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AI Machine Learning has
revolutionized almost every aspect of
our daily life
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Most theory of ML relies on
stochastic assumptions on data-
generating processes

• Parametric / Bayesian methods: model the data
generating process up to some parameters

• Nonparametric statistics: Consider very broad families
of distributions where the data can be coming from.

• Statistical Learning Theory:
• Assume data drawn iid (from any distribution)

What if the data are not drawn iid or even stochastic?
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Online learning --- a powerful
learning paradigm that makes no
stochastic assumptions

• Excellent treatment on this subject by Vovk, Lugosi, Ceca-
Bianchi, Hazan, Shalev-Schwartz, Orabona et al…

Dynamic regret minimization in online learningProblem Setup

For each t 2 [n] := {1, . . . , n}, learner predicts x t 2 D ⇢ Rd .
Adversary reveals a loss function ft : Rd ! R

Goal: Learner aims to control its dynamic regret against any sequence
of comparators w1, . . .wn where w t 2 W ✓ D for all t .

Rn(w1, . . . ,wn) :=
nX

t=1

ft(x t)� ft(w t),

Learning is said to be proper when W = D.

Learning is said to be improper when W ⇢ D.
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Example:  ft(x) = (StockPricet � FeatureTt x)
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The Online Learning setting

(Static) Regret: Compete with any fixed chosen
in hindsight:

Rn(w) :=
nX

t=1

ft(xt)�
nX

t=1

ft(w)
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w 2 W ⇢ D
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Well-known results on no-regret
online learning

Optimal regret

Convex losses

Strongly convex
losses

Exp-concave losses

⇥(
p
n)
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• Excellent treatment on this subject by Vovk, Lugosi, Ceca-
Bianchi, Hazan, Shalev-Schwartz, Orabona et al…

* various problem parameters omitted for simplicity.
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Nonstationarity “Change is the 
only constant in life”

• Viruses mutate. A drug that passes a clinical trial in 2020 may 
become ineffective in 2021.

• Trendy topics change over time. Language models trained on 
older data may struggle to remain relevant.

• Stock prices are affected by events.  A trading strategy can work 
amazingly well in one period but fail miserably when market 
condition changes.
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Static Regret Bound is not so useful in
nonstationary environments

9

Tesla stock price 2011-2021
(taken from Reddit)

Best linear prediction in hindsight



Can we handle nonstationarity without 
modeling the world? Yes, by Universal
Dynamic Regret MinimizationDynamic regret minimization in online learningProblem Setup

For each t 2 [n] := {1, . . . , n}, learner predicts x t 2 D ⇢ Rd .
Adversary reveals a loss function ft : Rd ! R

Goal: Learner aims to control its dynamic regret against any sequence
of comparators w1, . . .wn where w t 2 W ✓ D for all t .

Rn(w1, . . . ,wn) :=
nX

t=1

ft(x t)� ft(w t),

Learning is said to be proper when W = D.

Learning is said to be improper when W ⇢ D.
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Example:  ft(x) = (StockPricet � FeatureTt x)
2

<latexit sha1_base64="r85KAOSSXsM2cquOQDUlDi2ICBI=">AAACIHicbZDJSgNBEIZ7XGPcoh69NAYhOSgzQdCLIAriMWIWIcvQ06lJmvQsdNdIwpBH8eKrePGgiN70aewsB7cfGn6+qqK6fi+WQqNtf1hz8wuLS8uZlezq2vrGZm5ru6ajRHGo8khG6tZjGqQIoYoCJdzGCljgSah7/YtxvX4HSosorOAwhlbAuqHwBWdokJs79l0sDIr0lBaaCANMbzDi/bISHEYu0gM6pZfAMFFj1K7QQbFdcnN5+9CeiP41zszkyUxlN/fe7EQ8CSBELpnWDceOsZUyhYJLGGWbiYaY8T7rQsPYkAWgW+nkwBHdN6RD/UiZFyKd0O8TKQu0Hgae6QwY9vTv2hj+V2sk6J+0UhHGCULIp4v8RFKM6Dgt2hEKOMqhMYwrYf5KeY8pxtFkmjUhOL9P/mtqpUPH+Ouj/Nn5LI4M2SV7pEAcckzOyBUpkyrh5J48kmfyYj1YT9ar9TZtnbNmMzvkh6zPL2gFooM=</latexit><latexit sha1_base64="r85KAOSSXsM2cquOQDUlDi2ICBI=">AAACIHicbZDJSgNBEIZ7XGPcoh69NAYhOSgzQdCLIAriMWIWIcvQ06lJmvQsdNdIwpBH8eKrePGgiN70aewsB7cfGn6+qqK6fi+WQqNtf1hz8wuLS8uZlezq2vrGZm5ru6ajRHGo8khG6tZjGqQIoYoCJdzGCljgSah7/YtxvX4HSosorOAwhlbAuqHwBWdokJs79l0sDIr0lBaaCANMbzDi/bISHEYu0gM6pZfAMFFj1K7QQbFdcnN5+9CeiP41zszkyUxlN/fe7EQ8CSBELpnWDceOsZUyhYJLGGWbiYaY8T7rQsPYkAWgW+nkwBHdN6RD/UiZFyKd0O8TKQu0Hgae6QwY9vTv2hj+V2sk6J+0UhHGCULIp4v8RFKM6Dgt2hEKOMqhMYwrYf5KeY8pxtFkmjUhOL9P/mtqpUPH+Ouj/Nn5LI4M2SV7pEAcckzOyBUpkyrh5J48kmfyYj1YT9ar9TZtnbNmMzvkh6zPL2gFooM=</latexit><latexit sha1_base64="r85KAOSSXsM2cquOQDUlDi2ICBI=">AAACIHicbZDJSgNBEIZ7XGPcoh69NAYhOSgzQdCLIAriMWIWIcvQ06lJmvQsdNdIwpBH8eKrePGgiN70aewsB7cfGn6+qqK6fi+WQqNtf1hz8wuLS8uZlezq2vrGZm5ru6ajRHGo8khG6tZjGqQIoYoCJdzGCljgSah7/YtxvX4HSosorOAwhlbAuqHwBWdokJs79l0sDIr0lBaaCANMbzDi/bISHEYu0gM6pZfAMFFj1K7QQbFdcnN5+9CeiP41zszkyUxlN/fe7EQ8CSBELpnWDceOsZUyhYJLGGWbiYaY8T7rQsPYkAWgW+nkwBHdN6RD/UiZFyKd0O8TKQu0Hgae6QwY9vTv2hj+V2sk6J+0UhHGCULIp4v8RFKM6Dgt2hEKOMqhMYwrYf5KeY8pxtFkmjUhOL9P/mtqpUPH+Ouj/Nn5LI4M2SV7pEAcckzOyBUpkyrh5J48kmfyYj1YT9ar9TZtnbNmMzvkh6zPL2gFooM=</latexit><latexit sha1_base64="r85KAOSSXsM2cquOQDUlDi2ICBI=">AAACIHicbZDJSgNBEIZ7XGPcoh69NAYhOSgzQdCLIAriMWIWIcvQ06lJmvQsdNdIwpBH8eKrePGgiN70aewsB7cfGn6+qqK6fi+WQqNtf1hz8wuLS8uZlezq2vrGZm5ru6ajRHGo8khG6tZjGqQIoYoCJdzGCljgSah7/YtxvX4HSosorOAwhlbAuqHwBWdokJs79l0sDIr0lBaaCANMbzDi/bISHEYu0gM6pZfAMFFj1K7QQbFdcnN5+9CeiP41zszkyUxlN/fe7EQ8CSBELpnWDceOsZUyhYJLGGWbiYaY8T7rQsPYkAWgW+nkwBHdN6RD/UiZFyKd0O8TKQu0Hgae6QwY9vTv2hj+V2sk6J+0UhHGCULIp4v8RFKM6Dgt2hEKOMqhMYwrYf5KeY8pxtFkmjUhOL9P/mtqpUPH+Ouj/Nn5LI4M2SV7pEAcckzOyBUpkyrh5J48kmfyYj1YT9ar9TZtnbNmMzvkh6zPL2gFooM=</latexit>

The Online Learning setting
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Proper learning vs improper
learning
• Benchmark set !, Decision set "

• In the first part our our results we consider
improper learning

11

Problem Setup

For each t 2 [n] := {1, . . . , n}, learner predicts x t 2 D ⇢ Rd .
Adversary reveals a loss function ft : Rd ! R

Goal: Learner aims to control its dynamic regret against any sequence
of comparators w1, . . .wn where w t 2 W ✓ D for all t .

Rn(w1, . . . ,wn) :=
nX

t=1

ft(x t)� ft(w t),

Learning is said to be proper when W = D.

Learning is said to be improper when W ⇢ D.

Dheeraj Baby and Yu-Xiang Wang Optimal Dynamic Regret in Exp-Concave Online Learning 6 / 49

Assumptions
EC-2 The loss functions are � strongly smooth in

D = {x 2 Rd : kxk1 B + G}. i.e
ft(y)  ft(x) + (y � x)Trft(x) + �

2kx � yk2
2, for all x , y 2 D. We

assume without loss of generality that � � 1.

Dheeraj Baby and Yu-Xiang Wang Optimal Dynamic Regret in Exp-Concave Online Learning 8 / 49



Several burning questions

1. How does this address non-stationarity?

2. The worst-case dynamic regret seems linear?

3. Why qualifying it with “Universal”?

4. What are your new results?

5. Connections to “adaptive regret”?
Later, in the proof!

More on this after seeing the results!

12



Dynamic regret is parameterized by
properties of each comparator
sequence.

• Worst-case dynamic regret is linear.

• Often parameterized by how much the comparator
sequence changes over time, i.e., total variation.

Path Variationals

Dynamic regret expressed in terms of the variation incurred by the
comparator sequence.

Pn(w1, . . . ,wn) =
nX

t=1

kw t � w t�1k2

Cn(w1, . . . ,wn) =
nX

t=1

kw t � w t�1k1

Dheeraj Baby and Yu-Xiang Wang Optimal Dynamic Regret in Exp-Concave Online Learning 10 / 49
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Why “universal”? Because we want
to simultaneously compete with all
comparator sequences
• It implies an “Oracle Inequality”

• This is in contrast to the “restricted dynamic regret”

nX

t=1

ft(xt)  min
w1,...,wn

nX

t=1

ft(wt) +O(n1/3
Cn(w1, ..., wn)

2/3)
<latexit sha1_base64="dYL4O9kPTWVM0PeP7vT9/Q9baoc="></latexit><latexit sha1_base64="dYL4O9kPTWVM0PeP7vT9/Q9baoc="></latexit><latexit sha1_base64="dYL4O9kPTWVM0PeP7vT9/Q9baoc="></latexit><latexit sha1_base64="dYL4O9kPTWVM0PeP7vT9/Q9baoc="></latexit>

RegretBound(w1:n)
<latexit sha1_base64="ijfZ9oq6bsFvOh8O85Y8GY5xkvs=">AAACBHicbZC7SgNBFIZnvcZ4i1qmWQxCbMKuCIpViI1lFHOBZFlmJyfJkNnZZeasGpYUNr6KjYUitj6EnW/j5FJo4g8DH/85hzPnD2LBNTrOt7W0vLK6tp7ZyG5ube/s5vb26zpKFIMai0SkmgHVILiEGnIU0IwV0DAQ0AgGl+N64w6U5pG8xWEMXkh7knc5o2gsP5dvIzxgegM9BViJEtkZFe/91L2Qo2M/V3BKzkT2IrgzKJCZqn7uq92JWBKCRCao1i3XidFLqULOBIyy7URDTNmA9qBlUNIQtJdOjhjZR8bp2N1ImSfRnri/J1Iaaj0MA9MZUuzr+drY/K/WSrB77qVcxgmCZNNF3UTYGNnjROwOV8BQDA1Qprj5q836VFGGJresCcGdP3kR6icl1/D1aaFcmcWRIXlySIrEJWekTK5IldQII4/kmbySN+vJerHerY9p65I1mzkgf2R9/gDPp5gr</latexit><latexit sha1_base64="ijfZ9oq6bsFvOh8O85Y8GY5xkvs=">AAACBHicbZC7SgNBFIZnvcZ4i1qmWQxCbMKuCIpViI1lFHOBZFlmJyfJkNnZZeasGpYUNr6KjYUitj6EnW/j5FJo4g8DH/85hzPnD2LBNTrOt7W0vLK6tp7ZyG5ube/s5vb26zpKFIMai0SkmgHVILiEGnIU0IwV0DAQ0AgGl+N64w6U5pG8xWEMXkh7knc5o2gsP5dvIzxgegM9BViJEtkZFe/91L2Qo2M/V3BKzkT2IrgzKJCZqn7uq92JWBKCRCao1i3XidFLqULOBIyy7URDTNmA9qBlUNIQtJdOjhjZR8bp2N1ImSfRnri/J1Iaaj0MA9MZUuzr+drY/K/WSrB77qVcxgmCZNNF3UTYGNnjROwOV8BQDA1Qprj5q836VFGGJresCcGdP3kR6icl1/D1aaFcmcWRIXlySIrEJWekTK5IldQII4/kmbySN+vJerHerY9p65I1mzkgf2R9/gDPp5gr</latexit><latexit sha1_base64="ijfZ9oq6bsFvOh8O85Y8GY5xkvs=">AAACBHicbZC7SgNBFIZnvcZ4i1qmWQxCbMKuCIpViI1lFHOBZFlmJyfJkNnZZeasGpYUNr6KjYUitj6EnW/j5FJo4g8DH/85hzPnD2LBNTrOt7W0vLK6tp7ZyG5ube/s5vb26zpKFIMai0SkmgHVILiEGnIU0IwV0DAQ0AgGl+N64w6U5pG8xWEMXkh7knc5o2gsP5dvIzxgegM9BViJEtkZFe/91L2Qo2M/V3BKzkT2IrgzKJCZqn7uq92JWBKCRCao1i3XidFLqULOBIyy7URDTNmA9qBlUNIQtJdOjhjZR8bp2N1ImSfRnri/J1Iaaj0MA9MZUuzr+drY/K/WSrB77qVcxgmCZNNF3UTYGNnjROwOV8BQDA1Qprj5q836VFGGJresCcGdP3kR6icl1/D1aaFcmcWRIXlySIrEJWekTK5IldQII4/kmbySN+vJerHerY9p65I1mzkgf2R9/gDPp5gr</latexit><latexit sha1_base64="ijfZ9oq6bsFvOh8O85Y8GY5xkvs=">AAACBHicbZC7SgNBFIZnvcZ4i1qmWQxCbMKuCIpViI1lFHOBZFlmJyfJkNnZZeasGpYUNr6KjYUitj6EnW/j5FJo4g8DH/85hzPnD2LBNTrOt7W0vLK6tp7ZyG5ube/s5vb26zpKFIMai0SkmgHVILiEGnIU0IwV0DAQ0AgGl+N64w6U5pG8xWEMXkh7knc5o2gsP5dvIzxgegM9BViJEtkZFe/91L2Qo2M/V3BKzkT2IrgzKJCZqn7uq92JWBKCRCao1i3XidFLqULOBIyy7URDTNmA9qBlUNIQtJdOjhjZR8bp2N1ImSfRnri/J1Iaaj0MA9MZUuzr+drY/K/WSrB77qVcxgmCZNNF3UTYGNnjROwOV8BQDA1Qprj5q836VFGGJresCcGdP3kR6icl1/D1aaFcmcWRIXlySIrEJWekTK5IldQII4/kmbySN+vJerHerY9p65I1mzkgf2R9/gDPp5gr</latexit>

where !!∗ = argmin# )!(!)
nX

t=1

ft(xt)�
nX

t=1

ft(w
⇤
t )

<latexit sha1_base64="2CykrSkE6/OQ6sYpZk3fPG5RO7A=">AAACGHicbZDLSgMxFIYz9VbrrerSTbAIrWCdEUE3QtGNywr2Ar0MmTTThmYyQ3JGLUMfw42v4saFIm67821MLwtt/SHw8Z9zODm/Fwmuwba/rdTS8srqWno9s7G5tb2T3d2r6jBWlFVoKEJV94hmgktWAQ6C1SPFSOAJVvP6N+N67YEpzUN5D4OItQLSldznlICx3OxpU8eBm8CVM2xL7LuQf3KhgE/wgv/oQvu44GZzdtGeCC+CM4McmqnsZkfNTkjjgEmggmjdcOwIWglRwKlgw0wz1iwitE+6rGFQkoDpVjI5bIiPjNPBfqjMk4An7u+JhARaDwLPdAYEenq+Njb/qzVi8C9bCZdRDEzS6SI/FhhCPE4Jd7hiFMTAAKGKm79i2iOKUDBZZkwIzvzJi1A9KzqG785zpetZHGl0gA5RHjnoApXQLSqjCqLoGb2id/RhvVhv1qf1NW1NWbOZffRH1ugHiYqeyw==</latexit><latexit sha1_base64="2CykrSkE6/OQ6sYpZk3fPG5RO7A=">AAACGHicbZDLSgMxFIYz9VbrrerSTbAIrWCdEUE3QtGNywr2Ar0MmTTThmYyQ3JGLUMfw42v4saFIm67821MLwtt/SHw8Z9zODm/Fwmuwba/rdTS8srqWno9s7G5tb2T3d2r6jBWlFVoKEJV94hmgktWAQ6C1SPFSOAJVvP6N+N67YEpzUN5D4OItQLSldznlICx3OxpU8eBm8CVM2xL7LuQf3KhgE/wgv/oQvu44GZzdtGeCC+CM4McmqnsZkfNTkjjgEmggmjdcOwIWglRwKlgw0wz1iwitE+6rGFQkoDpVjI5bIiPjNPBfqjMk4An7u+JhARaDwLPdAYEenq+Njb/qzVi8C9bCZdRDEzS6SI/FhhCPE4Jd7hiFMTAAKGKm79i2iOKUDBZZkwIzvzJi1A9KzqG785zpetZHGl0gA5RHjnoApXQLSqjCqLoGb2id/RhvVhv1qf1NW1NWbOZffRH1ugHiYqeyw==</latexit><latexit sha1_base64="2CykrSkE6/OQ6sYpZk3fPG5RO7A=">AAACGHicbZDLSgMxFIYz9VbrrerSTbAIrWCdEUE3QtGNywr2Ar0MmTTThmYyQ3JGLUMfw42v4saFIm67821MLwtt/SHw8Z9zODm/Fwmuwba/rdTS8srqWno9s7G5tb2T3d2r6jBWlFVoKEJV94hmgktWAQ6C1SPFSOAJVvP6N+N67YEpzUN5D4OItQLSldznlICx3OxpU8eBm8CVM2xL7LuQf3KhgE/wgv/oQvu44GZzdtGeCC+CM4McmqnsZkfNTkjjgEmggmjdcOwIWglRwKlgw0wz1iwitE+6rGFQkoDpVjI5bIiPjNPBfqjMk4An7u+JhARaDwLPdAYEenq+Njb/qzVi8C9bCZdRDEzS6SI/FhhCPE4Jd7hiFMTAAKGKm79i2iOKUDBZZkwIzvzJi1A9KzqG785zpetZHGl0gA5RHjnoApXQLSqjCqLoGb2id/RhvVhv1qf1NW1NWbOZffRH1ugHiYqeyw==</latexit><latexit sha1_base64="2CykrSkE6/OQ6sYpZk3fPG5RO7A=">AAACGHicbZDLSgMxFIYz9VbrrerSTbAIrWCdEUE3QtGNywr2Ar0MmTTThmYyQ3JGLUMfw42v4saFIm67821MLwtt/SHw8Z9zODm/Fwmuwba/rdTS8srqWno9s7G5tb2T3d2r6jBWlFVoKEJV94hmgktWAQ6C1SPFSOAJVvP6N+N67YEpzUN5D4OItQLSldznlICx3OxpU8eBm8CVM2xL7LuQf3KhgE/wgv/oQvu44GZzdtGeCC+CM4McmqnsZkfNTkjjgEmggmjdcOwIWglRwKlgw0wz1iwitE+6rGFQkoDpVjI5bIiPjNPBfqjMk4An7u+JhARaDwLPdAYEenq+Njb/qzVi8C9bCZdRDEzS6SI/FhhCPE4Jd7hiFMTAAKGKm79i2iOKUDBZZkwIzvzJi1A9KzqG785zpetZHGl0gA5RHjnoApXQLSqjCqLoGb2id/RhvVhv1qf1NW1NWbOZffRH1ugHiYqeyw==</latexit>

*The restricted version were considered in (Besbes et al, 2013)
(Jadbadie et al., 2016) under different feedback models.

