(𝑙, 𝑛, 0,1) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  1,3) + …
𝑧(𝑙, 𝑛, 1,1) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  2,3) + …
𝑧(𝑙, 𝑛, 2,1) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  3,3) + …
𝑧(𝑙, 𝑛, 0,2) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  1,4) + …
𝑧(𝑙, 𝑛, 1,2) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  2,4) + …

𝑌 (𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)

𝑧(𝑙, 𝑛, 𝑥, 𝑦) = ∑
𝑚

2

∑
𝑥′￼=0

2

∑
𝑦′￼=0

𝑤𝑙(𝑚, 𝑛, 𝑥′￼, 𝑦′￼)𝑦(𝑙 − 1,𝑚, 𝑥 + 𝑥′￼, 𝑦 + 𝑥′￼) + 𝑏𝑙(𝑛)

Convolution: the contribution of  
a single weight



• Each weight  affects several  


– Consider the contribution of one filter components: e.g. 

𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗) 𝑧(𝑙, 𝑛, 𝑥, 𝑦)
𝑤𝑙(𝑚, 𝑛, 1,2) 121

Convolutional 

layer

Previous 
layer

⋮

𝑧(𝑙, 𝑛, 0,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  1,2) + …
𝑧(𝑙, 𝑛, 1,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  2,2) + …
𝑧(𝑙, 𝑛, 2,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  3,2) + …
𝑧(𝑙, 𝑛, 0,1) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  1,3) + …
𝑧(𝑙, 𝑛, 1,1) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  2,3) + …
𝑧(𝑙, 𝑛, 2,1) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  3,3) + …
𝑧(𝑙, 𝑛, 0,2) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  1,4) + …
𝑧(𝑙, 𝑛, 1,2) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  2,4) + …
𝑧(𝑙, 𝑛, 2,2) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  3,4) + …

𝑌 (𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)

𝑧(𝑙, 𝑛, 𝑥, 𝑦) = ∑
𝑚

2

∑
𝑥′￼=0

2

∑
𝑦′￼=0

𝑤𝑙(𝑚, 𝑛, 𝑥′￼, 𝑦′￼)𝑦(𝑙 − 1,𝑚, 𝑥 + 𝑥′￼, 𝑦 + 𝑥′￼) + 𝑏𝑙(𝑛)

Convolution: the contribution of  
a single weight



• Each weight  affects several  


– Consider the contribution of one filter components: e.g. 

𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗) 𝑧(𝑙, 𝑛, 𝑥, 𝑦)
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Convolutional 

layer

Previous 
layer

⋮

𝑧(𝑙, 𝑛, 0,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  1,2) + …
𝑧(𝑙, 𝑛, 1,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  2,2) + …
𝑧(𝑙, 𝑛, 2,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  3,2) + …
𝑧(𝑙, 𝑛, 0,1) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  1,3) + …
𝑧(𝑙, 𝑛, 1,1) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  2,3) + …
𝑧(𝑙, 𝑛, 2,1) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  3,3) + …
𝑧(𝑙, 𝑛, 0,2) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  1,4) + …
𝑧(𝑙, 𝑛, 1,2) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  2,4) + …
𝑧(𝑙, 𝑛, 2,2) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  3,4) + …

𝑌 (𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)

𝑧(𝑙, 𝑛, 𝑥, 𝑦) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  𝑥 + 1,𝑦 + 2) + …

𝑧(𝑙, 𝑛, 𝑥, 𝑦) = ∑
𝑚

2

∑
𝑥′￼=0

2

∑
𝑦′￼=0

𝑤𝑙(𝑚, 𝑛, 𝑥′￼, 𝑦′￼)𝑦(𝑙 − 1,𝑚, 𝑥 + 𝑥′￼, 𝑦 + 𝑥′￼) + 𝑏𝑙(𝑛)

Convolution: the contribution of  
a single weight



• Each weight  affects several  


– Consider the contribution of one filter components: e.g. 

𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗) 𝑧(𝑙, 𝑛, 𝑥, 𝑦)
𝑤𝑙(𝑚, 𝑛, 1,2) 123

Convolution: the contribution of  
a single weight

Convolutional 

layer

Previous 
layer

⋮

𝑧(𝑙, 𝑛, 0,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  1,2) + …
𝑧(𝑙, 𝑛, 1,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  2,2) + …
𝑧(𝑙, 𝑛, 2,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  3,2) + …
𝑧(𝑙, 𝑛, 0,1) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  1,3) + …
𝑧(𝑙, 𝑛, 1,1) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  2,3) + …
𝑧(𝑙, 𝑛, 2,1) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  3,3) + …
𝑧(𝑙, 𝑛, 0,2) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  1,4) + …
𝑧(𝑙, 𝑛, 1,2) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  2,4) + …
𝑧(𝑙, 𝑛, 2,2) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  3,4) + …

𝑌 (𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)

𝑧(𝑙, 𝑛, 𝑥, 𝑦) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  𝑥 + 1,𝑦 + 2) + …
𝑧(𝑙, 𝑛, 𝑥, 𝑦) = 𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗)𝑦(𝑙 − 1,𝑚,  𝑥 + 𝑖, 𝑦 + 𝑗) + …

𝑧(𝑙, 𝑛, 𝑥, 𝑦) = ∑
𝑚

2

∑
𝑥′￼=0

2

∑
𝑦′￼=0

𝑤𝑙(𝑚, 𝑛, 𝑥′￼, 𝑦′￼)𝑦(𝑙 − 1,𝑚, 𝑥 + 𝑥′￼, 𝑦 + 𝑥′￼) + 𝑏𝑙(𝑛)



Convolutional 

layer

Previous 
layer
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Convolution: the contribution of  
a single weight

⋮

𝑧(𝑙, 𝑛, 0,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  1,2) + …
𝑧(𝑙, 𝑛, 1,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  2,2) + …
𝑧(𝑙, 𝑛, 2,0) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  3,2) + …
𝑧(𝑙, 𝑛, 0,1) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  1,3) + …
𝑧(𝑙, 𝑛, 1,1) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  2,3) + …
𝑧(𝑙, 𝑛, 2,1) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  3,3) + …
𝑧(𝑙, 𝑛, 0,2) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  1,4) + …
𝑧(𝑙, 𝑛, 1,2) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  2,4) + …
𝑧(𝑙, 𝑛, 2,2) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  3,4) + …

𝑌 (𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛)

𝑧(𝑙, 𝑛, 𝑥, 𝑦) = 𝑤𝑙(𝑚, 𝑛, 1,2)𝑦(𝑙 − 1,𝑚,  𝑥 + 1,𝑦 + 2) + …
𝑧(𝑙, 𝑛, 𝑥, 𝑦) = 𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗)𝑦(𝑙 − 1,𝑚,  𝑥 + 𝑖, 𝑦 + 𝑗) + …

𝑌(𝑙 − 1, 𝑚)

𝑑𝑧(𝑙, 𝑛, 𝑥, 𝑦)
𝑑𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗)

= 𝑦(𝑙 − 1,𝑚, 𝑥 + 𝑖, 𝑦 + 𝑗)



• The final divergence is influenced by every  


• The derivative of the divergence w.r.t  must sum over all 
 terms it influences

𝑧(𝑙, 𝑛, 𝑥, 𝑦)
𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗)

𝑧(𝑙, 𝑛, 𝑥, 𝑦)

125

The derivative for a single weight

𝑑𝑧(𝑙, 𝑛, 𝑥, 𝑦)
𝑑𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗)

= 𝑦(𝑙 − 1,𝑚, 𝑥 + 𝑖, 𝑦 + 𝑗)

𝑌(𝑙 − 1,𝑚)

𝑍(𝑙, 𝑛)

ℓ

• Each filter component  affects several 

• The derivative of each  w.r.t.   is given by 

𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗) 𝑧(𝑙, 𝑛, 𝑥, 𝑦)
𝑧(𝑙, 𝑛, 𝑥, 𝑦) 𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗)

∂ℓ
∂wl(m, n, i, j)

= ∑
x,y

∂ℓ
∂z(l, n, x, y)

∂z(l, n, x, y)
∂wl(m, n, i, j)



