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9.1 KKT conditions

For general optimization problem:
min f(x),subject to h;(z) <0,i=1,...,m,l;(z)=0,j=1,...,r (9.1)
x

The Karush-Kuhn-Tucker conditions or KKT conditions are:

Stationarity: 0 € 9 (f(x) + i uihi(@) + 300 vjlj(a:))

Complementary slackness: w; - h;(z) = 0, Vi

Primal feasibility: h;(x) < 0,1;(z) =0,Vi,j

Dual feasibility: u; > 0,Vi
Theorem 9.1 Sufficiency and necessity of KKT conditions for characterizing optimal solutions:
o Necessity: If x*,u* and v* are optimal solutions for primal and dual with zero duality gap (e.g., convex

problem and there exists x strictly satisfying non-affine inequality constraints), then x*,u* and v* satisfy
the KKT conditions.

o Sufficiency: If x*,u* and v* satisfy the KKT conditions, then x*,u* and v* are optimal solutions for
primal and dual.

Proof:

e Necessity (Optimality = KKT)
Let z* and u*,v* be primal and dual solutions with zero duality gap (strong duality holds). Then

f(@") = g(u”,v7)

= min f(z) + > urhi(z) + Y vjl(x)

T o (9.2)
< FEN)+ Y urhi(at) + Y vl

i=1 j=1

< f(x")
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which means all the inequalities are equality here. We learn:
— From the second inequality being equality, we know the point z* minimizes L(z,u*,v*) over
x € R. Hence the subdifferential of L must contain 0 at x = z*, i.e., stationarity holds.

— From the first inequality being equality, we must have > ", uh;(z*) = 0, i.e., complementary
slackness holds.

— Primal and dual feasibility hold as the optimal solutions are feasible.
Therefore, we have the optimal solutions satisfy the KKT conditions

Sufficiency (KKT = Optimality)
Consider z*, u*,v* that satisfy the KKT conditions, then

o) = J) + 3 uihi(et) 4 3 vjl(a”) 03

= f(z")

where the first equality holds from stationarity, and the second holds from complementary slackness
and primal feasibility.

Therefore, we have the points that satisfy the KKT conditions are optimal solution for the problem.

Note that this KKT conditions are for characterizing global optima. There are other versions of KKT
conditions that deal with local optima.

For unconstrained problems, the KKT conditions reduce to subgradient optimality condition, i.e.,

0 € df(z) (9.4)

And for general convex problems, it’s equivalent to the subgradient optimality condition of the sum of
objective function and indicator functions of the constraints, i.e.,

0e€df(z*)+ ZN{MSO}(‘T*) + ZN{ljzo}(z*) (9.5)

i=1 j=1
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9.2 Examples

Quadratic with equality constraints

Consider @ > 0,

1
min ixTQx + Tz subject to Az =0
KKT Conditions:

o L(z,u) = 327Qz + Tx + uT Ax
e Stationary: VL(z,y) =0= Qz +c+ ATu=0
e Complementary Slackness: ()

e Feasibility: Az =0
If we combine stationary and feasibility, we will have:

(50 )(0)=()

Water Filling

min — Zlog(ai + ;) subject tox >0, 1Tz =1
i=1

KKT Conditions:

o L(z,u,v)=—31" logla; + ;) +ul (—z) + v(1T2 — 1)

—1
a;+x;

e Stationary: VL(z,u,v) =0= —u;+v=0,i=1,...,n
e Complementary Slackness: u; -z; =0, i =1,...,n

e Feasibility: z >0, 1Tz =1, u>0

(9.7)
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Support vector machines
1 n
min  ~||B]3 + CZ& subject to & >0, y(2l B+B+0)>1-&, i=1,..n (9.8)
BiBosE 2 P

KKT Conditions:

e Stationary: 0 =" wiy;, B=> . wiyr;, w=Cl—v

e Complementary slackness: v;&; =0, w;(1—& — (2T B+ Bo)) =0, i=1,..,n

So we know 8 = Y7 w;y;x; at optimality and w; is nonzero only if y; (] 8+ By) = 1 —¢&;. Then such points
i are called the support points:

e For support point i, if & = 0, then z; lies on edge of margin, and w; € (0, C]

e For support point i, if & # 0, then z; lies on wrong side of margin, and w; = C

Lasso Support Recovery

1
rginiHXb’—sz—i—)\Halh subject to a = 3 (9.9)
KKT Conditions:

o L(B,a,u) = ming o 5[| X8 —yl* + Allolls +u” (a - B)
e Stationary: VL(8,a,u) =0= XT(XB—y) —u=0

—ue)\5|a||1:{ [=A AL ifa=0 }

AMa), otherwise
e Feasibility: a =

And we have the followings conditions,

XT(X 8, —y) = u
u; E{ [_Aa)‘]a lf/jf =0 }

Asign(B}), otherwise

where /3 is the optimal f;.
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9.3 Constrained and Lagrange forms

Constrained form, where ¢ € R is a tuning parameter,
ml@n f(z),subject to h(x) <t
For the optimal solution z{,, by stationarity of the KKT conditions we have
0€0f(zs) 4+ u- Oh(z)
Lagrange form, where A\ > 0 is a tuning parameter,
min f(z) + Ah(z)
For the optimal solution 7, the subdifferential condition requires:

0€df(xy)+ A-Oh(xl)

9-5

(9.10)

(9.11)

(9.12)

(9.13)

From these we see that xf, and x} are characterized by the same equations. More rigorously, we have

e If the constrained problem is strictly feasible, then strong duality holds, and there exists some A > 0

such that any solution z* of the constrained problem minimizes
flx)+ X (h(z) — 1)

so x* is also a solution for the Lagrange problem.