Our performance Comparator performance Dynamic regret
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Universal vs Restrictive Dynamic
Regret in Online Linear Regression
• Example:

• Restrictive Dynamic regret competes with an unrealistic
oracle that achieves 0 loss, but incur O(n) regret

• Universal dynamic regret competes with more stable
policies with sublinear loss and regret
• Fundamental values change slowly
• Optimal bias-variance tradeoff

ft(x) = (StockPricet � FeatureTt x)
2

<latexit sha1_base64="r85KAOSSXsM2cquOQDUlDi2ICBI=">AAACIHicbZDJSgNBEIZ7XGPcoh69NAYhOSgzQdCLIAriMWIWIcvQ06lJmvQsdNdIwpBH8eKrePGgiN70aewsB7cfGn6+qqK6fi+WQqNtf1hz8wuLS8uZlezq2vrGZm5ru6ajRHGo8khG6tZjGqQIoYoCJdzGCljgSah7/YtxvX4HSosorOAwhlbAuqHwBWdokJs79l0sDIr0lBaaCANMbzDi/bISHEYu0gM6pZfAMFFj1K7QQbFdcnN5+9CeiP41zszkyUxlN/fe7EQ8CSBELpnWDceOsZUyhYJLGGWbiYaY8T7rQsPYkAWgW+nkwBHdN6RD/UiZFyKd0O8TKQu0Hgae6QwY9vTv2hj+V2sk6J+0UhHGCULIp4v8RFKM6Dgt2hEKOMqhMYwrYf5KeY8pxtFkmjUhOL9P/mtqpUPH+Ouj/Nn5LI4M2SV7pEAcckzOyBUpkyrh5J48kmfyYj1YT9ar9TZtnbNmMzvkh6zPL2gFooM=</latexit><latexit sha1_base64="r85KAOSSXsM2cquOQDUlDi2ICBI=">AAACIHicbZDJSgNBEIZ7XGPcoh69NAYhOSgzQdCLIAriMWIWIcvQ06lJmvQsdNdIwpBH8eKrePGgiN70aewsB7cfGn6+qqK6fi+WQqNtf1hz8wuLS8uZlezq2vrGZm5ru6ajRHGo8khG6tZjGqQIoYoCJdzGCljgSah7/YtxvX4HSosorOAwhlbAuqHwBWdokJs79l0sDIr0lBaaCANMbzDi/bISHEYu0gM6pZfAMFFj1K7QQbFdcnN5+9CeiP41zszkyUxlN/fe7EQ8CSBELpnWDceOsZUyhYJLGGWbiYaY8T7rQsPYkAWgW+nkwBHdN6RD/UiZFyKd0O8TKQu0Hgae6QwY9vTv2hj+V2sk6J+0UhHGCULIp4v8RFKM6Dgt2hEKOMqhMYwrYf5KeY8pxtFkmjUhOL9P/mtqpUPH+Ouj/Nn5LI4M2SV7pEAcckzOyBUpkyrh5J48kmfyYj1YT9ar9TZtnbNmMzvkh6zPL2gFooM=</latexit><latexit sha1_base64="r85KAOSSXsM2cquOQDUlDi2ICBI=">AAACIHicbZDJSgNBEIZ7XGPcoh69NAYhOSgzQdCLIAriMWIWIcvQ06lJmvQsdNdIwpBH8eKrePGgiN70aewsB7cfGn6+qqK6fi+WQqNtf1hz8wuLS8uZlezq2vrGZm5ru6ajRHGo8khG6tZjGqQIoYoCJdzGCljgSah7/YtxvX4HSosorOAwhlbAuqHwBWdokJs79l0sDIr0lBaaCANMbzDi/bISHEYu0gM6pZfAMFFj1K7QQbFdcnN5+9CeiP41zszkyUxlN/fe7EQ8CSBELpnWDceOsZUyhYJLGGWbiYaY8T7rQsPYkAWgW+nkwBHdN6RD/UiZFyKd0O8TKQu0Hgae6QwY9vTv2hj+V2sk6J+0UhHGCULIp4v8RFKM6Dgt2hEKOMqhMYwrYf5KeY8pxtFkmjUhOL9P/mtqpUPH+Ouj/Nn5LI4M2SV7pEAcckzOyBUpkyrh5J48kmfyYj1YT9ar9TZtnbNmMzvkh6zPL2gFooM=</latexit><latexit sha1_base64="r85KAOSSXsM2cquOQDUlDi2ICBI=">AAACIHicbZDJSgNBEIZ7XGPcoh69NAYhOSgzQdCLIAriMWIWIcvQ06lJmvQsdNdIwpBH8eKrePGgiN70aewsB7cfGn6+qqK6fi+WQqNtf1hz8wuLS8uZlezq2vrGZm5ru6ajRHGo8khG6tZjGqQIoYoCJdzGCljgSah7/YtxvX4HSosorOAwhlbAuqHwBWdokJs79l0sDIr0lBaaCANMbzDi/bISHEYu0gM6pZfAMFFj1K7QQbFdcnN5+9CeiP41zszkyUxlN/fe7EQ8CSBELpnWDceOsZUyhYJLGGWbiYaY8T7rQsPYkAWgW+nkwBHdN6RD/UiZFyKd0O8TKQu0Hgae6QwY9vTv2hj+V2sk6J+0UhHGCULIp4v8RFKM6Dgt2hEKOMqhMYwrYf5KeY8pxtFkmjUhOL9P/mtqpUPH+Ouj/Nn5LI4M2SV7pEAcckzOyBUpkyrh5J48kmfyYj1YT9ar9TZtnbNmMzvkh6zPL2gFooM=</latexit>
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Existing results on dynamic regret
minimization since Zinkevich (2003)

Static regret Dynamic Regret
bounds

Convex losses

Strongly
convex losses

Exp-concave
losses

⇥(
p
n)

<latexit sha1_base64="Mf5rZlIp2wevXDrHXnly14mX5GI=">AAAB+XicbZBNS8NAEIY39avWr6hHL8Ei1EtJRNBj0YvHCv2CJpTNdtou3Wzi7qRQQv+JFw+KePWfePPfuG1z0NYXFh7emWFm3zARXKPrfluFjc2t7Z3ibmlv/+DwyD4+aek4VQyaLBax6oRUg+ASmshRQCdRQKNQQDsc38/r7QkozWPZwGkCQUSHkg84o2isnm37jREgrfj6SWEmZ5c9u+xW3YWcdfByKJNc9Z795fdjlkYgkQmqdddzEwwyqpAzAbOSn2pIKBvTIXQNShqBDrLF5TPnwjh9ZxAr8yQ6C/f3REYjradRaDojiiO9Wpub/9W6KQ5ug4zLJEWQbLlokAoHY2ceg9PnChiKqQHKFDe3OmxEFWVowiqZELzVL69D66rqGX68Ltfu8jiK5IyckwrxyA2pkQdSJ03CyIQ8k1fyZmXWi/VufSxbC1Y+c0r+yPr8AV/6k3o=</latexit><latexit sha1_base64="Mf5rZlIp2wevXDrHXnly14mX5GI=">AAAB+XicbZBNS8NAEIY39avWr6hHL8Ei1EtJRNBj0YvHCv2CJpTNdtou3Wzi7qRQQv+JFw+KePWfePPfuG1z0NYXFh7emWFm3zARXKPrfluFjc2t7Z3ibmlv/+DwyD4+aek4VQyaLBax6oRUg+ASmshRQCdRQKNQQDsc38/r7QkozWPZwGkCQUSHkg84o2isnm37jREgrfj6SWEmZ5c9u+xW3YWcdfByKJNc9Z795fdjlkYgkQmqdddzEwwyqpAzAbOSn2pIKBvTIXQNShqBDrLF5TPnwjh9ZxAr8yQ6C/f3REYjradRaDojiiO9Wpub/9W6KQ5ug4zLJEWQbLlokAoHY2ceg9PnChiKqQHKFDe3OmxEFWVowiqZELzVL69D66rqGX68Ltfu8jiK5IyckwrxyA2pkQdSJ03CyIQ8k1fyZmXWi/VufSxbC1Y+c0r+yPr8AV/6k3o=</latexit><latexit sha1_base64="Mf5rZlIp2wevXDrHXnly14mX5GI=">AAAB+XicbZBNS8NAEIY39avWr6hHL8Ei1EtJRNBj0YvHCv2CJpTNdtou3Wzi7qRQQv+JFw+KePWfePPfuG1z0NYXFh7emWFm3zARXKPrfluFjc2t7Z3ibmlv/+DwyD4+aek4VQyaLBax6oRUg+ASmshRQCdRQKNQQDsc38/r7QkozWPZwGkCQUSHkg84o2isnm37jREgrfj6SWEmZ5c9u+xW3YWcdfByKJNc9Z795fdjlkYgkQmqdddzEwwyqpAzAbOSn2pIKBvTIXQNShqBDrLF5TPnwjh9ZxAr8yQ6C/f3REYjradRaDojiiO9Wpub/9W6KQ5ug4zLJEWQbLlokAoHY2ceg9PnChiKqQHKFDe3OmxEFWVowiqZELzVL69D66rqGX68Ltfu8jiK5IyckwrxyA2pkQdSJ03CyIQ8k1fyZmXWi/VufSxbC1Y+c0r+yPr8AV/6k3o=</latexit><latexit sha1_base64="Mf5rZlIp2wevXDrHXnly14mX5GI=">AAAB+XicbZBNS8NAEIY39avWr6hHL8Ei1EtJRNBj0YvHCv2CJpTNdtou3Wzi7qRQQv+JFw+KePWfePPfuG1z0NYXFh7emWFm3zARXKPrfluFjc2t7Z3ibmlv/+DwyD4+aek4VQyaLBax6oRUg+ASmshRQCdRQKNQQDsc38/r7QkozWPZwGkCQUSHkg84o2isnm37jREgrfj6SWEmZ5c9u+xW3YWcdfByKJNc9Z795fdjlkYgkQmqdddzEwwyqpAzAbOSn2pIKBvTIXQNShqBDrLF5TPnwjh9ZxAr8yQ6C/f3REYjradRaDojiiO9Wpub/9W6KQ5ug4zLJEWQbLlokAoHY2ceg9PnChiKqQHKFDe3OmxEFWVowiqZELzVL69D66rqGX68Ltfu8jiK5IyckwrxyA2pkQdSJ03CyIQ8k1fyZmXWi/VufSxbC1Y+c0r+yPr8AV/6k3o=</latexit>

⇥(log n)
<latexit sha1_base64="WAauH12phSNKBabJq4R6L1JBBHo=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIdVNmRNBl0Y3LCr1BZyyZ9EwbmkmGJKOUoe/hxoUibn0Xd76NaTsLbf0h8PGfczgnf5hwpo3rfjuFtfWNza3idmlnd2//oHx41NYyVRRaVHKpuiHRwJmAlmGGQzdRQOKQQycc387qnUdQmknRNJMEgpgMBYsYJcZaD35zBIZUfS6HWJz3yxW35s6FV8HLoYJyNfrlL38gaRqDMJQTrXuem5ggI8owymFa8lMNCaFjMoSeRUFi0EE2v3qKz6wzwJFU9gmD5+7viYzEWk/i0HbGxIz0cm1m/lfrpSa6DjImktSAoItFUcqxkXgWAR4wBdTwiQVCFbO3YjoiilBjgyrZELzlL69C+6LmWb6/rNRv8jiK6ASdoiry0BWqozvUQC1EkULP6BW9OU/Oi/PufCxaC04+c4z+yPn8AXvrkdU=</latexit><latexit sha1_base64="WAauH12phSNKBabJq4R6L1JBBHo=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIdVNmRNBl0Y3LCr1BZyyZ9EwbmkmGJKOUoe/hxoUibn0Xd76NaTsLbf0h8PGfczgnf5hwpo3rfjuFtfWNza3idmlnd2//oHx41NYyVRRaVHKpuiHRwJmAlmGGQzdRQOKQQycc387qnUdQmknRNJMEgpgMBYsYJcZaD35zBIZUfS6HWJz3yxW35s6FV8HLoYJyNfrlL38gaRqDMJQTrXuem5ggI8owymFa8lMNCaFjMoSeRUFi0EE2v3qKz6wzwJFU9gmD5+7viYzEWk/i0HbGxIz0cm1m/lfrpSa6DjImktSAoItFUcqxkXgWAR4wBdTwiQVCFbO3YjoiilBjgyrZELzlL69C+6LmWb6/rNRv8jiK6ASdoiry0BWqozvUQC1EkULP6BW9OU/Oi/PufCxaC04+c4z+yPn8AXvrkdU=</latexit><latexit sha1_base64="WAauH12phSNKBabJq4R6L1JBBHo=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIdVNmRNBl0Y3LCr1BZyyZ9EwbmkmGJKOUoe/hxoUibn0Xd76NaTsLbf0h8PGfczgnf5hwpo3rfjuFtfWNza3idmlnd2//oHx41NYyVRRaVHKpuiHRwJmAlmGGQzdRQOKQQycc387qnUdQmknRNJMEgpgMBYsYJcZaD35zBIZUfS6HWJz3yxW35s6FV8HLoYJyNfrlL38gaRqDMJQTrXuem5ggI8owymFa8lMNCaFjMoSeRUFi0EE2v3qKz6wzwJFU9gmD5+7viYzEWk/i0HbGxIz0cm1m/lfrpSa6DjImktSAoItFUcqxkXgWAR4wBdTwiQVCFbO3YjoiilBjgyrZELzlL69C+6LmWb6/rNRv8jiK6ASdoiry0BWqozvUQC1EkULP6BW9OU/Oi/PufCxaC04+c4z+yPn8AXvrkdU=</latexit><latexit sha1_base64="WAauH12phSNKBabJq4R6L1JBBHo=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIdVNmRNBl0Y3LCr1BZyyZ9EwbmkmGJKOUoe/hxoUibn0Xd76NaTsLbf0h8PGfczgnf5hwpo3rfjuFtfWNza3idmlnd2//oHx41NYyVRRaVHKpuiHRwJmAlmGGQzdRQOKQQycc387qnUdQmknRNJMEgpgMBYsYJcZaD35zBIZUfS6HWJz3yxW35s6FV8HLoYJyNfrlL38gaRqDMJQTrXuem5ggI8owymFa8lMNCaFjMoSeRUFi0EE2v3qKz6wzwJFU9gmD5+7viYzEWk/i0HbGxIz0cm1m/lfrpSa6DjImktSAoItFUcqxkXgWAR4wBdTwiQVCFbO3YjoiilBjgyrZELzlL69C+6LmWb6/rNRv8jiK6ASdoiry0BWqozvUQC1EkULP6BW9OU/Oi/PufCxaC04+c4z+yPn8AXvrkdU=</latexit>

⇥(log n)
<latexit sha1_base64="WAauH12phSNKBabJq4R6L1JBBHo=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIdVNmRNBl0Y3LCr1BZyyZ9EwbmkmGJKOUoe/hxoUibn0Xd76NaTsLbf0h8PGfczgnf5hwpo3rfjuFtfWNza3idmlnd2//oHx41NYyVRRaVHKpuiHRwJmAlmGGQzdRQOKQQycc387qnUdQmknRNJMEgpgMBYsYJcZaD35zBIZUfS6HWJz3yxW35s6FV8HLoYJyNfrlL38gaRqDMJQTrXuem5ggI8owymFa8lMNCaFjMoSeRUFi0EE2v3qKz6wzwJFU9gmD5+7viYzEWk/i0HbGxIz0cm1m/lfrpSa6DjImktSAoItFUcqxkXgWAR4wBdTwiQVCFbO3YjoiilBjgyrZELzlL69C+6LmWb6/rNRv8jiK6ASdoiry0BWqozvUQC1EkULP6BW9OU/Oi/PufCxaC04+c4z+yPn8AXvrkdU=</latexit><latexit sha1_base64="WAauH12phSNKBabJq4R6L1JBBHo=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIdVNmRNBl0Y3LCr1BZyyZ9EwbmkmGJKOUoe/hxoUibn0Xd76NaTsLbf0h8PGfczgnf5hwpo3rfjuFtfWNza3idmlnd2//oHx41NYyVRRaVHKpuiHRwJmAlmGGQzdRQOKQQycc387qnUdQmknRNJMEgpgMBYsYJcZaD35zBIZUfS6HWJz3yxW35s6FV8HLoYJyNfrlL38gaRqDMJQTrXuem5ggI8owymFa8lMNCaFjMoSeRUFi0EE2v3qKz6wzwJFU9gmD5+7viYzEWk/i0HbGxIz0cm1m/lfrpSa6DjImktSAoItFUcqxkXgWAR4wBdTwiQVCFbO3YjoiilBjgyrZELzlL69C+6LmWb6/rNRv8jiK6ASdoiry0BWqozvUQC1EkULP6BW9OU/Oi/PufCxaC04+c4z+yPn8AXvrkdU=</latexit><latexit sha1_base64="WAauH12phSNKBabJq4R6L1JBBHo=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIdVNmRNBl0Y3LCr1BZyyZ9EwbmkmGJKOUoe/hxoUibn0Xd76NaTsLbf0h8PGfczgnf5hwpo3rfjuFtfWNza3idmlnd2//oHx41NYyVRRaVHKpuiHRwJmAlmGGQzdRQOKQQycc387qnUdQmknRNJMEgpgMBYsYJcZaD35zBIZUfS6HWJz3yxW35s6FV8HLoYJyNfrlL38gaRqDMJQTrXuem5ggI8owymFa8lMNCaFjMoSeRUFi0EE2v3qKz6wzwJFU9gmD5+7viYzEWk/i0HbGxIz0cm1m/lfrpSa6DjImktSAoItFUcqxkXgWAR4wBdTwiQVCFbO3YjoiilBjgyrZELzlL69C+6LmWb6/rNRv8jiK6ASdoiry0BWqozvUQC1EkULP6BW9OU/Oi/PufCxaC04+c4z+yPn8AXvrkdU=</latexit><latexit sha1_base64="WAauH12phSNKBabJq4R6L1JBBHo=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIdVNmRNBl0Y3LCr1BZyyZ9EwbmkmGJKOUoe/hxoUibn0Xd76NaTsLbf0h8PGfczgnf5hwpo3rfjuFtfWNza3idmlnd2//oHx41NYyVRRaVHKpuiHRwJmAlmGGQzdRQOKQQycc387qnUdQmknRNJMEgpgMBYsYJcZaD35zBIZUfS6HWJz3yxW35s6FV8HLoYJyNfrlL38gaRqDMJQTrXuem5ggI8owymFa8lMNCaFjMoSeRUFi0EE2v3qKz6wzwJFU9gmD5+7viYzEWk/i0HbGxIz0cm1m/lfrpSa6DjImktSAoItFUcqxkXgWAR4wBdTwiQVCFbO3YjoiilBjgyrZELzlL69C+6LmWb6/rNRv8jiK6ASdoiry0BWqozvUQC1EkULP6BW9OU/Oi/PufCxaC04+c4z+yPn8AXvrkdU=</latexit>

* various problem parameters omitted for simplicity.