• The final divergence is influenced by every  


• The derivative of the divergence w.r.t  must sum over all 
 terms it influences

𝑧(𝑙, 𝑛, 𝑥, 𝑦)
𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗)

𝑧(𝑙, 𝑛, 𝑥, 𝑦)
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𝑌(𝑙 − 1,𝑚)

𝑍(𝑙, 𝑛)

The derivative for a single weight

𝑑𝑧(𝑙, 𝑛, 𝑥, 𝑦)
𝑑𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗)

= 𝑦(𝑙 − 1,𝑚, 𝑥 + 𝑖, 𝑦 + 𝑗)

ℓ

Already computed

• Each filter component  affects several 

• The derivative of each  w.r.t.   is given by 

𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗) 𝑧(𝑙, 𝑛, 𝑥, 𝑦)
𝑧(𝑙, 𝑛, 𝑥, 𝑦) 𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗)

∂ℓ
∂wl(m, n, i, j)

= ∑
x,y

∂ℓ
∂z(l, n, x, y)

∂z(l, n, x, y)
∂wl(m, n, i, j)



• The final divergence is influenced by every  


• The derivative of the divergence w.r.t  must sum over all 
 terms it influences

𝑧(𝑙, 𝑛, 𝑥, 𝑦)
𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗)

𝑧(𝑙, 𝑛, 𝑥, 𝑦)
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𝑌(𝑙 − 1,𝑚)

𝑍(𝑙, 𝑛)

The derivative for a single weight

𝑑𝑧(𝑙, 𝑛, 𝑥, 𝑦)
𝑑𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗)

= 𝑦(𝑙 − 1,𝑚, 𝑥 + 𝑖, 𝑦 + 𝑗)

ℓ

Already computed

• Each filter component  affects several 

• The derivative of each  w.r.t.   is given by 

𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗) 𝑧(𝑙, 𝑛, 𝑥, 𝑦)
𝑧(𝑙, 𝑛, 𝑥, 𝑦) 𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗)

∂ℓ
∂wl(m, n, i, j)

= ∑
x,y

∂ℓ
∂z(l, n, x, y)

∂z(l, n, x, y)
∂wl(m, n, i, j)



• The final divergence is influenced by every  


• The derivative of the divergence w.r.t  must sum over all 
 terms it influences

𝑧(𝑙, 𝑛, 𝑥, 𝑦)
𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗)

𝑧(𝑙, 𝑛, 𝑥, 𝑦)
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𝑌(𝑙 − 1,𝑚)

𝑍(𝑙, 𝑛)

The derivative for a single weight

𝑑𝑧(𝑙, 𝑛, 𝑥, 𝑦)
𝑑𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗)

= Y(𝑙 − 1,𝑚, 𝑥 + 𝑖, 𝑦 + 𝑗)

ℓ

∂ℓ
∂wl(m, n, i, j)

= ∑
x,y

∂ℓ
∂z(l, n, x, y)

Y(l − 1,m, x + i, y + j)

• Each filter component  affects several 

• The derivative of each  w.r.t.   is given by 

𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗) 𝑧(𝑙, 𝑛, 𝑥, 𝑦)
𝑧(𝑙, 𝑛, 𝑥, 𝑦) 𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗)



But this too is a convolution

129

• The derivatives for all components of all filters can 
be computed directly from the above formula


• In fact it is just a convolution


• How?

∂ℓ
∂wl(m, n, i, j)

= ∑
x,y

∂ℓ
∂z(l, n, x, y)

Y(l − 1,m, x + i, y + j)

∂ℓ
∂wl(m, n)

=
∂ℓ

∂z(l, n)
⊗ Y(l − 1,m)



Recap: Convolution

130

• Forward computation: Each filter produces an affine 
map

⋮ ⋮

Filter1 Filter 𝐷𝑙

⋮
⋮

⋮
=

⨂

𝑍(𝑙, 1)

𝑍(𝑙, 2)

𝑍(𝑙, 𝐷𝑙)

𝑌 (𝑙 − 1,1)

𝑌 (𝑙 − 1,2)

𝑌 (𝑙 − 1,𝐷𝑙−1)