(9.14)

e If 2* is a solution for the Lagrange problem, then the KKT conditions for the constrained problem are

satisfied by taking ¢ = h(z*), so * is also a solution for the constrained problem.

9.4 Usage of Duality and KKT conditions
e Duality gap: zero duality gap implies optimality as

f(z) = f(z") < f(z) — g(u,v)

This can also be a stopping criterion in algorithms.

e Solving the primal via the dual: Under strong duality, we know any primal solution z* solves

min f(z) + > ufhi(@) + Y vil;(a)
i=1 Jj=1

(9.15)

(9.16)

Often, solutions of this unconstrained problem can be expressed explicitly, thus giving an explicit
characterization of primal solutions from dual solutions. Further, if this solution is unique, we know it

must be the primal solution x*.

Example:

n
min Z fi(z;),subject to a’z = b
T
i=1

(9.17)
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where each f; is smooth, strictly convex. We can find the dual function as

n

g(v) =bv — Z fi(aw) (9.18)

i=1
where f7 is the conjugate of f;. The dual problem is
max bv — Z fi(aw) & minz f(aw) — b (9.19)
i=1 i=1

This is a convex minimization problem with scalar variable, and is thus much easier to solve than the
primal.

Also, this additive form of objective function often comes from i.i.d data points, and is usually solved
by stochastic gradient descent. Meanwhile, the dual can usually be solved with stochastic coordinate
descent.

9.5 Dual norms, conjugate functions and dual cones

9.5.1 Dual norms

Definition 9.2 Dual norm ||x||.:

|||« = max 2T (9.20)
l12]1<1

Examples:

e [, norm dual: (||z||,)« = ||z||q, where 1/p+1/¢=1
e Trace norm dual: (|| X||¢)s = [|X]]op = 01(X)

Theorem 9.3 Dual norm of dual norm is the original norm, i.e.,

[2]xx = ]]] (9.21)
Proof: Consider the problem
min ||y||, subject to y = x (9.22)
y
whose optimal value is ||z||. Lagrangian:
L(y,u) = [lyl| + o' (x —y) = [lyl| — y"u+2"u (9.23)
Maximizing L while maintaining primal feasibility (which by definition of || - ||« requires ||u||« < 1), we have
the dual problem as
max u” z, subject to ||ul]. <1 (9.24)

The optimal value of the dual problem is, again, by definition of || - ||+, ||z||+«. Thus, by strong duality we
have
[zl = []2]] (9.25)
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9.5.2 Conjugate functions

Definition 9.4 Conjugate function f* of f:

F*(y) = maxy "z — f(x) (9.26)
Properties:

e Always convex regardless of convexity of f(z)
e Fenchel’s inequality: f(z) + f*(y) > 2Ty
e Conjugate of conjugate: f** < f
o If f is closed and convex, then
e
—z€df(y) ey edf(@) e fz)+ [(y) =Ty
o If f(u,v) = fi(u) + f2(v), then f*(w,z) = fi(w) + f5(2)

Examples:

Simple quadratic

f(z) = §$TQ9€
frly) = %yTQ‘ly
Indicator function
f(x) = Ic(x)
F1y) = Ie(y) = maxy'o
Norm
f(x) = ||zl

[ W) = Lz <1 ()

Lasso Dual

Remember the lasso problem:

1
mﬁln§lly—Xﬁ||§ + A8l

Its dual function is equal to f*. First, we will change primal into another format:
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1
IginEHy— 2|13+ M|B]]1 subject to z = X3

where dual function (so f*) will be the following:

1
9(u) = min 5y - 2[5+ MBIl + u (2 — XB)

1 1 (9.27)
= iHyHS - 5”2/ —ull3 = Lyjjopj <1 (X Tu/A)
Conjugates also appear frequently in derivation of dual problems, via
—f*(u) = min f(z) —u'z (9.28)
in minimization of the Lagrangian.
For example, consider
mwin f(z)+g(x) (9.29)
The dual problem is
max —f*(—u) — g*(—u) (9.30)
u

We can find the dual of indicator functions and norms with the last equation.

Dual formulation can also help us by “shifting” a linear transformation between one part of the objective
and another. Consider
min f(z) + g(Az) (9.31)
xr

By reparameterizing z = Az, we have the dual problem as

max —f*(A"u) — g* (—u) (9-32)

9.5.3 Dual cones and polar cones

Definition 9.5 For a cone K CR", its dual cone K*:

K*={y:yTzx>0,Vz € K} (9.33)

Examples:
Linear subspace: The dual cone of a linear subspace V is its orthogonal complement V.

Norm cone: The dual cone of the norm cone is the norm cone of its dual norm.

K ={(z,t) € R"™ . ||z|| <t}
K*={(y,s) € """ : [ly|l. < s}
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Positive semidefinite cone: The convex cone S is self-dual meaning (S7)* = S%.

For the cone constrained problem
min f(x),subject to Az € K (9.34)

By denoting K* as the dual cone of K, we can write the dual problem as

max — f*(ATu), subject to u € K* (9.35)

Definition 9.6 For a cone K C R", its polar cone K°:

Ke={y:y"2<0,Vz c K} (9.36)

Following from the Moreau Decomposition, we have for any x,

x = Projg(z) + Projgo.(x) (9.37)