⇥(
p

n(1 + Cn))
<latexit sha1_base64="U9sDCjx59OHOyoRWqP/PUOx+45A=">AAACAnicbZDLSsNAFIYnXmu9VV2Jm8EitAglEUGXxW5cVugNmhAm00k7dDKJMydCCcWNr+LGhSJufQp3vo3Ty0Jbfxj4+M85nDl/kAiuwba/rZXVtfWNzdxWfntnd2+/cHDY0nGqKGvSWMSqExDNBJesCRwE6ySKkSgQrB0Ma5N6+4EpzWPZgFHCvIj0JQ85JWAsv3DsNgYMSMnV9woyWXLwOa75sjwu+4WiXbGnwsvgzKGI5qr7hS+3F9M0YhKoIFp3HTsBLyMKOBVsnHdTzRJCh6TPugYliZj2sukJY3xmnB4OY2WeBDx1f09kJNJ6FAWmMyIw0Iu1iflfrZtCeO1lXCYpMElni8JUYIjxJA/c44pRECMDhCpu/orpgChCwaSWNyE4iycvQ+ui4hi+uyxWb+Zx5NAJOkUl5KArVEW3qI6aiKJH9Ixe0Zv1ZL1Y79bHrHXFms8coT+yPn8A7omV0Q==</latexit><latexit sha1_base64="U9sDCjx59OHOyoRWqP/PUOx+45A=">AAACAnicbZDLSsNAFIYnXmu9VV2Jm8EitAglEUGXxW5cVugNmhAm00k7dDKJMydCCcWNr+LGhSJufQp3vo3Ty0Jbfxj4+M85nDl/kAiuwba/rZXVtfWNzdxWfntnd2+/cHDY0nGqKGvSWMSqExDNBJesCRwE6ySKkSgQrB0Ma5N6+4EpzWPZgFHCvIj0JQ85JWAsv3DsNgYMSMnV9woyWXLwOa75sjwu+4WiXbGnwsvgzKGI5qr7hS+3F9M0YhKoIFp3HTsBLyMKOBVsnHdTzRJCh6TPugYliZj2sukJY3xmnB4OY2WeBDx1f09kJNJ6FAWmMyIw0Iu1iflfrZtCeO1lXCYpMElni8JUYIjxJA/c44pRECMDhCpu/orpgChCwaSWNyE4iycvQ+ui4hi+uyxWb+Zx5NAJOkUl5KArVEW3qI6aiKJH9Ixe0Zv1ZL1Y79bHrHXFms8coT+yPn8A7omV0Q==</latexit><latexit sha1_base64="U9sDCjx59OHOyoRWqP/PUOx+45A=">AAACAnicbZDLSsNAFIYnXmu9VV2Jm8EitAglEUGXxW5cVugNmhAm00k7dDKJMydCCcWNr+LGhSJufQp3vo3Ty0Jbfxj4+M85nDl/kAiuwba/rZXVtfWNzdxWfntnd2+/cHDY0nGqKGvSWMSqExDNBJesCRwE6ySKkSgQrB0Ma5N6+4EpzWPZgFHCvIj0JQ85JWAsv3DsNgYMSMnV9woyWXLwOa75sjwu+4WiXbGnwsvgzKGI5qr7hS+3F9M0YhKoIFp3HTsBLyMKOBVsnHdTzRJCh6TPugYliZj2sukJY3xmnB4OY2WeBDx1f09kJNJ6FAWmMyIw0Iu1iflfrZtCeO1lXCYpMElni8JUYIjxJA/c44pRECMDhCpu/orpgChCwaSWNyE4iycvQ+ui4hi+uyxWb+Zx5NAJOkUl5KArVEW3qI6aiKJH9Ixe0Zv1ZL1Y79bHrHXFms8coT+yPn8A7omV0Q==</latexit><latexit sha1_base64="U9sDCjx59OHOyoRWqP/PUOx+45A=">AAACAnicbZDLSsNAFIYnXmu9VV2Jm8EitAglEUGXxW5cVugNmhAm00k7dDKJMydCCcWNr+LGhSJufQp3vo3Ty0Jbfxj4+M85nDl/kAiuwba/rZXVtfWNzdxWfntnd2+/cHDY0nGqKGvSWMSqExDNBJesCRwE6ySKkSgQrB0Ma5N6+4EpzWPZgFHCvIj0JQ85JWAsv3DsNgYMSMnV9woyWXLwOa75sjwu+4WiXbGnwsvgzKGI5qr7hS+3F9M0YhKoIFp3HTsBLyMKOBVsnHdTzRJCh6TPugYliZj2sukJY3xmnB4OY2WeBDx1f09kJNJ6FAWmMyIw0Iu1iflfrZtCeO1lXCYpMElni8JUYIjxJA/c44pRECMDhCpu/orpgChCwaSWNyE4iycvQ+ui4hi+uyxWb+Zx5NAJOkUl5KArVEW3qI6aiKJH9Ixe0Zv1ZL1Y79bHrHXFms8coT+yPn8A7omV0Q==</latexit>

Open

problem

The case with unknown
!! was resolved in
(Zhang and Zhou, 2018).

Only minor improvement
known (Yuan and Lamperski, 
2019) Õ(1 +

p
nCn)

<latexit sha1_base64="zsVKxTG1aP72/ynbY4BX5f8Owoc=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiVISSiKDLYjfurGAv0JYwmUzboZNJnDkRSujCja/ixoUibn0Id76N0zYLbf1h4OM/53Dm/H4suAbH+bZyK6tr6xv5zcLW9s7unr1/0NRRoihr0EhEqu0TzQSXrAEcBGvHipHQF6zlj2rTeuuBKc0jeQfjmPVCMpC8zykBY3l2sQtcBCy9mZRdfIq7+l5BKnHNk5MTzy45FWcmvAxuBiWUqe7ZX90goknIJFBBtO64Tgy9lCjgVLBJoZtoFhM6IgPWMShJyHQvnR0xwcfGCXA/UuZJwDP390RKQq3HoW86QwJDvVibmv/VOgn0L3spl3ECTNL5on4iMER4mggOuGIUxNgAoYqbv2I6JIpQMLkVTAju4snL0DyruIZvz0vVqyyOPCqiI1RGLrpAVXSN6qiBKHpEz+gVvVlP1ov1bn3MW3NWNnOI/sj6/AEbGZcX</latexit><latexit sha1_base64="zsVKxTG1aP72/ynbY4BX5f8Owoc=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiVISSiKDLYjfurGAv0JYwmUzboZNJnDkRSujCja/ixoUibn0Id76N0zYLbf1h4OM/53Dm/H4suAbH+bZyK6tr6xv5zcLW9s7unr1/0NRRoihr0EhEqu0TzQSXrAEcBGvHipHQF6zlj2rTeuuBKc0jeQfjmPVCMpC8zykBY3l2sQtcBCy9mZRdfIq7+l5BKnHNk5MTzy45FWcmvAxuBiWUqe7ZX90goknIJFBBtO64Tgy9lCjgVLBJoZtoFhM6IgPWMShJyHQvnR0xwcfGCXA/UuZJwDP390RKQq3HoW86QwJDvVibmv/VOgn0L3spl3ECTNL5on4iMER4mggOuGIUxNgAoYqbv2I6JIpQMLkVTAju4snL0DyruIZvz0vVqyyOPCqiI1RGLrpAVXSN6qiBKHpEz+gVvVlP1ov1bn3MW3NWNnOI/sj6/AEbGZcX</latexit><latexit sha1_base64="zsVKxTG1aP72/ynbY4BX5f8Owoc=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiVISSiKDLYjfurGAv0JYwmUzboZNJnDkRSujCja/ixoUibn0Id76N0zYLbf1h4OM/53Dm/H4suAbH+bZyK6tr6xv5zcLW9s7unr1/0NRRoihr0EhEqu0TzQSXrAEcBGvHipHQF6zlj2rTeuuBKc0jeQfjmPVCMpC8zykBY3l2sQtcBCy9mZRdfIq7+l5BKnHNk5MTzy45FWcmvAxuBiWUqe7ZX90goknIJFBBtO64Tgy9lCjgVLBJoZtoFhM6IgPWMShJyHQvnR0xwcfGCXA/UuZJwDP390RKQq3HoW86QwJDvVibmv/VOgn0L3spl3ECTNL5on4iMER4mggOuGIUxNgAoYqbv2I6JIpQMLkVTAju4snL0DyruIZvz0vVqyyOPCqiI1RGLrpAVXSN6qiBKHpEz+gVvVlP1ov1bn3MW3NWNnOI/sj6/AEbGZcX</latexit><latexit sha1_base64="zsVKxTG1aP72/ynbY4BX5f8Owoc=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiVISSiKDLYjfurGAv0JYwmUzboZNJnDkRSujCja/ixoUibn0Id76N0zYLbf1h4OM/53Dm/H4suAbH+bZyK6tr6xv5zcLW9s7unr1/0NRRoihr0EhEqu0TzQSXrAEcBGvHipHQF6zlj2rTeuuBKc0jeQfjmPVCMpC8zykBY3l2sQtcBCy9mZRdfIq7+l5BKnHNk5MTzy45FWcmvAxuBiWUqe7ZX90goknIJFBBtO64Tgy9lCjgVLBJoZtoFhM6IgPWMShJyHQvnR0xwcfGCXA/UuZJwDP390RKQq3HoW86QwJDvVibmv/VOgn0L3spl3ECTNL5on4iMER4mggOuGIUxNgAoYqbv2I6JIpQMLkVTAju4snL0DyruIZvz0vVqyyOPCqiI1RGLrpAVXSN6qiBKHpEz+gVvVlP1ov1bn3MW3NWNnOI/sj6/AEbGZcX</latexit>
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Fast rates under exp-concave losses
are useful. Many useful applications
satisfy exp-concavity!
• Example 1: Online Nonparametric Regression

• Example 2: Online Linear Regression

• Example 3: Online Logistic Regression

• Example 4: Universal Portfolio Selection

ft(xt) = (yt � xt)
2

<latexit sha1_base64="ObVzSyAmnRDYg99rFApW04hev1M=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoS4sM0XQjVB047KCvUA7Dpk004ZmLiRnxGEobnwVNy4UcetTuPNtTNtZaPWHwJf/nENyfi8WXIFlfRmFhcWl5ZXiamltfWNzy9zeaakokZQ1aSQi2fGIYoKHrAkcBOvEkpHAE6ztjS4n9fYdk4pH4Q2kMXMCMgi5zykBbbnmnu9C5d6FI3yOcSV1AR/jyfW25pplq2pNhf+CnUMZ5Wq45mevH9EkYCFQQZTq2lYMTkYkcCrYuNRLFIsJHZEB62oMScCUk01XGOND7fSxH0l9QsBT9+dERgKl0sDTnQGBoZqvTcz/at0E/DMn42GcAAvp7CE/ERgiPMkD97lkFESqgVDJ9V8xHRJJKOjUSjoEe37lv9CqVW3N1yfl+kUeRxHtowNUQTY6RXV0hRqoiSh6QE/oBb0aj8az8Wa8z1oLRj6zi37J+PgGnN2U/A==</latexit><latexit sha1_base64="ObVzSyAmnRDYg99rFApW04hev1M=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoS4sM0XQjVB047KCvUA7Dpk004ZmLiRnxGEobnwVNy4UcetTuPNtTNtZaPWHwJf/nENyfi8WXIFlfRmFhcWl5ZXiamltfWNzy9zeaakokZQ1aSQi2fGIYoKHrAkcBOvEkpHAE6ztjS4n9fYdk4pH4Q2kMXMCMgi5zykBbbnmnu9C5d6FI3yOcSV1AR/jyfW25pplq2pNhf+CnUMZ5Wq45mevH9EkYCFQQZTq2lYMTkYkcCrYuNRLFIsJHZEB62oMScCUk01XGOND7fSxH0l9QsBT9+dERgKl0sDTnQGBoZqvTcz/at0E/DMn42GcAAvp7CE/ERgiPMkD97lkFESqgVDJ9V8xHRJJKOjUSjoEe37lv9CqVW3N1yfl+kUeRxHtowNUQTY6RXV0hRqoiSh6QE/oBb0aj8az8Wa8z1oLRj6zi37J+PgGnN2U/A==</latexit><latexit sha1_base64="ObVzSyAmnRDYg99rFApW04hev1M=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoS4sM0XQjVB047KCvUA7Dpk004ZmLiRnxGEobnwVNy4UcetTuPNtTNtZaPWHwJf/nENyfi8WXIFlfRmFhcWl5ZXiamltfWNzy9zeaakokZQ1aSQi2fGIYoKHrAkcBOvEkpHAE6ztjS4n9fYdk4pH4Q2kMXMCMgi5zykBbbnmnu9C5d6FI3yOcSV1AR/jyfW25pplq2pNhf+CnUMZ5Wq45mevH9EkYCFQQZTq2lYMTkYkcCrYuNRLFIsJHZEB62oMScCUk01XGOND7fSxH0l9QsBT9+dERgKl0sDTnQGBoZqvTcz/at0E/DMn42GcAAvp7CE/ERgiPMkD97lkFESqgVDJ9V8xHRJJKOjUSjoEe37lv9CqVW3N1yfl+kUeRxHtowNUQTY6RXV0hRqoiSh6QE/oBb0aj8az8Wa8z1oLRj6zi37J+PgGnN2U/A==</latexit><latexit sha1_base64="ObVzSyAmnRDYg99rFApW04hev1M=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoS4sM0XQjVB047KCvUA7Dpk004ZmLiRnxGEobnwVNy4UcetTuPNtTNtZaPWHwJf/nENyfi8WXIFlfRmFhcWl5ZXiamltfWNzy9zeaakokZQ1aSQi2fGIYoKHrAkcBOvEkpHAE6ztjS4n9fYdk4pH4Q2kMXMCMgi5zykBbbnmnu9C5d6FI3yOcSV1AR/jyfW25pplq2pNhf+CnUMZ5Wq45mevH9EkYCFQQZTq2lYMTkYkcCrYuNRLFIsJHZEB62oMScCUk01XGOND7fSxH0l9QsBT9+dERgKl0sDTnQGBoZqvTcz/at0E/DMn42GcAAvp7CE/ERgiPMkD97lkFESqgVDJ9V8xHRJJKOjUSjoEe37lv9CqVW3N1yfl+kUeRxHtowNUQTY6RXV0hRqoiSh6QE/oBb0aj8az8Wa8z1oLRj6zi37J+PgGnN2U/A==</latexit>

yt = ✓t +N (0,�2)
<latexit sha1_base64="116s0grR0Rb/BiVeXLrAD+fc7J4=">AAACEXicbZDJSgNBEIZ74hbjNurRS2MQIkqYCYJehKAXTxLBLJCJoabTSZr0LHTXCGHIK3jxVbx4UMSrN2++jZ3loNEfGj7+qqKrfj+WQqPjfFmZhcWl5ZXsam5tfWNzy97eqekoUYxXWSQj1fBBcylCXkWBkjdixSHwJa/7g8txvX7PlRZReIvDmLcC6IWiKxigsdp2YdhGek497HMEg0fUCwD7DGR6PSo4x54WvQDuSodtO+8UnYnoX3BnkCczVdr2p9eJWBLwEJkErZuuE2MrBYWCST7KeYnmMbAB9HjTYAgB1610ctGIHhinQ7uRMi9EOnF/TqQQaD0MfNM5XlfP18bmf7Vmgt2zVirCOEEesulH3URSjOg4HtoRijOUQwPAlDC7UtYHBQxNiDkTgjt/8l+olYqu4ZuTfPliFkeW7JF9UiAuOSVlckUqpEoYeSBP5IW8Wo/Ws/VmvU9bM9ZsZpf8kvXxDQJDm9o=</latexit><latexit sha1_base64="116s0grR0Rb/BiVeXLrAD+fc7J4=">AAACEXicbZDJSgNBEIZ74hbjNurRS2MQIkqYCYJehKAXTxLBLJCJoabTSZr0LHTXCGHIK3jxVbx4UMSrN2++jZ3loNEfGj7+qqKrfj+WQqPjfFmZhcWl5ZXsam5tfWNzy97eqekoUYxXWSQj1fBBcylCXkWBkjdixSHwJa/7g8txvX7PlRZReIvDmLcC6IWiKxigsdp2YdhGek497HMEg0fUCwD7DGR6PSo4x54WvQDuSodtO+8UnYnoX3BnkCczVdr2p9eJWBLwEJkErZuuE2MrBYWCST7KeYnmMbAB9HjTYAgB1610ctGIHhinQ7uRMi9EOnF/TqQQaD0MfNM5XlfP18bmf7Vmgt2zVirCOEEesulH3URSjOg4HtoRijOUQwPAlDC7UtYHBQxNiDkTgjt/8l+olYqu4ZuTfPliFkeW7JF9UiAuOSVlckUqpEoYeSBP5IW8Wo/Ws/VmvU9bM9ZsZpf8kvXxDQJDm9o=</latexit><latexit sha1_base64="116s0grR0Rb/BiVeXLrAD+fc7J4=">AAACEXicbZDJSgNBEIZ74hbjNurRS2MQIkqYCYJehKAXTxLBLJCJoabTSZr0LHTXCGHIK3jxVbx4UMSrN2++jZ3loNEfGj7+qqKrfj+WQqPjfFmZhcWl5ZXsam5tfWNzy97eqekoUYxXWSQj1fBBcylCXkWBkjdixSHwJa/7g8txvX7PlRZReIvDmLcC6IWiKxigsdp2YdhGek497HMEg0fUCwD7DGR6PSo4x54WvQDuSodtO+8UnYnoX3BnkCczVdr2p9eJWBLwEJkErZuuE2MrBYWCST7KeYnmMbAB9HjTYAgB1610ctGIHhinQ7uRMi9EOnF/TqQQaD0MfNM5XlfP18bmf7Vmgt2zVirCOEEesulH3URSjOg4HtoRijOUQwPAlDC7UtYHBQxNiDkTgjt/8l+olYqu4ZuTfPliFkeW7JF9UiAuOSVlckUqpEoYeSBP5IW8Wo/Ws/VmvU9bM9ZsZpf8kvXxDQJDm9o=</latexit><latexit sha1_base64="116s0grR0Rb/BiVeXLrAD+fc7J4=">AAACEXicbZDJSgNBEIZ74hbjNurRS2MQIkqYCYJehKAXTxLBLJCJoabTSZr0LHTXCGHIK3jxVbx4UMSrN2++jZ3loNEfGj7+qqKrfj+WQqPjfFmZhcWl5ZXsam5tfWNzy97eqekoUYxXWSQj1fBBcylCXkWBkjdixSHwJa/7g8txvX7PlRZReIvDmLcC6IWiKxigsdp2YdhGek497HMEg0fUCwD7DGR6PSo4x54WvQDuSodtO+8UnYnoX3BnkCczVdr2p9eJWBLwEJkErZuuE2MrBYWCST7KeYnmMbAB9HjTYAgB1610ctGIHhinQ7uRMi9EOnF/TqQQaD0MfNM5XlfP18bmf7Vmgt2zVirCOEEesulH3URSjOg4HtoRijOUQwPAlDC7UtYHBQxNiDkTgjt/8l+olYqu4ZuTfPliFkeW7JF9UiAuOSVlckUqpEoYeSBP5IW8Wo/Ws/VmvU9bM9ZsZpf8kvXxDQJDm9o=</latexit>

where

ft(x) = (StockPricet � FeatureTt x)
2

<latexit sha1_base64="r85KAOSSXsM2cquOQDUlDi2ICBI=">AAACIHicbZDJSgNBEIZ7XGPcoh69NAYhOSgzQdCLIAriMWIWIcvQ06lJmvQsdNdIwpBH8eKrePGgiN70aewsB7cfGn6+qqK6fi+WQqNtf1hz8wuLS8uZlezq2vrGZm5ru6ajRHGo8khG6tZjGqQIoYoCJdzGCljgSah7/YtxvX4HSosorOAwhlbAuqHwBWdokJs79l0sDIr0lBaaCANMbzDi/bISHEYu0gM6pZfAMFFj1K7QQbFdcnN5+9CeiP41zszkyUxlN/fe7EQ8CSBELpnWDceOsZUyhYJLGGWbiYaY8T7rQsPYkAWgW+nkwBHdN6RD/UiZFyKd0O8TKQu0Hgae6QwY9vTv2hj+V2sk6J+0UhHGCULIp4v8RFKM6Dgt2hEKOMqhMYwrYf5KeY8pxtFkmjUhOL9P/mtqpUPH+Ouj/Nn5LI4M2SV7pEAcckzOyBUpkyrh5J48kmfyYj1YT9ar9TZtnbNmMzvkh6zPL2gFooM=</latexit><latexit sha1_base64="r85KAOSSXsM2cquOQDUlDi2ICBI=">AAACIHicbZDJSgNBEIZ7XGPcoh69NAYhOSgzQdCLIAriMWIWIcvQ06lJmvQsdNdIwpBH8eKrePGgiN70aewsB7cfGn6+qqK6fi+WQqNtf1hz8wuLS8uZlezq2vrGZm5ru6ajRHGo8khG6tZjGqQIoYoCJdzGCljgSah7/YtxvX4HSosorOAwhlbAuqHwBWdokJs79l0sDIr0lBaaCANMbzDi/bISHEYu0gM6pZfAMFFj1K7QQbFdcnN5+9CeiP41zszkyUxlN/fe7EQ8CSBELpnWDceOsZUyhYJLGGWbiYaY8T7rQsPYkAWgW+nkwBHdN6RD/UiZFyKd0O8TKQu0Hgae6QwY9vTv2hj+V2sk6J+0UhHGCULIp4v8RFKM6Dgt2hEKOMqhMYwrYf5KeY8pxtFkmjUhOL9P/mtqpUPH+Ouj/Nn5LI4M2SV7pEAcckzOyBUpkyrh5J48kmfyYj1YT9ar9TZtnbNmMzvkh6zPL2gFooM=</latexit><latexit sha1_base64="r85KAOSSXsM2cquOQDUlDi2ICBI=">AAACIHicbZDJSgNBEIZ7XGPcoh69NAYhOSgzQdCLIAriMWIWIcvQ06lJmvQsdNdIwpBH8eKrePGgiN70aewsB7cfGn6+qqK6fi+WQqNtf1hz8wuLS8uZlezq2vrGZm5ru6ajRHGo8khG6tZjGqQIoYoCJdzGCljgSah7/YtxvX4HSosorOAwhlbAuqHwBWdokJs79l0sDIr0lBaaCANMbzDi/bISHEYu0gM6pZfAMFFj1K7QQbFdcnN5+9CeiP41zszkyUxlN/fe7EQ8CSBELpnWDceOsZUyhYJLGGWbiYaY8T7rQsPYkAWgW+nkwBHdN6RD/UiZFyKd0O8TKQu0Hgae6QwY9vTv2hj+V2sk6J+0UhHGCULIp4v8RFKM6Dgt2hEKOMqhMYwrYf5KeY8pxtFkmjUhOL9P/mtqpUPH+Ouj/Nn5LI4M2SV7pEAcckzOyBUpkyrh5J48kmfyYj1YT9ar9TZtnbNmMzvkh6zPL2gFooM=</latexit><latexit sha1_base64="r85KAOSSXsM2cquOQDUlDi2ICBI=">AAACIHicbZDJSgNBEIZ7XGPcoh69NAYhOSgzQdCLIAriMWIWIcvQ06lJmvQsdNdIwpBH8eKrePGgiN70aewsB7cfGn6+qqK6fi+WQqNtf1hz8wuLS8uZlezq2vrGZm5ru6ajRHGo8khG6tZjGqQIoYoCJdzGCljgSah7/YtxvX4HSosorOAwhlbAuqHwBWdokJs79l0sDIr0lBaaCANMbzDi/bISHEYu0gM6pZfAMFFj1K7QQbFdcnN5+9CeiP41zszkyUxlN/fe7EQ8CSBELpnWDceOsZUyhYJLGGWbiYaY8T7rQsPYkAWgW+nkwBHdN6RD/UiZFyKd0O8TKQu0Hgae6QwY9vTv2hj+V2sk6J+0UhHGCULIp4v8RFKM6Dgt2hEKOMqhMYwrYf5KeY8pxtFkmjUhOL9P/mtqpUPH+Ouj/Nn5LI4M2SV7pEAcckzOyBUpkyrh5J48kmfyYj1YT9ar9TZtnbNmMzvkh6zPL2gFooM=</latexit>

ft(x) = log(1 + e�ytFeature
T
t x)