𝑧(𝑙, 𝑛, 𝑥, 𝑦) = ∑
𝑚

2

∑
𝑖=0

2

∑
𝑗=0

𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗)𝑦(𝑙 − 1,𝑚, 𝑥 + 𝑖, 𝑦 + 𝑗) + 𝑏𝑙(𝑛)



Recap: Convolution

131

• 	influences  through 𝑌(𝑙 − 1,𝑚) 𝑍(𝑙, 𝑛) 𝑤𝑙(𝑚, 𝑛)

⋮ ⋮

Filter1

⋮
=

⨂

𝑍(𝑙, 1)

𝑍(𝑙, 2)

𝑍(𝑙, 𝐷𝑙)

𝑌 (𝑙 − 1,1)

𝑌 (𝑙 − 1,2)

𝑌 (𝑙 − 1,𝐷𝑙−1)

𝑧(𝑙, 𝑛, 𝑥, 𝑦) = ∑
𝑚

2

∑
𝑖=0

2

∑
𝑗=0

𝑤𝑙(𝑚, 𝑛, 𝑖, 𝑗)𝑦(𝑙 − 1,𝑚, 𝑥 + 𝑖, 𝑦 + 𝑗) + 𝑏𝑙(𝑛)



The filter derivative

132

• The derivatives of the divergence w.r.t. every element of 
 is known


– Must use them to compute the derivative for 

𝑍(𝑙, 𝑛)
𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

⋮ ⋮
=

⨂
𝑍(𝑙, 1)

𝑍(𝑙, 𝐷𝑙)

𝑌 (𝑙 − 1,2)

𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

∂ℓ
∂z(l,1,x, y)



The filter derivative
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• The derivatives of the divergence w.r.t. every element of 
 is known


– Must use them to compute the derivative for 

𝑍(𝑙, 𝑛)
𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

⋮
𝑦(𝑙 − 1, 𝑚, 𝑥, 𝑦)

∂ℓ
∂wl(m, n, i, j)

= ∑
x,y

∂ℓ
∂z(l, n, x, y)

Y(l − 1,m, x + i, y + j)

∂ℓ
∂z(l, n, x, y)

∂ℓ
∂wl(m, n,0,0)



The filter derivative

134

• The derivatives of the divergence w.r.t. every element of 
 is known


– Must use them to compute the derivative for 

𝑍(𝑙, 𝑛)
𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

⋮
𝑦(𝑙 − 1, 𝑚, 𝑥, 𝑦)

∂ℓ
∂wl(m, n, i, j)

= ∑
x,y

∂ℓ
∂z(l, n, x, y)

Y(l − 1,m, x + i, y + j)

∂ℓ
∂z(l, n, x, y)

∂ℓ
∂wl(m, n,1,0)



The filter derivative

⋮
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• The derivatives of the divergence w.r.t. every element of 
 is known


– Must use them to compute the derivative for 

𝑍(𝑙, 𝑛)
𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

𝑦(𝑙 − 1, 𝑚, 𝑥, 𝑦)

∂ℓ
∂wl(m, n, i, j)

= ∑
x,y

∂ℓ
∂z(l, n, x, y)

Y(l − 1,m, x + i, y + j)

∂ℓ
∂z(l, n, x, y)

∂ℓ
∂wl(m, n,2,0)



The filter derivative

⋮
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• The derivatives of the divergence w.r.t. every element of 
 is known


– Must use them to compute the derivative for 

𝑍(𝑙, 𝑛)
𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

𝑦(𝑙 − 1, 𝑚, 𝑥, 𝑦)

∂ℓ
∂wl(m, n, i, j)

= ∑
x,y

∂ℓ
∂z(l, n, x, y)

Y(l − 1,m, x + i, y + j)

∂ℓ
∂z(l, n, x, y)

∂ℓ
∂wl(m, n,0,1)



The filter derivative

⋮
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• The derivatives of the divergence w.r.t. every element of 
 is known


– Must use them to compute the derivative for 

𝑍(𝑙, 𝑛)
𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

𝑦(𝑙 − 1, 𝑚, 𝑥, 𝑦)

∂ℓ
∂wl(m, n, i, j)