<latexit sha1_base64="l4o6PI59jp71Qor6k3yguleS1ak=">AAACGXicbZBNS8NAEIY39bt+VT16WSxCRZREBL0IoiAeK7QqNGnYbCft0s0HuxNpCf0bXvwrXjwo4lFP/hu3tQetvrDw8M4Ms/MGqRQabfvTKkxNz8zOzS8UF5eWV1ZLa+vXOskUhzpPZKJuA6ZBihjqKFDCbaqARYGEm6B7Pqzf3IHSIolr2E/Bi1g7FqHgDI3ll+zQx0pvh55QVybtikN3KTTzvb6P1EXoYX4BDDMFAx+bNdob7Pilsr1vj0T/gjOGMhmr6pfe3VbCswhi5JJp3XDsFL2cKRRcwqDoZhpSxrusDQ2DMYtAe/nosgHdNk6LhokyL0Y6cn9O5CzSuh8FpjNi2NGTtaH5X62RYXjs5SJOM4SYfy8KM0kxocOYaEso4Cj7BhhXwvyV8g5TjKMJs2hCcCZP/gvXB/uO4avD8unZOI55skm2SIU45IickktSJXXCyT15JM/kxXqwnqxX6+27tWCNZzbIL1kfX7canus=</latexit><latexit sha1_base64="l4o6PI59jp71Qor6k3yguleS1ak=">AAACGXicbZBNS8NAEIY39bt+VT16WSxCRZREBL0IoiAeK7QqNGnYbCft0s0HuxNpCf0bXvwrXjwo4lFP/hu3tQetvrDw8M4Ms/MGqRQabfvTKkxNz8zOzS8UF5eWV1ZLa+vXOskUhzpPZKJuA6ZBihjqKFDCbaqARYGEm6B7Pqzf3IHSIolr2E/Bi1g7FqHgDI3ll+zQx0pvh55QVybtikN3KTTzvb6P1EXoYX4BDDMFAx+bNdob7Pilsr1vj0T/gjOGMhmr6pfe3VbCswhi5JJp3XDsFL2cKRRcwqDoZhpSxrusDQ2DMYtAe/nosgHdNk6LhokyL0Y6cn9O5CzSuh8FpjNi2NGTtaH5X62RYXjs5SJOM4SYfy8KM0kxocOYaEso4Cj7BhhXwvyV8g5TjKMJs2hCcCZP/gvXB/uO4avD8unZOI55skm2SIU45IickktSJXXCyT15JM/kxXqwnqxX6+27tWCNZzbIL1kfX7canus=</latexit><latexit sha1_base64="l4o6PI59jp71Qor6k3yguleS1ak=">AAACGXicbZBNS8NAEIY39bt+VT16WSxCRZREBL0IoiAeK7QqNGnYbCft0s0HuxNpCf0bXvwrXjwo4lFP/hu3tQetvrDw8M4Ms/MGqRQabfvTKkxNz8zOzS8UF5eWV1ZLa+vXOskUhzpPZKJuA6ZBihjqKFDCbaqARYGEm6B7Pqzf3IHSIolr2E/Bi1g7FqHgDI3ll+zQx0pvh55QVybtikN3KTTzvb6P1EXoYX4BDDMFAx+bNdob7Pilsr1vj0T/gjOGMhmr6pfe3VbCswhi5JJp3XDsFL2cKRRcwqDoZhpSxrusDQ2DMYtAe/nosgHdNk6LhokyL0Y6cn9O5CzSuh8FpjNi2NGTtaH5X62RYXjs5SJOM4SYfy8KM0kxocOYaEso4Cj7BhhXwvyV8g5TjKMJs2hCcCZP/gvXB/uO4avD8unZOI55skm2SIU45IickktSJXXCyT15JM/kxXqwnqxX6+27tWCNZzbIL1kfX7canus=</latexit><latexit sha1_base64="l4o6PI59jp71Qor6k3yguleS1ak=">AAACGXicbZBNS8NAEIY39bt+VT16WSxCRZREBL0IoiAeK7QqNGnYbCft0s0HuxNpCf0bXvwrXjwo4lFP/hu3tQetvrDw8M4Ms/MGqRQabfvTKkxNz8zOzS8UF5eWV1ZLa+vXOskUhzpPZKJuA6ZBihjqKFDCbaqARYGEm6B7Pqzf3IHSIolr2E/Bi1g7FqHgDI3ll+zQx0pvh55QVybtikN3KTTzvb6P1EXoYX4BDDMFAx+bNdob7Pilsr1vj0T/gjOGMhmr6pfe3VbCswhi5JJp3XDsFL2cKRRcwqDoZhpSxrusDQ2DMYtAe/nosgHdNk6LhokyL0Y6cn9O5CzSuh8FpjNi2NGTtaH5X62RYXjs5SJOM4SYfy8KM0kxocOYaEso4Cj7BhhXwvyV8g5TjKMJs2hCcCZP/gvXB/uO4avD8unZOI55skm2SIU45IickktSJXXCyT15JM/kxXqwnqxX6+27tWCNZzbIL1kfX7canus=</latexit>

ft(x) = log(xT rt)
<latexit sha1_base64="aNv8eB7cQyGTk4SeElWfAgmp14g=">AAAB/3icbZC7SgNBFIZn4y3G26pgYzMYhKQJuyJoIwRtLCPkBsm6zE5mkyGzF2bOSsKawlexsVDE1tew822cJFto4g8DH/85h3Pm92LBFVjWt5FbWV1b38hvFra2d3b3zP2DpooSSVmDRiKSbY8oJnjIGsBBsHYsGQk8wVre8GZabz0wqXgU1mEcMycg/ZD7nBLQlmse+S6URmV8hbsi6pdG93UsXSi7ZtGqWDPhZbAzKKJMNdf86vYimgQsBCqIUh3bisFJiQROBZsUuoliMaFD0mcdjSEJmHLS2f0TfKqdHvYjqV8IeOb+nkhJoNQ48HRnQGCgFmtT879aJwH/0kl5GCfAQjpf5CcCQ4SnYeAel4yCGGsgVHJ9K6YDIgkFHVlBh2AvfnkZmmcVW/PdebF6ncWRR8foBJWQjS5QFd2iGmogih7RM3pFb8aT8WK8Gx/z1pyRzRyiPzI+fwCSbJSE</latexit><latexit sha1_base64="aNv8eB7cQyGTk4SeElWfAgmp14g=">AAAB/3icbZC7SgNBFIZn4y3G26pgYzMYhKQJuyJoIwRtLCPkBsm6zE5mkyGzF2bOSsKawlexsVDE1tew822cJFto4g8DH/85h3Pm92LBFVjWt5FbWV1b38hvFra2d3b3zP2DpooSSVmDRiKSbY8oJnjIGsBBsHYsGQk8wVre8GZabz0wqXgU1mEcMycg/ZD7nBLQlmse+S6URmV8hbsi6pdG93UsXSi7ZtGqWDPhZbAzKKJMNdf86vYimgQsBCqIUh3bisFJiQROBZsUuoliMaFD0mcdjSEJmHLS2f0TfKqdHvYjqV8IeOb+nkhJoNQ48HRnQGCgFmtT879aJwH/0kl5GCfAQjpf5CcCQ4SnYeAel4yCGGsgVHJ9K6YDIgkFHVlBh2AvfnkZmmcVW/PdebF6ncWRR8foBJWQjS5QFd2iGmogih7RM3pFb8aT8WK8Gx/z1pyRzRyiPzI+fwCSbJSE</latexit><latexit sha1_base64="aNv8eB7cQyGTk4SeElWfAgmp14g=">AAAB/3icbZC7SgNBFIZn4y3G26pgYzMYhKQJuyJoIwRtLCPkBsm6zE5mkyGzF2bOSsKawlexsVDE1tew822cJFto4g8DH/85h3Pm92LBFVjWt5FbWV1b38hvFra2d3b3zP2DpooSSVmDRiKSbY8oJnjIGsBBsHYsGQk8wVre8GZabz0wqXgU1mEcMycg/ZD7nBLQlmse+S6URmV8hbsi6pdG93UsXSi7ZtGqWDPhZbAzKKJMNdf86vYimgQsBCqIUh3bisFJiQROBZsUuoliMaFD0mcdjSEJmHLS2f0TfKqdHvYjqV8IeOb+nkhJoNQ48HRnQGCgFmtT879aJwH/0kl5GCfAQjpf5CcCQ4SnYeAel4yCGGsgVHJ9K6YDIgkFHVlBh2AvfnkZmmcVW/PdebF6ncWRR8foBJWQjS5QFd2iGmogih7RM3pFb8aT8WK8Gx/z1pyRzRyiPzI+fwCSbJSE</latexit><latexit sha1_base64="aNv8eB7cQyGTk4SeElWfAgmp14g=">AAAB/3icbZC7SgNBFIZn4y3G26pgYzMYhKQJuyJoIwRtLCPkBsm6zE5mkyGzF2bOSsKawlexsVDE1tew822cJFto4g8DH/85h3Pm92LBFVjWt5FbWV1b38hvFra2d3b3zP2DpooSSVmDRiKSbY8oJnjIGsBBsHYsGQk8wVre8GZabz0wqXgU1mEcMycg/ZD7nBLQlmse+S6URmV8hbsi6pdG93UsXSi7ZtGqWDPhZbAzKKJMNdf86vYimgQsBCqIUh3bisFJiQROBZsUuoliMaFD0mcdjSEJmHLS2f0TfKqdHvYjqV8IeOb+nkhJoNQ48HRnQGCgFmtT879aJwH/0kl5GCfAQjpf5CcCQ4SnYeAel4yCGGsgVHJ9K6YDIgkFHVlBh2AvfnkZmmcVW/PdebF6ncWRR8foBJWQjS5QFd2iGmogih7RM3pFb8aT8WK8Gx/z1pyRzRyiPzI+fwCSbJSE</latexit>

yt 2 {�1, 1}
<latexit sha1_base64="YChDPGdYyPoiU2gkwkccAU3/Sk0=">AAAB9XicbZBNS8NAEIYnftb6VfXoJVgED1oSEfRY9OKxgv2AJpbNdtMu3WzC7kQJof/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzb5AIrtFxvq2l5ZXVtfXSRnlza3tnt7K339Jxqihr0ljEqhMQzQSXrIkcBeskipEoEKwdjG4m9fYjU5rH8h6zhPkRGUgeckrQWA9ZDz0uvfzMPXW9ca9SdWrOVPYiuAVUoVCjV/ny+jFNIyaRCqJ113US9HOikFPBxmUv1SwhdEQGrGtQkohpP59ePbaPjdO3w1iZJ9Geur8nchJpnUWB6YwIDvV8bWL+V+umGF75OZdJikzS2aIwFTbG9iQCu88VoygyA4Qqbm616ZAoQtEEVTYhuPNfXoTWec01fHdRrV8XcZTgEI7gBFy4hDrcQgOaQEHBM7zCm/VkvVjv1sesdckqZg7gj6zPH6ZVkfA=</latexit><latexit sha1_base64="YChDPGdYyPoiU2gkwkccAU3/Sk0=">AAAB9XicbZBNS8NAEIYnftb6VfXoJVgED1oSEfRY9OKxgv2AJpbNdtMu3WzC7kQJof/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzb5AIrtFxvq2l5ZXVtfXSRnlza3tnt7K339Jxqihr0ljEqhMQzQSXrIkcBeskipEoEKwdjG4m9fYjU5rH8h6zhPkRGUgeckrQWA9ZDz0uvfzMPXW9ca9SdWrOVPYiuAVUoVCjV/ny+jFNIyaRCqJ113US9HOikFPBxmUv1SwhdEQGrGtQkohpP59ePbaPjdO3w1iZJ9Geur8nchJpnUWB6YwIDvV8bWL+V+umGF75OZdJikzS2aIwFTbG9iQCu88VoygyA4Qqbm616ZAoQtEEVTYhuPNfXoTWec01fHdRrV8XcZTgEI7gBFy4hDrcQgOaQEHBM7zCm/VkvVjv1sesdckqZg7gj6zPH6ZVkfA=</latexit><latexit sha1_base64="YChDPGdYyPoiU2gkwkccAU3/Sk0=">AAAB9XicbZBNS8NAEIYnftb6VfXoJVgED1oSEfRY9OKxgv2AJpbNdtMu3WzC7kQJof/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzb5AIrtFxvq2l5ZXVtfXSRnlza3tnt7K339Jxqihr0ljEqhMQzQSXrIkcBeskipEoEKwdjG4m9fYjU5rH8h6zhPkRGUgeckrQWA9ZDz0uvfzMPXW9ca9SdWrOVPYiuAVUoVCjV/ny+jFNIyaRCqJ113US9HOikFPBxmUv1SwhdEQGrGtQkohpP59ePbaPjdO3w1iZJ9Geur8nchJpnUWB6YwIDvV8bWL+V+umGF75OZdJikzS2aIwFTbG9iQCu88VoygyA4Qqbm616ZAoQtEEVTYhuPNfXoTWec01fHdRrV8XcZTgEI7gBFy4hDrcQgOaQEHBM7zCm/VkvVjv1sesdckqZg7gj6zPH6ZVkfA=</latexit><latexit sha1_base64="YChDPGdYyPoiU2gkwkccAU3/Sk0=">AAAB9XicbZBNS8NAEIYnftb6VfXoJVgED1oSEfRY9OKxgv2AJpbNdtMu3WzC7kQJof/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzb5AIrtFxvq2l5ZXVtfXSRnlza3tnt7K339Jxqihr0ljEqhMQzQSXrIkcBeskipEoEKwdjG4m9fYjU5rH8h6zhPkRGUgeckrQWA9ZDz0uvfzMPXW9ca9SdWrOVPYiuAVUoVCjV/ny+jFNIyaRCqJ113US9HOikFPBxmUv1SwhdEQGrGtQkohpP59ePbaPjdO3w1iZJ9Geur8nchJpnUWB6YwIDvV8bWL+V+umGF75OZdJikzS2aIwFTbG9iQCu88VoygyA4Qqbm616ZAoQtEEVTYhuPNfXoTWec01fHdRrV8XcZTgEI7gBFy4hDrcQgOaQEHBM7zCm/VkvVjv1sesdckqZg7gj6zPH6ZVkfA=</latexit>

17*weak assumption e.g., boundedness often needed.



Summary of our new results

Static regret Dynamic Regret
bounds

Convex losses

Strongly
convex losses

Exp-concave
losses

⇥(
p
n)

<latexit sha1_base64="Mf5rZlIp2wevXDrHXnly14mX5GI=">AAAB+XicbZBNS8NAEIY39avWr6hHL8Ei1EtJRNBj0YvHCv2CJpTNdtou3Wzi7qRQQv+JFw+KePWfePPfuG1z0NYXFh7emWFm3zARXKPrfluFjc2t7Z3ibmlv/+DwyD4+aek4VQyaLBax6oRUg+ASmshRQCdRQKNQQDsc38/r7QkozWPZwGkCQUSHkg84o2isnm37jREgrfj6SWEmZ5c9u+xW3YWcdfByKJNc9Z795fdjlkYgkQmqdddzEwwyqpAzAbOSn2pIKBvTIXQNShqBDrLF5TPnwjh9ZxAr8yQ6C/f3REYjradRaDojiiO9Wpub/9W6KQ5ug4zLJEWQbLlokAoHY2ceg9PnChiKqQHKFDe3OmxEFWVowiqZELzVL69D66rqGX68Ltfu8jiK5IyckwrxyA2pkQdSJ03CyIQ8k1fyZmXWi/VufSxbC1Y+c0r+yPr8AV/6k3o=</latexit><latexit sha1_base64="Mf5rZlIp2wevXDrHXnly14mX5GI=">AAAB+XicbZBNS8NAEIY39avWr6hHL8Ei1EtJRNBj0YvHCv2CJpTNdtou3Wzi7qRQQv+JFw+KePWfePPfuG1z0NYXFh7emWFm3zARXKPrfluFjc2t7Z3ibmlv/+DwyD4+aek4VQyaLBax6oRUg+ASmshRQCdRQKNQQDsc38/r7QkozWPZwGkCQUSHkg84o2isnm37jREgrfj6SWEmZ5c9u+xW3YWcdfByKJNc9Z795fdjlkYgkQmqdddzEwwyqpAzAbOSn2pIKBvTIXQNShqBDrLF5TPnwjh9ZxAr8yQ6C/f3REYjradRaDojiiO9Wpub/9W6KQ5ug4zLJEWQbLlokAoHY2ceg9PnChiKqQHKFDe3OmxEFWVowiqZELzVL69D66rqGX68Ltfu8jiK5IyckwrxyA2pkQdSJ03CyIQ8k1fyZmXWi/VufSxbC1Y+c0r+yPr8AV/6k3o=</latexit><latexit sha1_base64="Mf5rZlIp2wevXDrHXnly14mX5GI=">AAAB+XicbZBNS8NAEIY39avWr6hHL8Ei1EtJRNBj0YvHCv2CJpTNdtou3Wzi7qRQQv+JFw+KePWfePPfuG1z0NYXFh7emWFm3zARXKPrfluFjc2t7Z3ibmlv/+DwyD4+aek4VQyaLBax6oRUg+ASmshRQCdRQKNQQDsc38/r7QkozWPZwGkCQUSHkg84o2isnm37jREgrfj6SWEmZ5c9u+xW3YWcdfByKJNc9Z795fdjlkYgkQmqdddzEwwyqpAzAbOSn2pIKBvTIXQNShqBDrLF5TPnwjh9ZxAr8yQ6C/f3REYjradRaDojiiO9Wpub/9W6KQ5ug4zLJEWQbLlokAoHY2ceg9PnChiKqQHKFDe3OmxEFWVowiqZELzVL69D66rqGX68Ltfu8jiK5IyckwrxyA2pkQdSJ03CyIQ8k1fyZmXWi/VufSxbC1Y+c0r+yPr8AV/6k3o=</latexit><latexit sha1_base64="Mf5rZlIp2wevXDrHXnly14mX5GI=">AAAB+XicbZBNS8NAEIY39avWr6hHL8Ei1EtJRNBj0YvHCv2CJpTNdtou3Wzi7qRQQv+JFw+KePWfePPfuG1z0NYXFh7emWFm3zARXKPrfluFjc2t7Z3ibmlv/+DwyD4+aek4VQyaLBax6oRUg+ASmshRQCdRQKNQQDsc38/r7QkozWPZwGkCQUSHkg84o2isnm37jREgrfj6SWEmZ5c9u+xW3YWcdfByKJNc9Z795fdjlkYgkQmqdddzEwwyqpAzAbOSn2pIKBvTIXQNShqBDrLF5TPnwjh9ZxAr8yQ6C/f3REYjradRaDojiiO9Wpub/9W6KQ5ug4zLJEWQbLlokAoHY2ceg9PnChiKqQHKFDe3OmxEFWVowiqZELzVL69D66rqGX68Ltfu8jiK5IyckwrxyA2pkQdSJ03CyIQ8k1fyZmXWi/VufSxbC1Y+c0r+yPr8AV/6k3o=</latexit>

⇥(log n)
<latexit sha1_base64="WAauH12phSNKBabJq4R6L1JBBHo=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIdVNmRNBl0Y3LCr1BZyyZ9EwbmkmGJKOUoe/hxoUibn0Xd76NaTsLbf0h8PGfczgnf5hwpo3rfjuFtfWNza3idmlnd2//oHx41NYyVRRaVHKpuiHRwJmAlmGGQzdRQOKQQycc387qnUdQmknRNJMEgpgMBYsYJcZaD35zBIZUfS6HWJz3yxW35s6FV8HLoYJyNfrlL38gaRqDMJQTrXuem5ggI8owymFa8lMNCaFjMoSeRUFi0EE2v3qKz6wzwJFU9gmD5+7viYzEWk/i0HbGxIz0cm1m/lfrpSa6DjImktSAoItFUcqxkXgWAR4wBdTwiQVCFbO3YjoiilBjgyrZELzlL69C+6LmWb6/rNRv8jiK6ASdoiry0BWqozvUQC1EkULP6BW9OU/Oi/PufCxaC04+c4z+yPn8AXvrkdU=</latexit><latexit sha1_base64="WAauH12phSNKBabJq4R6L1JBBHo=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIdVNmRNBl0Y3LCr1BZyyZ9EwbmkmGJKOUoe/hxoUibn0Xd76NaTsLbf0h8PGfczgnf5hwpo3rfjuFtfWNza3idmlnd2//oHx41NYyVRRaVHKpuiHRwJmAlmGGQzdRQOKQQycc387qnUdQmknRNJMEgpgMBYsYJcZaD35zBIZUfS6HWJz3yxW35s6FV8HLoYJyNfrlL38gaRqDMJQTrXuem5ggI8owymFa8lMNCaFjMoSeRUFi0EE2v3qKz6wzwJFU9gmD5+7viYzEWk/i0HbGxIz0cm1m/lfrpSa6DjImktSAoItFUcqxkXgWAR4wBdTwiQVCFbO3YjoiilBjgyrZELzlL69C+6LmWb6/rNRv8jiK6ASdoiry0BWqozvUQC1EkULP6BW9OU/Oi/PufCxaC04+c4z+yPn8AXvrkdU=</latexit><latexit sha1_base64="WAauH12phSNKBabJq4R6L1JBBHo=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIdVNmRNBl0Y3LCr1BZyyZ9EwbmkmGJKOUoe/hxoUibn0Xd76NaTsLbf0h8PGfczgnf5hwpo3rfjuFtfWNza3idmlnd2//oHx41NYyVRRaVHKpuiHRwJmAlmGGQzdRQOKQQycc387qnUdQmknRNJMEgpgMBYsYJcZaD35zBIZUfS6HWJz3yxW35s6FV8HLoYJyNfrlL38gaRqDMJQTrXuem5ggI8owymFa8lMNCaFjMoSeRUFi0EE2v3qKz6wzwJFU9gmD5+7viYzEWk/i0HbGxIz0cm1m/lfrpSa6DjImktSAoItFUcqxkXgWAR4wBdTwiQVCFbO3YjoiilBjgyrZELzlL69C+6LmWb6/rNRv8jiK6ASdoiry0BWqozvUQC1EkULP6BW9OU/Oi/PufCxaC04+c4z+yPn8AXvrkdU=</latexit><latexit sha1_base64="WAauH12phSNKBabJq4R6L1JBBHo=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIdVNmRNBl0Y3LCr1BZyyZ9EwbmkmGJKOUoe/hxoUibn0Xd76NaTsLbf0h8PGfczgnf5hwpo3rfjuFtfWNza3idmlnd2//oHx41NYyVRRaVHKpuiHRwJmAlmGGQzdRQOKQQycc387qnUdQmknRNJMEgpgMBYsYJcZaD35zBIZUfS6HWJz3yxW35s6FV8HLoYJyNfrlL38gaRqDMJQTrXuem5ggI8owymFa8lMNCaFjMoSeRUFi0EE2v3qKz6wzwJFU9gmD5+7viYzEWk/i0HbGxIz0cm1m/lfrpSa6DjImktSAoItFUcqxkXgWAR4wBdTwiQVCFbO3YjoiilBjgyrZELzlL69C+6LmWb6/rNRv8jiK6ASdoiry0BWqozvUQC1EkULP6BW9OU/Oi/PufCxaC04+c4z+yPn8AXvrkdU=</latexit>

⇥(log n)
<latexit sha1_base64="WAauH12phSNKBabJq4R6L1JBBHo=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIdVNmRNBl0Y3LCr1BZyyZ9EwbmkmGJKOUoe/hxoUibn0Xd76NaTsLbf0h8PGfczgnf5hwpo3rfjuFtfWNza3idmlnd2//oHx41NYyVRRaVHKpuiHRwJmAlmGGQzdRQOKQQycc387qnUdQmknRNJMEgpgMBYsYJcZaD35zBIZUfS6HWJz3yxW35s6FV8HLoYJyNfrlL38gaRqDMJQTrXuem5ggI8owymFa8lMNCaFjMoSeRUFi0EE2v3qKz6wzwJFU9gmD5+7viYzEWk/i0HbGxIz0cm1m/lfrpSa6DjImktSAoItFUcqxkXgWAR4wBdTwiQVCFbO3YjoiilBjgyrZELzlL69C+6LmWb6/rNRv8jiK6ASdoiry0BWqozvUQC1EkULP6BW9OU/Oi/PufCxaC04+c4z+yPn8AXvrkdU=</latexit><latexit sha1_base64="WAauH12phSNKBabJq4R6L1JBBHo=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIdVNmRNBl0Y3LCr1BZyyZ9EwbmkmGJKOUoe/hxoUibn0Xd76NaTsLbf0h8PGfczgnf5hwpo3rfjuFtfWNza3idmlnd2//oHx41NYyVRRaVHKpuiHRwJmAlmGGQzdRQOKQQycc387qnUdQmknRNJMEgpgMBYsYJcZaD35zBIZUfS6HWJz3yxW35s6FV8HLoYJyNfrlL38gaRqDMJQTrXuem5ggI8owymFa8lMNCaFjMoSeRUFi0EE2v3qKz6wzwJFU9gmD5+7viYzEWk/i0HbGxIz0cm1m/lfrpSa6DjImktSAoItFUcqxkXgWAR4wBdTwiQVCFbO3YjoiilBjgyrZELzlL69C+6LmWb6/rNRv8jiK6ASdoiry0BWqozvUQC1EkULP6BW9OU/Oi/PufCxaC04+c4z+yPn8AXvrkdU=</latexit><latexit sha1_base64="WAauH12phSNKBabJq4R6L1JBBHo=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIdVNmRNBl0Y3LCr1BZyyZ9EwbmkmGJKOUoe/hxoUibn0Xd76NaTsLbf0h8PGfczgnf5hwpo3rfjuFtfWNza3idmlnd2//oHx41NYyVRRaVHKpuiHRwJmAlmGGQzdRQOKQQycc387qnUdQmknRNJMEgpgMBYsYJcZaD35zBIZUfS6HWJz3yxW35s6FV8HLoYJyNfrlL38gaRqDMJQTrXuem5ggI8owymFa8lMNCaFjMoSeRUFi0EE2v3qKz6wzwJFU9gmD5+7viYzEWk/i0HbGxIz0cm1m/lfrpSa6DjImktSAoItFUcqxkXgWAR4wBdTwiQVCFbO3YjoiilBjgyrZELzlL69C+6LmWb6/rNRv8jiK6ASdoiry0BWqozvUQC1EkULP6BW9OU/Oi/PufCxaC04+c4z+yPn8AXvrkdU=</latexit><latexit sha1_base64="WAauH12phSNKBabJq4R6L1JBBHo=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIdVNmRNBl0Y3LCr1BZyyZ9EwbmkmGJKOUoe/hxoUibn0Xd76NaTsLbf0h8PGfczgnf5hwpo3rfjuFtfWNza3idmlnd2//oHx41NYyVRRaVHKpuiHRwJmAlmGGQzdRQOKQQycc387qnUdQmknRNJMEgpgMBYsYJcZaD35zBIZUfS6HWJz3yxW35s6FV8HLoYJyNfrlL38gaRqDMJQTrXuem5ggI8owymFa8lMNCaFjMoSeRUFi0EE2v3qKz6wzwJFU9gmD5+7viYzEWk/i0HbGxIz0cm1m/lfrpSa6DjImktSAoItFUcqxkXgWAR4wBdTwiQVCFbO3YjoiilBjgyrZELzlL69C+6LmWb6/rNRv8jiK6ASdoiry0BWqozvUQC1EkULP6BW9OU/Oi/PufCxaC04+c4z+yPn8AXvrkdU=</latexit>

* various problem parameters omitted for simplicity.

⇥(
p

n(1 + Cn))
<latexit sha1_base64="U9sDCjx59OHOyoRWqP/PUOx+45A=">AAACAnicbZDLSsNAFIYnXmu9VV2Jm8EitAglEUGXxW5cVugNmhAm00k7dDKJMydCCcWNr+LGhSJufQp3vo3Ty0Jbfxj4+M85nDl/kAiuwba/rZXVtfWNzdxWfntnd2+/cHDY0nGqKGvSWMSqExDNBJesCRwE6ySKkSgQrB0Ma5N6+4EpzWPZgFHCvIj0JQ85JWAsv3DsNgYMSMnV9woyWXLwOa75sjwu+4WiXbGnwsvgzKGI5qr7hS+3F9M0YhKoIFp3HTsBLyMKOBVsnHdTzRJCh6TPugYliZj2sukJY3xmnB4OY2WeBDx1f09kJNJ6FAWmMyIw0Iu1iflfrZtCeO1lXCYpMElni8JUYIjxJA/c44pRECMDhCpu/orpgChCwaSWNyE4iycvQ+ui4hi+uyxWb+Zx5NAJOkUl5KArVEW3qI6aiKJH9Ixe0Zv1ZL1Y79bHrHXFms8coT+yPn8A7omV0Q==</latexit><latexit sha1_base64="U9sDCjx59OHOyoRWqP/PUOx+45A=">AAACAnicbZDLSsNAFIYnXmu9VV2Jm8EitAglEUGXxW5cVugNmhAm00k7dDKJMydCCcWNr+LGhSJufQp3vo3Ty0Jbfxj4+M85nDl/kAiuwba/rZXVtfWNzdxWfntnd2+/cHDY0nGqKGvSWMSqExDNBJesCRwE6ySKkSgQrB0Ma5N6+4EpzWPZgFHCvIj0JQ85JWAsv3DsNgYMSMnV9woyWXLwOa75sjwu+4WiXbGnwsvgzKGI5qr7hS+3F9M0YhKoIFp3HTsBLyMKOBVsnHdTzRJCh6TPugYliZj2sukJY3xmnB4OY2WeBDx1f09kJNJ6FAWmMyIw0Iu1iflfrZtCeO1lXCYpMElni8JUYIjxJA/c44pRECMDhCpu/orpgChCwaSWNyE4iycvQ+ui4hi+uyxWb+Zx5NAJOkUl5KArVEW3qI6aiKJH9Ixe0Zv1ZL1Y79bHrHXFms8coT+yPn8A7omV0Q==</latexit><latexit sha1_base64="U9sDCjx59OHOyoRWqP/PUOx+45A=">AAACAnicbZDLSsNAFIYnXmu9VV2Jm8EitAglEUGXxW5cVugNmhAm00k7dDKJMydCCcWNr+LGhSJufQp3vo3Ty0Jbfxj4+M85nDl/kAiuwba/rZXVtfWNzdxWfntnd2+/cHDY0nGqKGvSWMSqExDNBJesCRwE6ySKkSgQrB0Ma5N6+4EpzWPZgFHCvIj0JQ85JWAsv3DsNgYMSMnV9woyWXLwOa75sjwu+4WiXbGnwsvgzKGI5qr7hS+3F9M0YhKoIFp3HTsBLyMKOBVsnHdTzRJCh6TPugYliZj2sukJY3xmnB4OY2WeBDx1f09kJNJ6FAWmMyIw0Iu1iflfrZtCeO1lXCYpMElni8JUYIjxJA/c44pRECMDhCpu/orpgChCwaSWNyE4iycvQ+ui4hi+uyxWb+Zx5NAJOkUl5KArVEW3qI6aiKJH9Ixe0Zv1ZL1Y79bHrHXFms8coT+yPn8A7omV0Q==</latexit><latexit sha1_base64="U9sDCjx59OHOyoRWqP/PUOx+45A=">AAACAnicbZDLSsNAFIYnXmu9VV2Jm8EitAglEUGXxW5cVugNmhAm00k7dDKJMydCCcWNr+LGhSJufQp3vo3Ty0Jbfxj4+M85nDl/kAiuwba/rZXVtfWNzdxWfntnd2+/cHDY0nGqKGvSWMSqExDNBJesCRwE6ySKkSgQrB0Ma5N6+4EpzWPZgFHCvIj0JQ85JWAsv3DsNgYMSMnV9woyWXLwOa75sjwu+4WiXbGnwsvgzKGI5qr7hS+3F9M0YhKoIFp3HTsBLyMKOBVsnHdTzRJCh6TPugYliZj2sukJY3xmnB4OY2WeBDx1f09kJNJ6FAWmMyIw0Iu1iflfrZtCeO1lXCYpMElni8JUYIjxJA/c44pRECMDhCpu/orpgChCwaSWNyE4iycvQ+ui4hi+uyxWb+Zx5NAJOkUl5KArVEW3qI6aiKJH9Ixe0Zv1ZL1Y79bHrHXFms8coT+yPn8A7omV0Q==</latexit>
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Dheeraj Baby

(Baby and W., COLT’21
Best Student Paper)
- Improper learning.
- need smoothness
- extra d dependence

(Baby and W., AISTATS’22)
+ Proper learning
+ No smoothness &
Optimal dim dep for
strongly convex cases.
- only for box constraints
for exp-concave losses
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Now how does this address non-
stationarity?
• It is fully agnostic and it does not make 

assumptions about the type of non-stationarity

• Optimally compete with your favorite sequence 
chosen in hindsight

DetectingandCorrectingLabelShiftwithBlackBoxPredictors
Zachary C. Lipton (liptoz@) Yu-Xiang Wang ( yuxiangw@ ) Alexander J. Smola ( smola@ )

AWS Deep Engine-Science

Introduction and motivation
⇧ A motivating example

• August: we train pneumonia predictor f
• Prevalence is .05% in population
• We run classifier on training data

• Model predicts ~.05% positive
• We run it on validation data

• Model predicts ~.05% positive
• We run it in the wild

• Model predicts ~.05% positive

Now there is an epidemic!

Problem setup
⇧ The domain adaptation problem

• Probabilities

– Source distribution p(x, y), Target distribution q(x, y)

• Data

– Labeled training examples (x1, y1), ..., (xn, yn) ⇠ p(x, y)

– Unlabeled test examples x1, ..., xm ⇠ q(x).

• Objective

– Predict well in the target domain, WITHOUT seeing any
labels from the target domain.

⇧ Assumptions

A1. Label-shift assumption: p(x|y) = q(x|y)

A2. For every y such that q(y) > 0, p(y) > 0.

A3. Access to a black box predictor f where the expected confusion
matrix on the training set is invertible.

Covariate shift vs Label Shift
Covariate Shift Label Shift

q(x, y) = q(x)p(y|x) q(x, y) = q(y)p(x|y)

• We observe samples from q(x)

• We can estimate importance
weight q(x)/p(x) directly.

• But might suffer from the high
dimensionality x.

• We do not observe samples
from q(x)

• Unclear how to estimate the
importance weight q(y)/p(y)?

• If we can estimate it

Causal Learning Anti-causal Learning

Label shift assumption makes sense!Covariate shift assumption makes sense!

In the pneumonia example, we are predicting diseases using symptoms.
Diseases cause symptoms, not the other way round.

Detecting and Correcting Label Shift
⇧ Key idea: A Method of Moment approach avoids modeling p(x|y)
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Theorem: Assume that A.3 holds robustly. Let �min be the
smallest eigenvalue of Cŷ,y. There exists a constant C > 0
such that for all n > 80 log(n)��2

min, with probability at least
1 � 3kn�10 � 2km�10 we have
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Experiments
⇧ Detecting Label Shift / Hypothesis Testing

CDF of p-value (null), CDF of p-value (alternate), Power at ↵ = 0.05.

⇧ Correcting Label Shift on MNIST

* Estimation error (top row) and correction accuracy (bottom row) vs dataset size on

MNIST data compared to KMM (Zhang et. al. 2017) under Dirichlet shift (left to right)

with ↵ = {.1, 1.0, 10.0} (smaller ↵ means larger shift). BBSE confidence interval on 20

runs, KMM on 5 runs due to computation; n = 8000 is largest feasible KMM experiment.

⇧ Correcting Label Shift on CIFAR10

*Accuracy of BBSC on CIFAR-10 with (LEFT) tweak-one shift and (RIGHT) Dirichlet

shift.
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Cŷ,y
<latexit sha1_base64="ciDUPYZWLdVIYRdl5IVxXFNP0hU="></latexit><latexit sha1_base64="ciDUPYZWLdVIYRdl5IVxXFNP0hU="></latexit><latexit sha1_base64="ciDUPYZWLdVIYRdl5IVxXFNP0hU="></latexit>

Theorem: Assume that A.3 holds robustly. Let �min be the
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Experiments
⇧ Detecting Label Shift / Hypothesis Testing

CDF of p-value (null), CDF of p-value (alternate), Power at ↵ = 0.05.

⇧ Correcting Label Shift on MNIST

* Estimation error (top row) and correction accuracy (bottom row) vs dataset size on

MNIST data compared to KMM (Zhang et. al. 2017) under Dirichlet shift (left to right)

with ↵ = {.1, 1.0, 10.0} (smaller ↵ means larger shift). BBSE confidence interval on 20
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⇧ Correcting Label Shift on CIFAR10

*Accuracy of BBSC on CIFAR-10 with (LEFT) tweak-one shift and (RIGHT) Dirichlet

shift.

Total Variation !" = #(1)
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Outline

• Universal Dynamic Regret in online learning
• Motivation and application
• New results for curved loss functions

• Optimal Universal Dynamic Regret
• Lower bound via non-parametric regression
• Algorithm and proof sketch
• From improper to proper learning

• Optimal Dynamic Regret in LQR Control

• Open problems / future work
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Dynamic regret is parameterized 
by the total variation of the 
comparator sequence

Theorem 1 (simplified): (Baby and W., 2021)  

For exp-concave and smooth losses, there is an efficient improper
online algorithm, s.t.

Dynamic regrets are parametrized by variation
incurred by the comparator sequence

Path Variationals

Dynamic regret expressed in terms of the variation incurred by the
comparator sequence.