= ∑
x,y

∂ℓ
∂z(l, n, x, y)

Y(l − 1,m, x + i, y + j)

∂ℓ
∂z(l, n, x, y)

∂ℓ
∂wl(m, n,1,1)
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• The derivatives of the divergence w.r.t. every element of 
 is known


– Must use them to compute the derivative for 

𝑍(𝑙, 𝑛)
𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

⋮
𝑦(𝑙 − 1, 𝑚, 𝑥, 𝑦)

∂ℓ
∂wl(m, n, i, j)

= ∑
x,y

∂ℓ
∂z(l, n, x, y)

Y(l − 1,m, x + i, y + j)

∂ℓ
∂z(l, n, x, y)

∂ℓ
∂wl(m, n,1,2)
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• The derivatives of the divergence w.r.t. every element of 
 is known


– Must use them to compute the derivative for 

𝑍(𝑙, 𝑛)
𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

𝑦(𝑙 − 1, 𝑚, 𝑥, 𝑦)

∂ℓ
∂wl(m, n, i, j)

= ∑
x,y

∂ℓ
∂z(l, n, x, y)

Y(l − 1,m, x + i, y + j)

∂ℓ
∂z(l, n, x, y)

∂ℓ
∂wl(m, n,0,2)
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• The derivatives of the divergence w.r.t. every element of 
 is known


– Must use them to compute the derivative for 

𝑍(𝑙, 𝑛)
𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

⋮
𝑦(𝑙 − 1, 𝑚, 𝑥, 𝑦)

∂ℓ
∂wl(m, n, i, j)

= ∑
x,y

∂ℓ
∂z(l, n, x, y)

Y(l − 1,m, x + i, y + j)

∂ℓ
∂z(l, n, x, y)

∂ℓ
∂wl(m, n,1,2)
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• The derivatives of the divergence w.r.t. every element of 
 is known


– Must use them to compute the derivative for 

𝑍(𝑙, 𝑛)
𝑤𝑙(𝑚, 𝑛, ∗ , ∗ )

𝑦(𝑙 − 1, 𝑚, 𝑥, 𝑦)

∂ℓ
∂wl(m, n, i, j)

= ∑
x,y

∂ℓ
∂z(l, n, x, y)

Y(l − 1,m, x + i, y + j)

∂ℓ
∂z(l, n, x, y)

∂ℓ
∂wl(m, n,2,2)



The filter derivative

142

• The derivative of the th affine map  convolves with every 
output map  of the th layer, to get the derivative 
for , the th “plane” of the th filter

𝑛 𝑍(𝑙, 𝑛)
𝑌(𝑙 − 1, 𝑚) (𝑙 − 1)

𝑤𝑙(𝑚, 𝑛) 𝑚 𝑛

⋮ ⋮

Filter(n)

⨂ 𝑌 (𝑙 − 1,1)

𝑌 (𝑙 − 1,2)

𝑌 (𝑙 − 1,𝐷𝑙−1)

⨂

⨂

𝑤𝑙 (1, 𝑛)

𝑤𝑙 (2, 𝑛)

𝑤𝑙 (𝐷𝑙−1, 𝑛)

∂ℓ
∂z(l, n, x, y)
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⋮ ⋮

Filter1

⨂ 𝑌 (𝑙 − 1,1)

𝑌 (𝑙 − 1,2)

𝑌 (𝑙 − 1,𝐷𝑙−1)

⨂

⨂

 must be upsampled if the stride was greater than 1 in the forward pass


If was zero padded in the forward pass, it must be zero padded for backprop

∂ℓ
∂z(l, n, x, y)

𝑌(𝑙 − 1,𝑚) 

𝑤𝑙 (1, 𝑛)

𝑤𝑙 (2, 𝑛)

𝑤𝑙 (𝐷𝑙−1, 𝑛)

∂ℓ
∂z(l, n, x, y)

∂ℓ
∂wl(m, n, i, j)

= ∑
x,y

∂ℓ
∂z(l, n, x, y)

Y(l − 1,m, x + i, y + j) =
∂ℓ

∂z(l, n)
⊗ Y(l − 1,m)
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