Pn(w1, . . . ,wn) =
nX

t=1

kw t � w t�1k2

Cn(w1, . . . ,wn) =
nX

t=1

kw t � w t�1k1

Dheeraj Baby and Yu-Xiang Wang Optimal Dynamic Regret in Exp-Concave Online Learning 10 / 49

20

nX

t=1

ft(xt)  min
w1,...,wn

nX

t=1

ft(wt) +O(n1/3
Cn(w1, ..., wn)

2/3)
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Our performance Comparator performance Dynamic regret
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Connection to locally adaptive 
non-parametric regression

ft(xt) = (yt � xt)
2

<latexit sha1_base64="ObVzSyAmnRDYg99rFApW04hev1M=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoS4sM0XQjVB047KCvUA7Dpk004ZmLiRnxGEobnwVNy4UcetTuPNtTNtZaPWHwJf/nENyfi8WXIFlfRmFhcWl5ZXiamltfWNzy9zeaakokZQ1aSQi2fGIYoKHrAkcBOvEkpHAE6ztjS4n9fYdk4pH4Q2kMXMCMgi5zykBbbnmnu9C5d6FI3yOcSV1AR/jyfW25pplq2pNhf+CnUMZ5Wq45mevH9EkYCFQQZTq2lYMTkYkcCrYuNRLFIsJHZEB62oMScCUk01XGOND7fSxH0l9QsBT9+dERgKl0sDTnQGBoZqvTcz/at0E/DMn42GcAAvp7CE/ERgiPMkD97lkFESqgVDJ9V8xHRJJKOjUSjoEe37lv9CqVW3N1yfl+kUeRxHtowNUQTY6RXV0hRqoiSh6QE/oBb0aj8az8Wa8z1oLRj6zi37J+PgGnN2U/A==</latexit><latexit sha1_base64="ObVzSyAmnRDYg99rFApW04hev1M=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoS4sM0XQjVB047KCvUA7Dpk004ZmLiRnxGEobnwVNy4UcetTuPNtTNtZaPWHwJf/nENyfi8WXIFlfRmFhcWl5ZXiamltfWNzy9zeaakokZQ1aSQi2fGIYoKHrAkcBOvEkpHAE6ztjS4n9fYdk4pH4Q2kMXMCMgi5zykBbbnmnu9C5d6FI3yOcSV1AR/jyfW25pplq2pNhf+CnUMZ5Wq45mevH9EkYCFQQZTq2lYMTkYkcCrYuNRLFIsJHZEB62oMScCUk01XGOND7fSxH0l9QsBT9+dERgKl0sDTnQGBoZqvTcz/at0E/DMn42GcAAvp7CE/ERgiPMkD97lkFESqgVDJ9V8xHRJJKOjUSjoEe37lv9CqVW3N1yfl+kUeRxHtowNUQTY6RXV0hRqoiSh6QE/oBb0aj8az8Wa8z1oLRj6zi37J+PgGnN2U/A==</latexit><latexit sha1_base64="ObVzSyAmnRDYg99rFApW04hev1M=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoS4sM0XQjVB047KCvUA7Dpk004ZmLiRnxGEobnwVNy4UcetTuPNtTNtZaPWHwJf/nENyfi8WXIFlfRmFhcWl5ZXiamltfWNzy9zeaakokZQ1aSQi2fGIYoKHrAkcBOvEkpHAE6ztjS4n9fYdk4pH4Q2kMXMCMgi5zykBbbnmnu9C5d6FI3yOcSV1AR/jyfW25pplq2pNhf+CnUMZ5Wq45mevH9EkYCFQQZTq2lYMTkYkcCrYuNRLFIsJHZEB62oMScCUk01XGOND7fSxH0l9QsBT9+dERgKl0sDTnQGBoZqvTcz/at0E/DMn42GcAAvp7CE/ERgiPMkD97lkFESqgVDJ9V8xHRJJKOjUSjoEe37lv9CqVW3N1yfl+kUeRxHtowNUQTY6RXV0hRqoiSh6QE/oBb0aj8az8Wa8z1oLRj6zi37J+PgGnN2U/A==</latexit><latexit sha1_base64="ObVzSyAmnRDYg99rFApW04hev1M=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoS4sM0XQjVB047KCvUA7Dpk004ZmLiRnxGEobnwVNy4UcetTuPNtTNtZaPWHwJf/nENyfi8WXIFlfRmFhcWl5ZXiamltfWNzy9zeaakokZQ1aSQi2fGIYoKHrAkcBOvEkpHAE6ztjS4n9fYdk4pH4Q2kMXMCMgi5zykBbbnmnu9C5d6FI3yOcSV1AR/jyfW25pplq2pNhf+CnUMZ5Wq45mevH9EkYCFQQZTq2lYMTkYkcCrYuNRLFIsJHZEB62oMScCUk01XGOND7fSxH0l9QsBT9+dERgKl0sDTnQGBoZqvTcz/at0E/DMn42GcAAvp7CE/ERgiPMkD97lkFESqgVDJ9V8xHRJJKOjUSjoEe37lv9CqVW3N1yfl+kUeRxHtowNUQTY6RXV0hRqoiSh6QE/oBb0aj8az8Wa8z1oLRj6zi37J+PgGnN2U/A==</latexit>

yt = ✓t +N (0,�2)
<latexit sha1_base64="116s0grR0Rb/BiVeXLrAD+fc7J4=">AAACEXicbZDJSgNBEIZ74hbjNurRS2MQIkqYCYJehKAXTxLBLJCJoabTSZr0LHTXCGHIK3jxVbx4UMSrN2++jZ3loNEfGj7+qqKrfj+WQqPjfFmZhcWl5ZXsam5tfWNzy97eqekoUYxXWSQj1fBBcylCXkWBkjdixSHwJa/7g8txvX7PlRZReIvDmLcC6IWiKxigsdp2YdhGek497HMEg0fUCwD7DGR6PSo4x54WvQDuSodtO+8UnYnoX3BnkCczVdr2p9eJWBLwEJkErZuuE2MrBYWCST7KeYnmMbAB9HjTYAgB1610ctGIHhinQ7uRMi9EOnF/TqQQaD0MfNM5XlfP18bmf7Vmgt2zVirCOEEesulH3URSjOg4HtoRijOUQwPAlDC7UtYHBQxNiDkTgjt/8l+olYqu4ZuTfPliFkeW7JF9UiAuOSVlckUqpEoYeSBP5IW8Wo/Ws/VmvU9bM9ZsZpf8kvXxDQJDm9o=</latexit><latexit sha1_base64="116s0grR0Rb/BiVeXLrAD+fc7J4=">AAACEXicbZDJSgNBEIZ74hbjNurRS2MQIkqYCYJehKAXTxLBLJCJoabTSZr0LHTXCGHIK3jxVbx4UMSrN2++jZ3loNEfGj7+qqKrfj+WQqPjfFmZhcWl5ZXsam5tfWNzy97eqekoUYxXWSQj1fBBcylCXkWBkjdixSHwJa/7g8txvX7PlRZReIvDmLcC6IWiKxigsdp2YdhGek497HMEg0fUCwD7DGR6PSo4x54WvQDuSodtO+8UnYnoX3BnkCczVdr2p9eJWBLwEJkErZuuE2MrBYWCST7KeYnmMbAB9HjTYAgB1610ctGIHhinQ7uRMi9EOnF/TqQQaD0MfNM5XlfP18bmf7Vmgt2zVirCOEEesulH3URSjOg4HtoRijOUQwPAlDC7UtYHBQxNiDkTgjt/8l+olYqu4ZuTfPliFkeW7JF9UiAuOSVlckUqpEoYeSBP5IW8Wo/Ws/VmvU9bM9ZsZpf8kvXxDQJDm9o=</latexit><latexit sha1_base64="116s0grR0Rb/BiVeXLrAD+fc7J4=">AAACEXicbZDJSgNBEIZ74hbjNurRS2MQIkqYCYJehKAXTxLBLJCJoabTSZr0LHTXCGHIK3jxVbx4UMSrN2++jZ3loNEfGj7+qqKrfj+WQqPjfFmZhcWl5ZXsam5tfWNzy97eqekoUYxXWSQj1fBBcylCXkWBkjdixSHwJa/7g8txvX7PlRZReIvDmLcC6IWiKxigsdp2YdhGek497HMEg0fUCwD7DGR6PSo4x54WvQDuSodtO+8UnYnoX3BnkCczVdr2p9eJWBLwEJkErZuuE2MrBYWCST7KeYnmMbAB9HjTYAgB1610ctGIHhinQ7uRMi9EOnF/TqQQaD0MfNM5XlfP18bmf7Vmgt2zVirCOEEesulH3URSjOg4HtoRijOUQwPAlDC7UtYHBQxNiDkTgjt/8l+olYqu4ZuTfPliFkeW7JF9UiAuOSVlckUqpEoYeSBP5IW8Wo/Ws/VmvU9bM9ZsZpf8kvXxDQJDm9o=</latexit><latexit sha1_base64="116s0grR0Rb/BiVeXLrAD+fc7J4=">AAACEXicbZDJSgNBEIZ74hbjNurRS2MQIkqYCYJehKAXTxLBLJCJoabTSZr0LHTXCGHIK3jxVbx4UMSrN2++jZ3loNEfGj7+qqKrfj+WQqPjfFmZhcWl5ZXsam5tfWNzy97eqekoUYxXWSQj1fBBcylCXkWBkjdixSHwJa/7g8txvX7PlRZReIvDmLcC6IWiKxigsdp2YdhGek497HMEg0fUCwD7DGR6PSo4x54WvQDuSodtO+8UnYnoX3BnkCczVdr2p9eJWBLwEJkErZuuE2MrBYWCST7KeYnmMbAB9HjTYAgB1610ctGIHhinQ7uRMi9EOnF/TqQQaD0MfNM5XlfP18bmf7Vmgt2zVirCOEEesulH3URSjOg4HtoRijOUQwPAlDC7UtYHBQxNiDkTgjt/8l+olYqu4ZuTfPliFkeW7JF9UiAuOSVlckUqpEoYeSBP5IW8Wo/Ws/VmvU9bM9ZsZpf8kvXxDQJDm9o=</latexit>

where

nX

t=1

(yt � xt)
2 

X

t
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2/3)
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Optimal rate for estimating functions in TV class!

Take w1, ..., wn = ✓1, ..., ✓n
<latexit sha1_base64="5dyST9I8JtDMiQUHx20J2eClLUc=">AAACGXicbVBNSwMxFMzWr1q/qh69BIvgoSy7IuhFKHrxWMFqoS0lm762odnskry1lqV/w4t/xYsHRTzqyX9jWvegrQOBycwbkjdBLIVBz/tycguLS8sr+dXC2vrG5lZxe+fGRInmUOORjHQ9YAakUFBDgRLqsQYWBhJug8HFxL+9A21EpK5xFEMrZD0luoIztFK76DUR7jG9ZgOgYzps+2XXdcvDtqJntIl9QJZJ2cVGSp7rTUHniZ+REslQbRc/mp2IJyEo5JIZ0/C9GFsp0yi4hHGhmRiIGR+wHjQsVSwE00qnm43pgVU6tBtpexTSqfo7kbLQmFEY2MmQYd/MehPxP6+RYPe0lQoVJwiK/zzUTSTFiE5qoh2hgaMcWcK4FvavlPeZZhxtmQVbgj+78jy5OXJ9y6+OS5XzrI482SP75JD45IRUyCWpkhrh5IE8kRfy6jw6z86b8/4zmnOyzC75A+fzG7J1njY=</latexit><latexit sha1_base64="5dyST9I8JtDMiQUHx20J2eClLUc=">AAACGXicbVBNSwMxFMzWr1q/qh69BIvgoSy7IuhFKHrxWMFqoS0lm762odnskry1lqV/w4t/xYsHRTzqyX9jWvegrQOBycwbkjdBLIVBz/tycguLS8sr+dXC2vrG5lZxe+fGRInmUOORjHQ9YAakUFBDgRLqsQYWBhJug8HFxL+9A21EpK5xFEMrZD0luoIztFK76DUR7jG9ZgOgYzps+2XXdcvDtqJntIl9QJZJ2cVGSp7rTUHniZ+REslQbRc/mp2IJyEo5JIZ0/C9GFsp0yi4hHGhmRiIGR+wHjQsVSwE00qnm43pgVU6tBtpexTSqfo7kbLQmFEY2MmQYd/MehPxP6+RYPe0lQoVJwiK/zzUTSTFiE5qoh2hgaMcWcK4FvavlPeZZhxtmQVbgj+78jy5OXJ9y6+OS5XzrI482SP75JD45IRUyCWpkhrh5IE8kRfy6jw6z86b8/4zmnOyzC75A+fzG7J1njY=</latexit><latexit sha1_base64="5dyST9I8JtDMiQUHx20J2eClLUc=">AAACGXicbVBNSwMxFMzWr1q/qh69BIvgoSy7IuhFKHrxWMFqoS0lm762odnskry1lqV/w4t/xYsHRTzqyX9jWvegrQOBycwbkjdBLIVBz/tycguLS8sr+dXC2vrG5lZxe+fGRInmUOORjHQ9YAakUFBDgRLqsQYWBhJug8HFxL+9A21EpK5xFEMrZD0luoIztFK76DUR7jG9ZgOgYzps+2XXdcvDtqJntIl9QJZJ2cVGSp7rTUHniZ+REslQbRc/mp2IJyEo5JIZ0/C9GFsp0yi4hHGhmRiIGR+wHjQsVSwE00qnm43pgVU6tBtpexTSqfo7kbLQmFEY2MmQYd/MehPxP6+RYPe0lQoVJwiK/zzUTSTFiE5qoh2hgaMcWcK4FvavlPeZZhxtmQVbgj+78jy5OXJ9y6+OS5XzrI482SP75JD45IRUyCWpkhrh5IE8kRfy6jw6z86b8/4zmnOyzC75A+fzG7J1njY=</latexit><latexit sha1_base64="5dyST9I8JtDMiQUHx20J2eClLUc=">AAACGXicbVBNSwMxFMzWr1q/qh69BIvgoSy7IuhFKHrxWMFqoS0lm762odnskry1lqV/w4t/xYsHRTzqyX9jWvegrQOBycwbkjdBLIVBz/tycguLS8sr+dXC2vrG5lZxe+fGRInmUOORjHQ9YAakUFBDgRLqsQYWBhJug8HFxL+9A21EpK5xFEMrZD0luoIztFK76DUR7jG9ZgOgYzps+2XXdcvDtqJntIl9QJZJ2cVGSp7rTUHniZ+REslQbRc/mp2IJyEo5JIZ0/C9GFsp0yi4hHGhmRiIGR+wHjQsVSwE00qnm43pgVU6tBtpexTSqfo7kbLQmFEY2MmQYd/MehPxP6+RYPe0lQoVJwiK/zzUTSTFiE5qoh2hgaMcWcK4FvavlPeZZhxtmQVbgj+78jy5OXJ9y6+OS5XzrI482SP75JD45IRUyCWpkhrh5IE8kRfy6jw6z86b8/4zmnOyzC75A+fzG7J1njY=</latexit>

take expectation divide by n
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Trend filtering, df=19
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Smoothing spline, df=19
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Smoothing spline, df=30

Figure 4: An example with n = 128 observations drawn from a model where the underlying function
has variable spatial smoothness, as shown in the top left panel. The cubic trend filtering estimate with
19 degrees of freedom, shown in the top right panel, picks up the appropriate level of smoothness at
di↵erent spatial locations: smooth at the left side of the domain, and wiggly at the right side. When
also allowed 19 degrees of freedom, the cubic smoothing spline estimate in the bottom left panel
grossly underestimates the signal on the right side of the domain. The bottom right panel shows the
smooth spline estimate with 30 degrees of freedom, tuned so that it displays the appropriate level of
adaptivity on the right side; but now, it is overly adaptive on the left side.
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It is more flexible than the standard 
nonparametric regression, because
• No statistical assumptions

• No hyperparameter / adaptively optimal

• More general loss functions

• Can be used for online forecasting

23



Another interesting lower bound
from nonparametric regression
• OGD with any learning rate schedule are Linear
Estimators for the non-parametric regression problem.
(Baby and W., NeurIPS’19)

• The lower bound by Donoho, Liu, MacGibbon (1990) =>
Restarting-OGD and Ader require Ω "#! regret!

• Cannot achieve the optimal ""/$#!%/$
• Those methods that achieve this rate is known as “locally
adaptive” methods, e.g., wavelets, adaptive kernels, adaptive
splines, trend filtering etc.

24



Separation of non-adaptive and
adaptive methods on this problem,
numerically…

25(Baby and W., 19) Online Forecasting of TV-bounded sequences



Application to “Online Trend Removal” 
in COVID hospitalization forecasting

26
(Baby, Zhao and W., AISTATS’21)



Proof highlights: Adaptive Regret and 
Strongly Adaptive Online Learner
• Adaptive Regret Minimization (Hazan and Seshadhri, 2009) 

(Daniely, Gonen, Shalev-Shwartz, 2015)
• Follow the Leading History (FLH)
• (Essentially) running multiplicative weights over an ensemble of Online 

Learners that starts at every time step.

• Our algorithm:   FLH with Online-Newton-Step
• For exp-concave losses, FLH-ONS achieves an '# 1 static 

regret of  on all intervals at the same time!

27

Adaptive Regret



Proof highlights: (TV-Constrained)
Offline Optimal Comparator
• For each #, ≥ 0, the offline optimal is solution to

• It suffices to bound the dynamic regret against 
offline optimal for each #,

• For all (#:" satisfying the total variation bound !"

min
u1:n

nX

t=1

ft(ut)
<latexit sha1_base64="IqdLtmqxSWYMjJtG3R7vhC1Veh0=">AAACDnicbZDLSgMxFIYzXmu9VV26CZaCbsqMCIogFN24rGBboa1DJs3UYJIZkhOhDPMEbnwVNy4UcevanW9jello6w+Bj/+cw8n5o1RwA77/7c3NLywuLRdWiqtr6xubpa3tpkmspqxBE5Hom4gYJrhiDeAg2E2qGZGRYK3o/mJYbz0wbXiirmGQsq4kfcVjTgk4KyxVOpKrMLNhFpyqPMe4Y6wMMzgL8luF4xD2bQgHYansV/2R8CwEEyijieph6avTS6iVTAEVxJh24KfQzYgGTgXLix1rWEroPemztkNFJDPdbHROjivO6eE40e4pwCP390RGpDEDGblOSeDOTNeG5n+1toX4pJtxlVpgio4XxVZgSPAwG9zjmlEQAweEau7+iukd0YSCS7DoQgimT56F5mE1cHx1VK6dT+IooF20h/ZRgI5RDV2iOmogih7RM3pFb96T9+K9ex/j1jlvMrOD/sj7/AFYmJuh</latexit><latexit sha1_base64="IqdLtmqxSWYMjJtG3R7vhC1Veh0=">AAACDnicbZDLSgMxFIYzXmu9VV26CZaCbsqMCIogFN24rGBboa1DJs3UYJIZkhOhDPMEbnwVNy4UcevanW9jello6w+Bj/+cw8n5o1RwA77/7c3NLywuLRdWiqtr6xubpa3tpkmspqxBE5Hom4gYJrhiDeAg2E2qGZGRYK3o/mJYbz0wbXiirmGQsq4kfcVjTgk4KyxVOpKrMLNhFpyqPMe4Y6wMMzgL8luF4xD2bQgHYansV/2R8CwEEyijieph6avTS6iVTAEVxJh24KfQzYgGTgXLix1rWEroPemztkNFJDPdbHROjivO6eE40e4pwCP390RGpDEDGblOSeDOTNeG5n+1toX4pJtxlVpgio4XxVZgSPAwG9zjmlEQAweEau7+iukd0YSCS7DoQgimT56F5mE1cHx1VK6dT+IooF20h/ZRgI5RDV2iOmogih7RM3pFb96T9+K9ex/j1jlvMrOD/sj7/AFYmJuh</latexit><latexit sha1_base64="IqdLtmqxSWYMjJtG3R7vhC1Veh0=">AAACDnicbZDLSgMxFIYzXmu9VV26CZaCbsqMCIogFN24rGBboa1DJs3UYJIZkhOhDPMEbnwVNy4UcevanW9jello6w+Bj/+cw8n5o1RwA77/7c3NLywuLRdWiqtr6xubpa3tpkmspqxBE5Hom4gYJrhiDeAg2E2qGZGRYK3o/mJYbz0wbXiirmGQsq4kfcVjTgk4KyxVOpKrMLNhFpyqPMe4Y6wMMzgL8luF4xD2bQgHYansV/2R8CwEEyijieph6avTS6iVTAEVxJh24KfQzYgGTgXLix1rWEroPemztkNFJDPdbHROjivO6eE40e4pwCP390RGpDEDGblOSeDOTNeG5n+1toX4pJtxlVpgio4XxVZgSPAwG9zjmlEQAweEau7+iukd0YSCS7DoQgimT56F5mE1cHx1VK6dT+IooF20h/ZRgI5RDV2iOmogih7RM3pFb96T9+K9ex/j1jlvMrOD/sj7/AFYmJuh</latexit><latexit sha1_base64="IqdLtmqxSWYMjJtG3R7vhC1Veh0=">AAACDnicbZDLSgMxFIYzXmu9VV26CZaCbsqMCIogFN24rGBboa1DJs3UYJIZkhOhDPMEbnwVNy4UcevanW9jello6w+Bj/+cw8n5o1RwA77/7c3NLywuLRdWiqtr6xubpa3tpkmspqxBE5Hom4gYJrhiDeAg2E2qGZGRYK3o/mJYbz0wbXiirmGQsq4kfcVjTgk4KyxVOpKrMLNhFpyqPMe4Y6wMMzgL8luF4xD2bQgHYansV/2R8CwEEyijieph6avTS6iVTAEVxJh24KfQzYgGTgXLix1rWEroPemztkNFJDPdbHROjivO6eE40e4pwCP390RGpDEDGblOSeDOTNeG5n+1toX4pJtxlVpgio4XxVZgSPAwG9zjmlEQAweEau7+iukd0YSCS7DoQgimT56F5mE1cHx1VK6dT+IooF20h/ZRgI5RDV2iOmogih7RM3pFb96T9+K9ex/j1jlvMrOD/sj7/AFYmJuh</latexit>

s.t.
nX

t=2

|ut � ut�1|  Cn

<latexit sha1_base64="E1aDO9ImdE2KlOCLqLVZWnzz5LQ=">AAACIXicbZDLSgMxFIYz3q23qks3wSK4scyIoBtBdONSwbZCpw6Z9FSDmcw0ORHLOK/ixldx40KR7sSXMb0svP0Q+PjPOZycP86kMOj7H97E5NT0zOzcfGlhcWl5pby6Vjep1RxqPJWpvoyZASkU1FCghMtMA0tiCY349mRQb9yBNiJVF9jLoJWwayU6gjN0VlQ+CBHuMTdVrNKChl3L2qGxSZTj4W5xpeiDjZDuUOuMnaB4oKGELj2JFI3KFb/qD0X/QjCGChnrLCr3w3bKbQIKuWTGNAM/w1bONAouoSiF1kDG+C27hqZDxRIwrXx4YUG3nNOmnVS7p5AO3e8TOUuM6SWx60wY3pjftYH5X61psXPQyoXKLILio0UdKymmdBAXbQsNHGXPAeNauL9SfsM04+hCLbkQgt8n/4X6bjVwfL5XOToexzFHNsgm2SYB2SdH5JSckRrh5JE8k1fy5j15L9671x+1TnjjmXXyQ97nF+pvoq4=</latexit><latexit sha1_base64="E1aDO9ImdE2KlOCLqLVZWnzz5LQ=">AAACIXicbZDLSgMxFIYz3q23qks3wSK4scyIoBtBdONSwbZCpw6Z9FSDmcw0ORHLOK/ixldx40KR7sSXMb0svP0Q+PjPOZycP86kMOj7H97E5NT0zOzcfGlhcWl5pby6Vjep1RxqPJWpvoyZASkU1FCghMtMA0tiCY349mRQb9yBNiJVF9jLoJWwayU6gjN0VlQ+CBHuMTdVrNKChl3L2qGxSZTj4W5xpeiDjZDuUOuMnaB4oKGELj2JFI3KFb/qD0X/QjCGChnrLCr3w3bKbQIKuWTGNAM/w1bONAouoSiF1kDG+C27hqZDxRIwrXx4YUG3nNOmnVS7p5AO3e8TOUuM6SWx60wY3pjftYH5X61psXPQyoXKLILio0UdKymmdBAXbQsNHGXPAeNauL9SfsM04+hCLbkQgt8n/4X6bjVwfL5XOToexzFHNsgm2SYB2SdH5JSckRrh5JE8k1fy5j15L9671x+1TnjjmXXyQ97nF+pvoq4=</latexit><latexit sha1_base64="E1aDO9ImdE2KlOCLqLVZWnzz5LQ=">AAACIXicbZDLSgMxFIYz3q23qks3wSK4scyIoBtBdONSwbZCpw6Z9FSDmcw0ORHLOK/ixldx40KR7sSXMb0svP0Q+PjPOZycP86kMOj7H97E5NT0zOzcfGlhcWl5pby6Vjep1RxqPJWpvoyZASkU1FCghMtMA0tiCY349mRQb9yBNiJVF9jLoJWwayU6gjN0VlQ+CBHuMTdVrNKChl3L2qGxSZTj4W5xpeiDjZDuUOuMnaB4oKGELj2JFI3KFb/qD0X/QjCGChnrLCr3w3bKbQIKuWTGNAM/w1bONAouoSiF1kDG+C27hqZDxRIwrXx4YUG3nNOmnVS7p5AO3e8TOUuM6SWx60wY3pjftYH5X61psXPQyoXKLILio0UdKymmdBAXbQsNHGXPAeNauL9SfsM04+hCLbkQgt8n/4X6bjVwfL5XOToexzFHNsgm2SYB2SdH5JSckRrh5JE8k1fy5j15L9671x+1TnjjmXXyQ97nF+pvoq4=</latexit><latexit sha1_base64="E1aDO9ImdE2KlOCLqLVZWnzz5LQ=">AAACIXicbZDLSgMxFIYz3q23qks3wSK4scyIoBtBdONSwbZCpw6Z9FSDmcw0ORHLOK/ixldx40KR7sSXMb0svP0Q+PjPOZycP86kMOj7H97E5NT0zOzcfGlhcWl5pby6Vjep1RxqPJWpvoyZASkU1FCghMtMA0tiCY349mRQb9yBNiJVF9jLoJWwayU6gjN0VlQ+CBHuMTdVrNKChl3L2qGxSZTj4W5xpeiDjZDuUOuMnaB4oKGELj2JFI3KFb/qD0X/QjCGChnrLCr3w3bKbQIKuWTGNAM/w1bONAouoSiF1kDG+C27hqZDxRIwrXx4YUG3nNOmnVS7p5AO3e8TOUuM6SWx60wY3pjftYH5X61psXPQyoXKLILio0UdKymmdBAXbQsNHGXPAeNauL9SfsM04+hCLbkQgt8n/4X6bjVwfL5XOToexzFHNsgm2SYB2SdH5JSckRrh5JE8k1fy5j15L9671x+1TnjjmXXyQ97nF+pvoq4=</latexit>

|ut|  B for t = 1, 2, ..., n
<latexit sha1_base64="9lO8loXJ3yfgW96ORVPidSj/a6Q=">AAACEHicbVC7TsNAEDzzJrwClDQnIgRFZNkREjRIETSUIBFASqzofFmHE+cHd2tE5OQTaPgVGgoQoqWk42+4OC4gYarRzKx2d/xECo2O821NTc/Mzs0vLJaWlldW18rrG5c6ThWHBo9lrK59pkGKCBooUMJ1ooCFvoQr//Zk6F/dg9Iiji6wl4AXsm4kAsEZGqld3u2nbezTloQ7ekxbCA+Y0SBWdECRHlG3Wqvatl01yYpjOznoJHELUiEFztrlr1Yn5mkIEXLJtG66ToJexhQKLmFQaqUaEsZvWReahkYsBO1l+UMDumOUTn5GEEdIc/X3RMZCrXuhb5Ihwxs97g3F/7xmisGhl4koSREiPloUpJJiTIft0I5QwFH2DGFcCXMr5TdMMY6mw5IpwR1/eZJc1mzX8PP9Sv24qGOBbJFtskdcckDq5JSckQbh5JE8k1fyZj1ZL9a79TGKTlnFzCb5A+vzB3WzmkE=</latexit><latexit sha1_base64="9lO8loXJ3yfgW96ORVPidSj/a6Q=">AAACEHicbVC7TsNAEDzzJrwClDQnIgRFZNkREjRIETSUIBFASqzofFmHE+cHd2tE5OQTaPgVGgoQoqWk42+4OC4gYarRzKx2d/xECo2O821NTc/Mzs0vLJaWlldW18rrG5c6ThWHBo9lrK59pkGKCBooUMJ1ooCFvoQr//Zk6F/dg9Iiji6wl4AXsm4kAsEZGqld3u2nbezTloQ7ekxbCA+Y0SBWdECRHlG3Wqvatl01yYpjOznoJHELUiEFztrlr1Yn5mkIEXLJtG66ToJexhQKLmFQaqUaEsZvWReahkYsBO1l+UMDumOUTn5GEEdIc/X3RMZCrXuhb5Ihwxs97g3F/7xmisGhl4koSREiPloUpJJiTIft0I5QwFH2DGFcCXMr5TdMMY6mw5IpwR1/eZJc1mzX8PP9Sv24qGOBbJFtskdcckDq5JSckQbh5JE8k1fyZj1ZL9a79TGKTlnFzCb5A+vzB3WzmkE=</latexit><latexit sha1_base64="9lO8loXJ3yfgW96ORVPidSj/a6Q=">AAACEHicbVC7TsNAEDzzJrwClDQnIgRFZNkREjRIETSUIBFASqzofFmHE+cHd2tE5OQTaPgVGgoQoqWk42+4OC4gYarRzKx2d/xECo2O821NTc/Mzs0vLJaWlldW18rrG5c6ThWHBo9lrK59pkGKCBooUMJ1ooCFvoQr//Zk6F/dg9Iiji6wl4AXsm4kAsEZGqld3u2nbezTloQ7ekxbCA+Y0SBWdECRHlG3Wqvatl01yYpjOznoJHELUiEFztrlr1Yn5mkIEXLJtG66ToJexhQKLmFQaqUaEsZvWReahkYsBO1l+UMDumOUTn5GEEdIc/X3RMZCrXuhb5Ihwxs97g3F/7xmisGhl4koSREiPloUpJJiTIft0I5QwFH2DGFcCXMr5TdMMY6mw5IpwR1/eZJc1mzX8PP9Sv24qGOBbJFtskdcckDq5JSckQbh5JE8k1fyZj1ZL9a79TGKTlnFzCb5A+vzB3WzmkE=</latexit><latexit sha1_base64="9lO8loXJ3yfgW96ORVPidSj/a6Q=">AAACEHicbVC7TsNAEDzzJrwClDQnIgRFZNkREjRIETSUIBFASqzofFmHE+cHd2tE5OQTaPgVGgoQoqWk42+4OC4gYarRzKx2d/xECo2O821NTc/Mzs0vLJaWlldW18rrG5c6ThWHBo9lrK59pkGKCBooUMJ1ooCFvoQr//Zk6F/dg9Iiji6wl4AXsm4kAsEZGqld3u2nbezTloQ7ekxbCA+Y0SBWdECRHlG3Wqvatl01yYpjOznoJHELUiEFztrlr1Yn5mkIEXLJtG66ToJexhQKLmFQaqUaEsZvWReahkYsBO1l+UMDumOUTn5GEEdIc/X3RMZCrXuhb5Ihwxs97g3F/7xmisGhl4koSREiPloUpJJiTIft0I5QwFH2DGFcCXMr5TdMMY6mw5IpwR1/eZJc1mzX8PP9Sv24qGOBbJFtskdcckDq5JSckQbh5JE8k1fyZj1ZL9a79TGKTlnFzCb5A+vzB3WzmkE=</latexit>
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Rn(w1:n)  Rn(u
⇤
1:n)
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Proof highlights: KKT conditions of 
the offline optimal
• The solution is somewhat special in that it satisfies

a set of KKT conditions.

• Gives rise to interesting combinatorial properties
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Proof highlights: Adaptive Partition

• Let the following be the offline optimal comparator

By Lemma 14, |P|= max{3n1/3
C

2/3
n B

�2/3
, 1}. Hence the total error summed across all partitions in P becomes,

nX

t=1

(ŷt � ✓t)
2
 2 log n

✓
e� 1

3� e

⇣
4n1/3

C
2/3
n B

4/3 + 4�2 log(2n3 log n/�) log(n)n1/3
C

2/3
n B

�2/3
⌘◆

+ 4 log(n)
e� 1

3� e
�n

1/3
C

2/3
n B

�2/3

+ 2 log(n)

✓
e� 1

3� e

�
2B2 + 2�2 log(2n3 log n/�) log(n)

�
+ �

◆
+ �

2 log(n/�),

= Õ(n1/3
C

2/3
n ),

(7)

with probability atleast 1� 2�. A change of variables from 2� ! � completes the proof. As a closing note, we remark
that the aggressive dependence of B in (7) on cases when B is too small can be dampened by using a threshold of

1p
pings+p(i)

in the partition scheme presented in proof of Lemma 14.

C Excluded details in Experimental section
Waveforms. The waveforms shown in Fig. 8 and 9 are borrowed from (Donoho and Johnstone, 1994a). Note that both
functions exhibit spatially inhomogeneous smoothness behaviour.

Figure 8: Doppler function, TV = 27
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Proof Sketch

We construct a partitioning of [n] into M bins as follows
{[1s, 1t ], . . . , [is, it ], . . . , [Ms,Mt ]} satisfying:

Ci :=
Pit�1

j=is |uj+1 � uj | B/
p

ni where ni := it � is + 1, i 2 [M].

Number of bins obeys M = O(n1/3C2/3
n B�2/3 _ 1).
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Suffices to prove the dynamic regret in each bin is -. 1 . 30



Proof highlights: Regret Decomposition

+
MX

i=1

itX

t=is

ft(ūi)� ft(ut)
<latexit sha1_base64="pU0I+WCz1/3zG4KQe6xin+mhRBo=">AAACJHicbZDLSgMxFIYz9V5vVZdugkWoiDIjgoIURDduhApWhbaGTJppQzMXkhOhDPMwbnwVNy684MKNz2LazkJbfwh8+c85JOf3Eyk0uO6XU5ianpmdm18oLi4tr6yW1tZvdGwU43UWy1jd+VRzKSJeBwGS3yWK09CX/NbvnQ/qtw9caRFH19BPeCuknUgEglGwFimd7OKmNiFJRdXL7i/zC1QF0dl9KghkOCBQafpUpSYjYgfvDQ1DYIeUyu6+OxSeBC+HMspVI6X3ZjtmJuQRMEm1bnhuAq2UKhBM8qzYNJonlPVohzcsRjTkupUOl8zwtnXaOIiVPRHgoft7IqWh1v3Qt50hha4erw3M/2oNA8FxKxVRYoBHbPRQYCSGGA8Sw22hOAPZt0CZEvavmHWpogxsrkUbgje+8iTcHOx7lq8Oy6dneRzzaBNtoQry0BE6RReohuqIoUf0jF7Rm/PkvDgfzueoteDkMxvoj5zvH5o+pCM=</latexit><latexit sha1_base64="pU0I+WCz1/3zG4KQe6xin+mhRBo=">AAACJHicbZDLSgMxFIYz9V5vVZdugkWoiDIjgoIURDduhApWhbaGTJppQzMXkhOhDPMwbnwVNy684MKNz2LazkJbfwh8+c85JOf3Eyk0uO6XU5ianpmdm18oLi4tr6yW1tZvdGwU43UWy1jd+VRzKSJeBwGS3yWK09CX/NbvnQ/qtw9caRFH19BPeCuknUgEglGwFimd7OKmNiFJRdXL7i/zC1QF0dl9KghkOCBQafpUpSYjYgfvDQ1DYIeUyu6+OxSeBC+HMspVI6X3ZjtmJuQRMEm1bnhuAq2UKhBM8qzYNJonlPVohzcsRjTkupUOl8zwtnXaOIiVPRHgoft7IqWh1v3Qt50hha4erw3M/2oNA8FxKxVRYoBHbPRQYCSGGA8Sw22hOAPZt0CZEvavmHWpogxsrkUbgje+8iTcHOx7lq8Oy6dneRzzaBNtoQry0BE6RReohuqIoUf0jF7Rm/PkvDgfzueoteDkMxvoj5zvH5o+pCM=</latexit><latexit sha1_base64="pU0I+WCz1/3zG4KQe6xin+mhRBo=">AAACJHicbZDLSgMxFIYz9V5vVZdugkWoiDIjgoIURDduhApWhbaGTJppQzMXkhOhDPMwbnwVNy684MKNz2LazkJbfwh8+c85JOf3Eyk0uO6XU5ianpmdm18oLi4tr6yW1tZvdGwU43UWy1jd+VRzKSJeBwGS3yWK09CX/NbvnQ/qtw9caRFH19BPeCuknUgEglGwFimd7OKmNiFJRdXL7i/zC1QF0dl9KghkOCBQafpUpSYjYgfvDQ1DYIeUyu6+OxSeBC+HMspVI6X3ZjtmJuQRMEm1bnhuAq2UKhBM8qzYNJonlPVohzcsRjTkupUOl8zwtnXaOIiVPRHgoft7IqWh1v3Qt50hha4erw3M/2oNA8FxKxVRYoBHbPRQYCSGGA8Sw22hOAPZt0CZEvavmHWpogxsrkUbgje+8iTcHOx7lq8Oy6dneRzzaBNtoQry0BE6RReohuqIoUf0jF7Rm/PkvDgfzueoteDkMxvoj5zvH5o+pCM=</latexit><latexit sha1_base64="pU0I+WCz1/3zG4KQe6xin+mhRBo=">AAACJHicbZDLSgMxFIYz9V5vVZdugkWoiDIjgoIURDduhApWhbaGTJppQzMXkhOhDPMwbnwVNy684MKNz2LazkJbfwh8+c85JOf3Eyk0uO6XU5ianpmdm18oLi4tr6yW1tZvdGwU43UWy1jd+VRzKSJeBwGS3yWK09CX/NbvnQ/qtw9caRFH19BPeCuknUgEglGwFimd7OKmNiFJRdXL7i/zC1QF0dl9KghkOCBQafpUpSYjYgfvDQ1DYIeUyu6+OxSeBC+HMspVI6X3ZjtmJuQRMEm1bnhuAq2UKhBM8qzYNJonlPVohzcsRjTkupUOl8zwtnXaOIiVPRHgoft7IqWh1v3Qt50hha4erw3M/2oNA8FxKxVRYoBHbPRQYCSGGA8Sw22hOAPZt0CZEvavmHWpogxsrkUbgje+8iTcHOx7lq8Oy6dneRzzaBNtoQry0BE6RReohuqIoUf0jF7Rm/PkvDgfzueoteDkMxvoj5zvH5o+pCM=</latexit>

Proof Sketch

By Strong Adaptivity T1,i = O(B2 log n).

Assume that uis:it is not isotonic.

By KKT conditions of the offline optimization problem we have

T3,i  niC2
i + 3�Ci

 B2 + 3�Ci ,

where we used the fact Ci  B/
p

ni due to our partitioning scheme.

The term 3�Ci can be even as large as ⇥(n).
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By Descent Lemma 

Rn(Cn) 
MX

i=1

itX

t=is

ft(xt)� ft(ūi � ⌘r
itX

t0=is

ft0(ūi))
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+
MX

i=1

itX

t=is

ft(ūi � ⌘r
itX

t0=is

ft0(ūi))� ft(ūi)
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Regret decomposition into three terms

30

Proof Sketch

We employ the following regret decomposition:

Rn(Cn) =
MX

i=1

itX

j=is

(xj � yj)
2 � (yj � ȳi)

2

| {z }
T1,i

+

MX

i=1

itX

j=is

(yj � ȳi)
2 � (yj � ūi)

2

| {z }
T2,i

+

MX

i=1

itX

j=is

(yj � ūi)
2 � (yj � uj)

2

| {z }
T3,i
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%",$ ≤ −(2 ∇ "

* %",$ is not always strictly negative. %%,$ is often very large. Turns out that there is a magical 
refinement of the partition such that %",$ is sufficiently negative when we need it be.

** The first time KKT conditions across time-steps are exploited in online learning.

One-step Gradient Descent

31



A flavor of the splitting rules (for the
square loss cases, without
boundedness constraints)

• Case (a) (b) (c) can be directly bounded.
• Case (A1) (A2) can be converted into case(a) (b) (c) while doubling # of bins.
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Challenges of proper learning

• The KKT conditions becomes more complex

• Projected one-step gradient descent does not
provide sufficiently negative &0

• Splitting of the bins becomes a lot more involved

• Turn out we can only solve for the cases with box-
constraints --- one coordinate at a time.

Baby and W. (2022). Optimal dynamic regret in proper online learning with 
strongly convex losses and beyond.
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Box constrained proper learner + a
surrogate loss technique from (Cutkosky 
and Orabona, 2018) suffices to solve
general proper learning!

• In each iteration:
1. Get prediction )+ from box-

constrained learner
2. Play
3. Get loss *+
4.

5. Pass the surrogate loss to the box-
constrained learner.

Dheeraj Baby, Yu-Xiang Wang

Box to general convex set reduction: Inputs - Decision
set W, G > 0

1. Let D be the tightest box that circumscribes W .
i.e, D = {x 2 Rd : kxk1 supw2Wkwk1}.

2. Let A be the algorithm attaining the guarantee
in Corollary 5 with decision set D and G1 = 2G.

3. At round t, get iterate xt from A.

4. Play x̂t = ⇧W(xt) := argminy2Wkxt � yk1.

5. Get loss ft.

6. Construct surrogate loss `t(x) = ft(x)+G ·S(x),
where S(x) := kx � ⇧W(x)k1.

7. Send `t(x) to A.

Figure 3: Black box reduction from box to arbitrary
convex decision set. This technique is due to (Cutkosky
and Orabona, 2018).

Theorem 8. Assume the notations in Fig. 3. Let the
input decision set be W. Let the losses be H strongly
convex in L2 norm across D and satisfy krft(x)k1 G
for all x 2 D. Then the reduction scheme in Fig. 3
guarantees that

nX

t=1

ft(x̂t) � ft(wt) = Õ
⇣
d1/3n1/3C2/3

n
_ d

⌘
,

for any comparator sequence w1:n 2 W with
TV (w1:n) :=

P
n

t=2kwt � wt�1k1 Cn. Õ(·) hides
the dependence on factors of log n, H, G1.

Proof. We start by listing several observations. First,
note that the function S(x) is convex and 1-Lipschitz
across Rd. (Proposition 1 in (Cutkosky and Orabona,
2018)).

Also, the sub-gradient @S(x) = {y 2 Rd : y[j] =
sign (x[j] � ⇧W(x)[j]) j 2 [d]} (due to Theorem 4 in
(Cutkosky and Orabona, 2018)). Here sign(a) = a/|a|
if |a|> 0 and any number between [�1, 1] otherwise.

Finally the surrogate losses `t are H strongly convex
in L2 norm across D, as adding a convex function
to strongly convex function preserves strong convex-
ity. However, `t are not gradient Lipschitz due to the
component Gkx � ⇧W(x)k1 being not smooth.

We have that for any x 2 D,

kr`t(x)k1  krft(x)k1+Gk@S(x)k1
 2G,

where the last line is due to the assumption that

krft(x)k1 G and @S(x) is just a vector of signs
as established before.

Hence we have that the losses `t sent to algorithm A
satisfy the conditions of Corollary 5 with G1 = 2G.
Hence we have that

nX

t=1

`t(xt) � `t(wt) = Õ
⇣
d1/3n1/3C2/3

n
_ d

⌘
, (7)

where w1:n is as mentioned in the theorem statement.

By Taylor’s theorem, we have that for some z in the
line segment joining xt and x̂t

ft(x̂t) = ft(xt) + rft(z)T (x̂t � xt)

 ft(xt) + Gkx̂t � xtk1
= `t(xt)

where the inequality is due to Holder’s inequality and
the assumption that krft(x)k1 G for all x 2 D.

Further for any wt 2 W , we have that ft(wt) = `t(wt).
Thus overall we obtain,

nX

t=1

ft(x̂t) � ft(wt) 
nX

t=1

`t(xt) � `t(wt). (8)

Combining Eq.(7) and (8) now yeilds the theorem.

Remark 9. We emphasize that the removal of gradient
smoothness assumption for strongly convex losses (from
(Baby and Wang, 2021)) as done in the current work
was important to apply the reduction scheme of Fig.3
as the losses `t are not gradient smooth.

4 PERFORMANCE GUARANTEES

FOR EXP-CONCAVE LOSSES

In this section, we control the dynamic regret with exp-
concave and gradient smooth losses when the decision
set is an L1 ball. All unspecified lemma statements
and proofs are deferred to Appendix E. We make the
following assumptions:

Assumption B1: The loss functions `t are ↵ exp-
concave in the box decision set D = {x 2 Rd :
kxk1 B} .ie, `t(y) � `t(x) + r`t(x)T (y � x) +
↵

2

�
r`t(x)T (y � x)

�2 for all x,y 2 D.

Assumption B2: The loss functions `t satisfy
kr`t(x)k2 G and kr`t(x)k1 G1 for all x 2 D.
Without loss of generality, we let G ^ G1 ^ B � 1,
where a ^ b := min{a, b}.

We consider the following protocol:

34

Assumptions
EC-2 The loss functions are � strongly smooth in

D = {x 2 Rd : kxk1 B + G}. i.e
ft(y)  ft(x) + (y � x)Trft(x) + �

2kx � yk2
2, for all x , y 2 D. We

assume without loss of generality that � � 1.
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Application to nonstochastic control

• Nonstochastic Control problem

• Linear dynamic systems, known dynamics.
• Adversarial, but bounded disturbances
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Abstract

We consider the problem of nonstochastic control with a sequence of quadratic losses, i.e., LQR control. We pro-

vide an efficient online algorithm that achieves an optimal dynamic (policy) regret of Õ(max{n1/3TV(M1:n)2/3, 1}),
where TV(M1:n) is the total variation of any oracle sequence of Disturbance Action policies parameterized by

M1, ..., Mn — chosen in hindsight to cater to unknown nonstationarity. The rate improves the best known rate

of Õ(
√

n(TV(M1:n) + 1)) for general convex losses and we prove that it is information-theoretically optimal for

LQR. Main technical components include the reduction of LQR to online linear regression with delayed feedback

due to Foster and Simchowitz (2020), as well as a new proper learning algorithm with an optimal Õ(n1/3) dynamic

regret on a family of “minibatched” quadratic losses, which could be of independent interest.

1 Introduction

This paper studies the linear quadratic regulator (LQR) control problem which is a specific instantiation of the more
general RL framework where the evolution of states follows a predefined linear dynamics. At each round t ∈ [n] :=
{1, . . . , n}, the agent is at state xt ∈ Rdx . Based on the state, the agent select a control input ut ∈ Rdu . The next state
evolves according to the law:

xt+1 = Axt +But + wt,

where A and B are system matrices known to the agent. wt ∈ Rdx is a disturbance term that can be selected by
a potentially adaptive adversary. We assume that ‖wt‖2≤ 1. This disturbance term reflects the perturbation from the
ideal linear state transition arising due to environmental factors that could be difficult to model. The loss suffered by
playing the control u at state x is given by !(x, u) := xTRxx+ uTRuu, where Rx, Ru ! 0, that are apriori fixed and
known.

Recently there has been a surge of interest in viewing this classical LQR problem under the lens of online learning
(Hazan, 2016). The work of Agarwal et al. (2019) places regret of the agent against a set of benchmark policies as the
central notion to evaluate learner’s performance. Following Agarwal et al. (2019); Foster and Simchowitz (2020) we
adopt the class of disturbance action policies (DAP) as our benchmark class:

Definition 1. (Disturbance action policies, (Foster and Simchowitz, 2020)). Let M = (M [i])mi=1 denote a sequence

of matrices M [i] ∈ Rdu×dx . We define the corresponding disturbance action policies (DAP) πM as:

πM
t (xt) = −K∞xt − qM (w1:t−1), (1)

where qM (w1:t−1) =
∑m

i=1 M
[i]wt−i and K∞ as in Eq.(4). We are interested in DAPs for which the sequence M

belongs to the set:

M(m,R, γ) := {M = (M [i])mi=1 : ‖M [i]‖op≤ Rγi−1}, (2)

where m,R and γ are algorithm parameters.

1

This class is known to be sufficiently rich to approximate many linear controllers. A policy takes in the past
history and current state as input and produces a control signal as output. Let’s denote M1:n := (M1, . . . ,Mn) to be a
sequence of DAP policies such that at time t, the control signal is selected using the policy parameterized by Mt (see
Eq.(1)). We denote xM1:n

t to be the state reached at round t by playing the sequence of policies defined by parameters
M1:t−1 in the past. Similarly uM1:n

t is used to denote the control signal produced by the policy Mt. The universal
dynamic regret of the learner against the policy sequence M1:n is defined as:

R (M1:n) =
n
∑

t=1

!(xalg
t , ualg

t )− !(xM1:n
t , uM1:n

t ), (3)

where (xalg
t , ualg

t ) denotes the state and control signal of the learner at round t. Note that the policy sequence M1:n

can be any valid sequence of DAP polices. The main focus of this paper is to design algorithms that can control the
dynamic regret against a sequence of reference policies as a function of the time horizon n and the a path variation of
the DAP parameters of the comparator M1:n. We remark that the comparator polices M1:n can be chosen in hindsight
and potentially unknown to the learner.

Whenever M1:n = (M, . . . ,M) for a fixed parameter M , we recover the notion of static regret. However the
notion of static regret is not befitting for non-stationary environments. For example consider the scenario of controlling
a drone. Suppose during the initial half of the trajectory there is heavy wind eastwards and in the second half, wind
blows westwards. For best performance, a controller has to choose different policies that can counter-act the wind and
guide the motion properly in each half. Hence, we aim to control the dynamic regret which allows us to be competent
against a sequence of potentially time-varying polices chosen in hindsight. We remark that our algorithm automatically
adapts to the level of non-stationarity in the hindsight sequence of policies.

Next, we take a digression and discuss a desirable property for the design of algorithms for LQR control.
Proper learning in LQR control. Proper learning is an online learning paradigm where the decisions of the learner

are required to obey some user specified physical limits. On the other hand, improper learning framework allows the
learner to disregard such constraints. The paradigm of improper learning may not be attractive in certain applications
where safety is a paramount concern. Improper algorithms can possibly take the system through trajectories that are
deemed to be risky. It is desirable to avoid such behaviours in physical systems such as self driving cars, control of
medical ventilators, robotic control (Levine et al., 2016) and cooling data centers (Cohen et al., 2018). A policy selects
a control signal ut depending on the current state xt. Given the value of current state, there can be physical constraints
on the allowable control actions. For example, imagine the situation where we want to maintain the velocity of a drone.
Depending on the current position and other system and environmental factors (the state), one can only apply a range
of allowable torque (the control action) to the blades. Not respecting this torque range can drain the battery quickly
or can lead to catastrophic damages such as burnt rotors. In our framework, we model this set of allowable control
actions at a state as Ft := {ut|ut = πM

t (xt) for some M ∈M(m,R, γ)} (see Definition 1). So to ensure safety, at
each round the learner plays a control signal from the feasible set Ft thus necessitating the need for proper learning.

Below are our contributions:

• We develop an optimal universal dynamic regret minimization algorithm for the general mini-batch linear re-
gression problem (see Theorem 5).

• Applying the reduction of Foster and Simchowitz (2020) from LQR problem to online linear regression, the
above result lends itself to an algorithm for controlling the dynamic regret of the LQR problem (Eq.(3)) to
be Õ∗(n1/3[T V(M1:n)]2/3), where T V denotes the total variation incurred by the sequence of DAP policy
parameters in hindsight (see Corollary 10). O∗ hides the dependencies in dimensions and system parameters.

• We show that the aforementioned dynamic regret guarantee is minimax optimal modulo dimensions and factors
of log n (see Theorem 11).

• The resulting algorithm is also strongly adaptive, in the sense that the static regret against a DAP policy in any
local time window is O∗(log n).

Notes on novelty and impact. As discussed before, the reduction of Foster and Simchowitz (2020) casts LQR
problem to an instance of proper online linear regression. In the context of regression, proper learning means that the
decisions of the learner belongs to a user specified convex domain. The main challenge in developing aforementioned

2
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State-of-the-arts in online
nonstochastic control problem

General convex losses LQR losses

Static Regret

Reduction to OCO with
Memory (Agarwal et al.
19)

Reduction to online linear
regression with delay
(Foster and Simchowitz,
2020)

Universal
Dynamic
Regret

Dynamic regret version of
OCO with memory

(Zhao, W., and Zhou, 21)

Dynamic regret version of
*Proper* online linear
regression

O(log n)
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*4% is the total variation of the parameters of an arbitrary sequence of
Disturbance-Action Policies (DAPs).

(Baby and W., 2022b)
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Key technical challenge: Proper
Learning in Online “minibatched”
Linear Regression
• Loss function of interest

• Key idea: a new min-max barrier in CO-style
surrogate. Use box-constrained exp-concave result.

ft(x) = kAtx� btk2
<latexit sha1_base64="tRl5tMUgnAsrl33FDHANIvP4oeU=">AAACBnicbZC7SgNBFIZnvcZ4W7UUYTAIsTDsBkEbIWpjGcFcIBuX2clsMmT2wsxZSUhS2fgqNhaK2PoMdr6Nk2QLTfxh4OM/53Dm/F4suALL+jYWFpeWV1Yza9n1jc2tbXNnt6qiRFJWoZGIZN0jigkesgpwEKweS0YCT7Ca170e12sPTCoehXfQj1kzIO2Q+5wS0JZrHvgu5HvH+AJjZ4gvXcA9jE+w54IzvC+6Zs4qWBPhebBTyKFUZdf8cloRTQIWAhVEqYZtxdAcEAmcCjbKOoliMaFd0mYNjSEJmGoOJmeM8JF2WtiPpH4h4In7e2JAAqX6gac7AwIdNVsbm//VGgn4580BD+MEWEini/xEYIjwOBPc4pJREH0NhEqu/4pph0hCQSeX1SHYsyfPQ7VYsDXfnuZKV2kcGbSPDlEe2egMldANKqMKougRPaNX9GY8GS/Gu/ExbV0w0pk99EfG5w/vkJY6</latexit><latexit sha1_base64="tRl5tMUgnAsrl33FDHANIvP4oeU=">AAACBnicbZC7SgNBFIZnvcZ4W7UUYTAIsTDsBkEbIWpjGcFcIBuX2clsMmT2wsxZSUhS2fgqNhaK2PoMdr6Nk2QLTfxh4OM/53Dm/F4suALL+jYWFpeWV1Yza9n1jc2tbXNnt6qiRFJWoZGIZN0jigkesgpwEKweS0YCT7Ca170e12sPTCoehXfQj1kzIO2Q+5wS0JZrHvgu5HvH+AJjZ4gvXcA9jE+w54IzvC+6Zs4qWBPhebBTyKFUZdf8cloRTQIWAhVEqYZtxdAcEAmcCjbKOoliMaFd0mYNjSEJmGoOJmeM8JF2WtiPpH4h4In7e2JAAqX6gac7AwIdNVsbm//VGgn4580BD+MEWEini/xEYIjwOBPc4pJREH0NhEqu/4pph0hCQSeX1SHYsyfPQ7VYsDXfnuZKV2kcGbSPDlEe2egMldANKqMKougRPaNX9GY8GS/Gu/ExbV0w0pk99EfG5w/vkJY6</latexit><latexit sha1_base64="tRl5tMUgnAsrl33FDHANIvP4oeU=">AAACBnicbZC7SgNBFIZnvcZ4W7UUYTAIsTDsBkEbIWpjGcFcIBuX2clsMmT2wsxZSUhS2fgqNhaK2PoMdr6Nk2QLTfxh4OM/53Dm/F4suALL+jYWFpeWV1Yza9n1jc2tbXNnt6qiRFJWoZGIZN0jigkesgpwEKweS0YCT7Ca170e12sPTCoehXfQj1kzIO2Q+5wS0JZrHvgu5HvH+AJjZ4gvXcA9jE+w54IzvC+6Zs4qWBPhebBTyKFUZdf8cloRTQIWAhVEqYZtxdAcEAmcCjbKOoliMaFd0mYNjSEJmGoOJmeM8JF2WtiPpH4h4In7e2JAAqX6gac7AwIdNVsbm//VGgn4580BD+MEWEini/xEYIjwOBPc4pJREH0NhEqu/4pph0hCQSeX1SHYsyfPQ7VYsDXfnuZKV2kcGbSPDlEe2egMldANKqMKougRPaNX9GY8GS/Gu/ExbV0w0pk99EfG5w/vkJY6</latexit><latexit sha1_base64="tRl5tMUgnAsrl33FDHANIvP4oeU=">AAACBnicbZC7SgNBFIZnvcZ4W7UUYTAIsTDsBkEbIWpjGcFcIBuX2clsMmT2wsxZSUhS2fgqNhaK2PoMdr6Nk2QLTfxh4OM/53Dm/F4suALL+jYWFpeWV1Yza9n1jc2tbXNnt6qiRFJWoZGIZN0jigkesgpwEKweS0YCT7Ca170e12sPTCoehXfQj1kzIO2Q+5wS0JZrHvgu5HvH+AJjZ4gvXcA9jE+w54IzvC+6Zs4qWBPhebBTyKFUZdf8cloRTQIWAhVEqYZtxdAcEAmcCjbKOoliMaFd0mYNjSEJmGoOJmeM8JF2WtiPpH4h4In7e2JAAqX6gac7AwIdNVsbm//VGgn4580BD+MEWEini/xEYIjwOBPc4pJREH0NhEqu/4pph0hCQSeX1SHYsyfPQ7VYsDXfnuZKV2kcGbSPDlEe2egMldANKqMKougRPaNX9GY8GS/Gu/ExbV0w0pk99EfG5w/vkJY6</latexit>

Under the above regression framework, we are interested in controlling the universal dynamic regret against an arbi-
trary sequence of predictors u1, . . . , un ∈ D (abbreviated as u1:n) :

Rn(u1:n) =
n
∑

t=1

ft(zt)− ft(ut). (5)

Dynamic regret is usually expressed as a function of n and a path variational that captures the smoothness of the
comparator sequence. We will focus on the path variational defined by:

T V(u1:n) =
n
∑

t=2

‖ut − ut−1‖1.

Below are the list of assumptions made:
Assumption 1. Let at,i ∈ Rd be the ith row vector of At. We assume that ‖at,i‖1≤ α for all t ∈ [n] and i ∈ [p].

Further ‖bt‖1≤ σ for all t.
Assumption 2. For any x ∈ D, ‖x‖1≤ χ and ‖x‖∞≤ R̃.
We refer this setting as mini-batch linear regression since the loss at round t can be written as a sum of a batch of

quadratic losses: ft(z) =
∑p

i=1

(

zTat,i − bt[i]
)2

.
Terminology. For a convex loss function f , we abuse the notation and take ∇f(x) to be a sub-gradient of f at x.

We denote D∞(R̃) := {x ∈ Rd : ‖x‖∞≤ R̃}.
Linear regression losses belong to a broad family of convex loss functions called exp-concave losses:

Definition 3. A convex function f is α exp-concave in a domain D if for all x, y ∈ D we have f(y) ≥ f(x) +
∇f(x)T (x− y) + α

2 (∇f(x)
T (x− y))2.

The losses ft(z) = ‖Atz − bt‖22 are (2R)−1 exp-concave if f(z) ≤ R for all z ∈ D (see Lemma 2.3 in
Foster and Simchowitz (2020)).

Definition 4. A convex function f is σ strongly convex wrt ‖·‖2 norm in a domain D if for all x, y ∈ D we have

f(y) ≥ f(x) +∇f(x)T (x− y) + σ
2 ‖x− y‖22.

We note that if the matrix At is rank deficient, then the losses ft(z) cannot be strongly convex. Moving forward
we do not impose any restrictive assumptions on the rank of At. As mentioned in Remark 12, the covariate matrix that
arise in the reduction of the LQR problem to linear regression is not in general full rank. So we target a solution that
can handle general covariate matrices irrespective of their rank.

4.2 The Algorithm

ProDR.control: Inputs - Decision set D, G > 0

1. At round t, receive wt from A.

2. Receive co-variate matrix At := [at,1, . . . , at,p]T .

3. Play ŵt ∈ argminx∈D maxi=1,...,p|aTt,i(x− wt)|.

4. Let $t(w) = ft(w) + G · St(w), where ft(w) = ‖Atw − bt‖22 and St(w) =
minx∈D maxi=1,...,p|aTt,i(x− w)|.

5. Send $t(w) to A.

Figure 1: ProDR.control: An algorithm for non-stationary and proper linear regression.

Starting point of our algorithm design is the work of Baby and Wang (2022). They provide an algorithm that
attains optimal dynamic regret when the losses are exp-concave. However, their setting works only in a very restrictive
setup where the decision set is an L∞ constrained box. Consequently, we cannot directly apply their results to the
linear regression problem of Section 4 whenever the decision set D is a general convex set.

6

Not strongly convex!
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Outline

• Universal Dynamic Regret in online learning
• Motivation and application
• New results for curved loss functions

• Optimal Universal Dynamic Regret
• Lower bound via non-parametric regression
• Algorithm and proof sketch
• From improper to proper learning

• Optimal Dynamic Regret in LQR Control

• Open problems / future work
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Summary of our techniques and new
results on Universal Dynamic Regret
• Non-uniform bin splitting

• Regret decomposition

• KKT-conditions of offline optimal

+ Box-constraints proper learner

+ Refined analysis

+ CO’s surrogate loss idea

+ Min-max barrier

Improper learning under
Exp-Concave losses
(Baby and W., 21)

Proper learning under
Strongly convex losses
(Baby and W., 22)

Proper learning under minibatch
linear regression losses
(Baby and W., 22a) => Apply to
LQR control
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Remaining Open problems

Open Problem 1: Proper learning for general exp-
concave losses
• We know how to solve online generalized linear models
• We know how to solve online LQR-control.
• But universal portfolio remains out of reach…

Open Problem 2: Dimension-free bounds (RKHS)
• Dimension dependence required due to the L1

definition of TV.
• If we use the L2 version of Path Length, it could give

dimension-free bounds.
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A broader perspective on dynamic
regret

• Why restricting to total variation / path length?
• Higher-order smoothness?

• Periodic sequences

• Other recurring / switching patterns

nX

t=1

ft(xt)  min
w1,...,wn

nX

t=1

ft(wt) +O(n1/3
Cn(w1, ..., wn)

2/3)
<latexit sha1_base64="dYL4O9kPTWVM0PeP7vT9/Q9baoc="></latexit><latexit sha1_base64="dYL4O9kPTWVM0PeP7vT9/Q9baoc="></latexit><latexit sha1_base64="dYL4O9kPTWVM0PeP7vT9/Q9baoc="></latexit><latexit sha1_base64="dYL4O9kPTWVM0PeP7vT9/Q9baoc="></latexit>

RegretBound(w1:n)
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NeurIPS’20 O(n^{1/(2k+3)}) higher-order
case “Online Trend Filtering”

In the pipeline: O(n^1/5) universal
dynamic regret for TV1 for exp-concave
losses in full adversarial setting
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Adaptive online learning in statistical
methodology

• Apply dynamic regret / adaptive regret machinery
to more statistical problems.

• Provable guarantees without stochastic assumptions

• Works with general loss functions

• Often free of hyperparameters / highly adaptive
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Thank you for your attention!
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